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Abstract 

The remarkable advance in hydraulic and electro hydraulic power systems resulted in producing high response con-

trol valves of very short settling time. The actuation of these valves rapidly opens or closes the hydraulic transmission 

lines, which may produce a severe pressure surge. This paper is dedicated to evaluate the applicability of oleo-

pneumatic accumulators for the protection against this phenomenon. A lumped parameter model was developed for the 

transmission line, assuming different number of lumps, considering the effect of line resistance, inertia and capacitance. 

The validity of lumped parameter models is evaluated by comparing theoretical results with published experimental 

results. The paper presents the derivation of a closed expression for the size of the hydraulic accumulator needed to 

protect the transmission line against the destructive effect of the pressure surge. The study showed that the implementa-

tion of an accumulator of convenient size reduced the duration and amplitude of the transient pressure oscillations. 

Keywords: hydraulic, accumulator, transmission line, water hammer, resistance, inertia, capacitance, compressibility, surge, capacitance, lumped 

parameter 

1 Introduction 

Surge or water hammer, as it is commonly known, 

is the result of a sudden change in liquid velocity; 

magnitude or direction. The resulting pressure surge 

can lead to catastrophic system component failure. The 

primary cause of water hammer in the fluid power 

systems is the quick closing valves. The hammer oc-

curs because an entire train of liquid is being stopped 

so fast that the end of the train hits up against the front 

end and sends shock waves through the pipe. The pres-

sure spike; acoustic wave, created by rapid valve clo-

sure can be of high values compared with the system 

pressure.  

The study of hydraulic transients began with the in-

vestigation of sound wave propagation in air, followed 

by theories derived by Joukowski in 1900 and Allievi 

in 1903. Joukowski conducted extensive experiments 

on pipes with diameters ranging from 50mm to 150mm 

and lengths from 350m to 7620m. He developed a 

formula for the surge wave velocity, the rise of pres-

sure and velocity reduction. He also discussed the 
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effect of various closing rates of a valve. This phe-

nomenon still receives serious and continuous attention 

due to its destructive effect. Among the most recent 

studies are the publications of Chaiko (2002) and Rav-

ina (2006).  

This paper is dedicated to the study of the pressure 

surge in hydraulic transmission lines and the way of 

protection using oleo-pneumatic accumulators.  

2 Modelling of Hydraulic Transmission 

Lines 

The hydraulic transmission line is actually a dis-

tributed parameter system. The motion of the liquid in 

the transient conditions takes place under the action of 

the fluid inertia, friction and compressibility as well as 

the acting pressure forces. The oil velocity, pressure 

and temperature vary from point to point along the pipe 

length and pipe radius. The mathematical model of line 

becomes too complicated when taking into considera-

tion all of the variations of the oil and flow parameters. 

Therefore it is necessary to develop a simplified 
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mathematical model, which describes the dynamic 

behavior of the transmission line with acceptable accu-

racy. A fairly precise model is the lumped parameter 

model, presented in the publications of Karnopp 

(1972), Rabie (1986 and 1997), and Kassem (1988). 

The lumped parameter model was deduced considering 

the following assumptions:  

The flow is laminar unidirectional.  

The liquid pressure and velocity are looked at as the 

mean values, and are considered constant across the 

pipe section.  

The oil moves in the line as one lump (single lump 

model) or several lumps (multi-lump model).  

The fluid motion is affected by: 

• the pressure forces, 

• the line resistance due to friction forces, 

• the inertia of the moving fluid, 

• and the hydraulic capacitance (considering the 

fluid compressibility and the pipe walls elasticity). 

The effect of the line resistance, inertia and capaci-

tance are assumed to be localized in one of three sepa-

rate portions in the line as shown by Fig. 1. The effect 

of the resistance of the whole line is localized in the 

first portion, the effect of the inertia of the whole line is 

localized in the second portion while the effect of the 

line capacitance takes place in the third portion.  

 

Fig. 1: Single lump model of transmission line 

2.1 Hydraulic Resistance 

In hydraulic transmission lines, the flow may be 

laminar or turbulent depending on the ratio of the iner-

tia to the viscous friction forces. For laminar flow, Fig. 

2, the pressure losses in the line are calculated as fol-

lows.  

 

Fig. 2: Laminar flow in pipeline 
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where 

 v = 2
/4 DQ π ; Mean fluid velocity, m/s 

 λ = 64 / Re; Friction coefficient, for laminar flow 

 Re = μρ /vD ; Reynolds number 

The following expression for the pressure losses 

was obtained by substituting for λ , v and Re. 
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The term R expresses the resistance of the hydraulic 

transmission line.  

In the first portion of the transmission line, Fig. 1, 

the oil moves as one oil lump subjected to the friction 

forces. Therefore its motion is described by the follow-

ing equations relating the pressures and flow rates at 

both ends of the first portion.  
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Applying Laplace’s transform to these equations, 

then, after rearrangement, the following equation is 

obtained. 
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2.2 Hydraulic Inertia 

Figure 3 shows a single oil lump, subjected to pres-

sure difference
21

PPP −=Δ . The effect of fluid inertia 

can be formulated, assuming incompressible non-

viscous flow. 

 

Fig. 3: Single oil lump, subjected to pressure difference 

ΔP=P1-P2 

An expression for the line inertia is deduced as fol-

lows. 
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The term I expresses the inertia of the hydraulic 

transmission line.  

The following relations describe the motion of the 

oil lump in the second portion of the hydraulic trans-

mission line, Fig. 1, under the action of its inertia, I.  
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Applying Laplace’s transform to Eq. 9 and 10, then, 

after rearrangement, the following equation is obtained. 
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2.3 Hydraulic Capacitance 

The liquid compressibility is defined as the ability 

of liquid to change its volume when its pressure varies. 

For pure liquid, the relation between the oil volume 

and pressure variations is described by the following 

formula. 

 
VV

P
B

/Δ

Δ
−=  or P

B

V
V Δ−=Δ  (12) 

The bulk modulus B of pure oil is nearly constant. 

It is slightly affected by the system pressure. However, 

when the oil includes bubbles of gases, air or vapors, 

the bulk modulus of this mixture decreases due to the 

high compressibility of gases. If the total volume of 

mixture is VT, the gas volume is αVT and the oil volume 

is (1-α)VT, the following expression for the equivalent 

bulk modulus Be of the mixture could be systematically 

deduced.  
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The effect of compressibility can be formulated by 

considering a single oil lump in hydraulic transmission 

line, Fig. 4. The oil is assumed to be subjected only to 

the effect of oil compressibility. The pressure in the 

line is P, inlet flow rate is Q1 and outlet flow rate is Q2. 

The variation of pressure P leads to the changes in oil 

volume due to the oil compressibility and the changes 

in pipe volume due to pipeline walls elasticity. 

 

Fig. 4: Single oil lump, subjected to oil compressibility 

The variation of oil volume in line due to inlet and 

outlet flow rates is ΔVQ. 

 ( )dtQQV ∫ −=Δ 21Q  (14) 

The variation of volume of oil in line due to the 

compressibility effect is ΔVC. 
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V
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The variation of volume of pipe line, ΔVL depends 

on the line material, wall thickness and diameter, and 

the system pressure. The walls deform due to the com-

bined effect of the radial and axial pressure forces. An 

expression for this volumetric variation due to a pres-

sure increment ΔP is derived as follows. 

Figure 5 illustrates the effect of pressure forces in 

the radial direction. The volume variation due to radial 

wall deformation, ΔVLR, can be calculated as follows: 
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Fig. 5: Radial deformation of the pipe wall 

Considering the actual parameters of the transmis-

sion lines used in hydraulic power systems, the term 

ΔD is negligible compared to 2D. Therefore Eq.19 

becomes: 
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Figure 6 illustrates the effect of pressure forces in 

the axial direction. The following expression for the 

volumetric variation due to axial wall deformation, 

VLA, can be systematically deduced. 
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Fig. 6: Axial deformation of the pipe wall 

The total variation of line volume is ΔVL, where: 
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The total variation of oil volume ( CQ VV Δ+Δ ) is 
equal to the pipe volume variation

L
VΔ . 
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The term C expresses the capacitance of the hy-

draulic transmission line.  

If the volumetric variation due to pipe deformation 

is negligible, then, the hydraulic capacitance becomes: 

BVC /= . Then, for the studied portion of the line, 

Fig. 4, the continuity equation has the following form: 

 ( )
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Considering the effect of oil compressibility in the 

last portion, Fig. 1, the following relations could be 

deduced.  
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Applying Laplace’s transform to Eq. 27 and 28, 

then, after rearrangement, the following equation is 

obtained.  
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2.4 Transfer Functions of Transmission Lines 

2.4.1 Single Lump Model 

By eliminating the assumed internal variables, P1, 

P2, Q1 and Q2, Fig. 1, the following equation was ob-

tained for a single lump model.  
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Fig. 7: Closed end line 

In the case of a closed end line, Fig. 7, the transfer 

function relating the pressures at the two extremities is:  
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2.4.2 Two-Lump Model 

Assuming more than one lump, the hydraulic resis-

tance, inertia and capacitance of each lump, in an n-

lump model are given by the following expressions. 
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Assuming two oil lumps, the fluid resistance, iner-

tia and capacitance elements can be arranged as shown 

by Fig. 8. 

 

Fig. 8: Two-Lump Model 

The following are the equations describing the two-

lump model.  
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The transfer matrix of the two-lump model can be 

deduced as follows. 
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Where: 
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2.4.3 Three-Lump Model 

The above treatment of the two-lump model can be 

applied systematically to deal with models of greater 

number of lumps. For three-lump model the transfer 

matrix is as follows. 
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Where: 
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2.4.4 Four-Lump Model 

The transfer matrix of the four-lump model is: 
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Where 
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2.5 Validation of Lumped Parameter Models 

The lumped parameter model was used to develop a 

computer simulation program for the transmission line. 

The simulation program was developed using the 

SIMULINK package and used to calculate the transient 

response of the hydraulic transmission line. The stud-

ied line has the following parameters; Length L = 18 m, 

inner diameter D = 10 mm, oil bulk modulus 

B = 1.95 GPa and oil density ρ = 868 kg/m3, Fig. 9. 

The model validation process was conducted for four 

different cases. In each case, the transient response of 

the transmission line was calculated and compared with 

published results of measurements conducted on a line 

of the same parameters, Lallement (1976). 

2.5.1 First Case 

The studied line is connected to a constant pressure 

source by a 2/2 DCV (a), Fig. 9. The DCV (b) connects 

the line to the tank through a throttle valve. In the first 

case of study, the experiment started by closing the 

DCV (a) then the valve (b). The initial pressure value 

in the line is zero. The valve (a) is rapidly opened to 

connect the constant pressure source, of 447 bar, to the 

line inlet. The dynamic viscosity of oil 

µ = 0.1215 Ns/m2 and the equivalent Bulk modulus of 

oil Be = 1.96 GPa.  

The studied line resistance, inertia and capacitances 

are: R = 8.912x109 Pa s/m3, I =1.989 x108 kg/m4 and 

C = 7.213x10-13m5/N  

 

Fig. 9: Scheme of the connection of line 

The transient variation of the line-end pressure 

P(L,t), was calculated. The calculations were carried 

out using different lumped parameter models; 1, 2, 3 

and 4-Lump models. The simulation and experimental 

results are plotted in Fig. 10.  

The precision of model was evaluated by examin-

ing of how close is its response to the experimental 

results. The difference between the theoretical and the 

experimental results was evaluated by calculating the 

percentage of the integral of absolute difference (IAD), 

defined as: 

 %100

Lss

T

0
LexpLth

×

−

=

∫
TP

dtPP

IAD  (52) 

The study of Fig. 10 shows satisfactory agreement 

between the simulation and the experimental results for 

the 4-lump model. 

2.5.2 Second Case 

In the second case, the valves (a and b) were ini-

tially opened. The constant supply pressure was 80 bar 

and the throttle valve was adjusted to produce a mean 

inlet oil velocity of 5 m/s. The valve (b) was rapidly 

closed and the transient variation in inlet oil velocity 

was calculated. Figure 11 carries the simulation and 

experimental results. The study of this figure shows 

that the four-lump model gives acceptable agreement 

with the experimental results. 

2.5.3 Third and Fourth Cases 

In these two cases, the valves (a and b) were ini-

tially opened. The throttle valve was adjusted to pro-

duce a mean inlet oil velocity of 3 m/s.  
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L = 18 m, D = 10 mm, B = 1.95 GPa, Po= 447 bar, ν  = 116 

cSt, ρ = 868 kg/m3 

Fig. 10: Step response of closed-end hydraulic transmission 

line described by 1,2,3 and 4-lump models, for step 

input pressure of 44.7 MPa 

 

 

 

 

 

L = 18 m, D = 10 mm, B = 1.95 GPa, Po= 80 bar, ν  = 116 cSt, 

ρ = 868 kg/m3 

Fig. 11: Step response of Line-inlet oil velocity to step clo-

sure of end throttle valve, vi = 5 m/s 
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The third case has a constant supply pressure of 44.7 

MPa and oil kinematic viscosity ν  = 116 cSt while 

these values were 8 MPa and 56 cSt for the fourth case. 

The valve (b), Fig. 9, was rapidly closed and the tran-

sient variation of line end pressure P(L,t) was calculated. 

Figures 12 and 13 carry the simulation and experimental 

results of the third and fourth cases respectively. 

 

L = 18 m, D = 10 mm, Be =1.96 GPa, po= 447 bar, ν  = 116 

cSt, ρ = 868 kg/m3, c=1500 m/s 

Fig. 12: Step response of Line-End pressure to step closure 

of end throttle valve, vi = 3 m/s 

 

L = 18 m, D = 10 mm, B = 1.95 GPa, po= 80 bar, ν  = 56 cSt, ρ 

= 868 kg/m3, c =1500 m/s 

Fig. 13: Step response of Line-End pressure to step closure 

of end throttle valve, vi = 3 m/s 

The study of Figs. 10 to 13 shows that the four-

lump model describes, with acceptable accuracy, the 

dynamic behavior of hydraulic transmission lines. The 

transient response of this model agrees with the ex-

perimental response with acceptable precision, mainly, 

on the level of the maximum overshoot and the fre-

quency and damping of the transient oscillations. 

Moreover, the validity of the four-lump model was 

evaluated on the bases of frequency response calcula-

tions, Rabie (1986 and 1997). These studies considered 

the flow in a pipe and between two coaxial pipes. The 

results showed that the four-lump model describes with 

good precision the first, dominant, mode of the line 

resonance from the point of view of the resonance 

frequency and damping. 

Admittedly, the models developed on the basis of 

distributed parameters assumptions are more precise. 

There are efficient distributed models that can be used 

for simulation. But these models require software that 

can handle system with delay signals efficiently. Thus, 

the distributed parameter models cannot be applied 

without further complicating the overhaul system 

model. Moreover, the lumped parameter model is eas-

ily implemented in bond graph models. Therefore, this 

study is based on a four-lump model. 

3 Absorption of Hydraulic Shocks 

The rapid closure of control valves results in rapid 

deceleration of fluid columns. When the fluid lines are 

long enough, the resulting pressure shock may lead to 

dangerous effects.  

Consider that the oil is moving with a mean speed v 

in a line of cross-sectional area A and length L. The end 

of line is closed rapidly during time period tc. The 

valve closure creates a pressure wave, which propa-

gates through the line. The time period tp is that needed 

for the travel of the pressure wave to the line end and 

return back; cLt /2
P
= , where c is the sound speed in 

the fluid. If tc ≤ tP, then the pressure at the valve inlet 

increases and the line is subjected to a hydraulic shock. 

If the valve is suddenly closed, a pressure wave 

travels up the pipe with velocity c. During a short time 

interval (dt) an element of liquid of length L is brought 

to rest. Therefore, an expression for the decelerating 

force acting on the oil and the pressure rise at the valve 

inlet could be deduced as follows. 

 
dt

dv
mF =  (53) 

 
dt

dv
AcdtAdPPPA ρ=+− )(  (54) 

 cdvdP ρ−=   

or vcP Δρ−=Δ  (55) 

When the liquid is fully stopped, vv −=Δ , then: 

 vcP ρ=Δ .  (56) 

If the closure time tc is greater than the pressure 

wave propagation time tP, (tc > tP), the peak pressure 

could be calculated approximately as follows. 

 v
t

L
vc

t

t
P ρ=ρ=Δ

cc

P
2

 (57) 

These expressions show that the pressure rise due to 

the sudden closure of line is independent of the steady 

state pressure. This result agrees with the experimental 

results published by Lallement (1976). The maximum 

overshoot pressures are equal, regardless of the steady 

state pressure. The experimentally recorded overshoot 

is about 40 bar Fig. 12 and 13, while the value calcu-

lated using Eq. 57 is 39.06 bar. 
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Therefore, when it is not feasible to close the valve 

slowly, surge tanks or hydraulic accumulators are used 

to absorb all or most of the pressure rise. When using 

the hydraulic accumulator to absorb the resulting hy-

draulic shock, it should be fitted as close as possible to 

the source of the shock. The size of the accumulator 

should be calculated such that it can effectively absorb 

the hydraulic shock. Figure 14 shows a hydraulic ac-

cumulator installed near to the control valves to protect 

the transmission line against hydraulic shocks. 

Initially, before the valve closure, the steady state 

pressure at the accumulator inlet (line end) is P1. The 

valve closure increases the pressure to P. This pressure 

increase starts to decelerate the moving liquid. The 

application of Newton's second law to the moving mass 

of liquid yields: 

 
dt

dv
ALAPP ρ−=− )(

1
 (58) 

 
dt

dv
LPP ρ−=− )(

1
 (59) 

The oil flows into the accumulator due to the pres-

sure increase resulting from the rapid valve closure. 

Consider the most possible severe operating condi-

tions, where the valve is closed within almost zero time 

period. The oil flows into the accumulator with an 

initial flow rate, Av, then: 

 Av
dt

dV
=

L  (60) 

If the Accumulator size is Vo, the volume of oil in 

the accumulator is VL and the gas volume is V, then: 

 .

oL
ConstVVV ==+  (61) 

 Av
dt

dV

dt

dV
−=−=

L  (62) 

 AvdV −= dt (63) 

Then; ALvdvdVPP ρ=− )(
1

 (64) 

The accumulator is installed to limit the maximum 

pressure to a maximum value of P2. An expression for 

the size of the needed accumulator can be deduces as 

follows: 

For isothermal process: 

 .

oo
constVPPV ==   (65) 

 dP
P

VP
dV

2

oo
−=  (66) 

 ALvdvdP
P

VP
PP ρ=−− ))((

2

oo

1
 (67) 

Thus ∫ ∫
ρ

−=−
2

1

P

P

0

v
oo

2

1 )
1

( vdv
VP
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dP

P

P

P
 (68) 
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Where P1 and P2 are the initial and maximum pres-

sures, respectively 

 

Fig. 14: Functional scheme of accumulator used for protec-

tion against pressure shocks 

For polytropic process: 

 dP
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These expressions for the accumulator size were de-

rived neglecting the effect of the fluid compressibility 

and the pipe wall elasticity. The friction losses in the 

line and accumulator inlet local losses were also ne-

glected. The friction and local pressure losses assist the 

fluid deceleration, while the walls elasticity and oil 

compressibility would accept some oil during the tran-

sient periods. Therefore, when neglecting these pa-

rameters, the deduced formulae results in an accumula-

tor size greater than that actually required. Neverthe-

less, it is safer and counts for the possible approxima-

tions and calculation inaccuracy.  

The application of oleo-pneumatic accumulators for 

the protection against hydraulic shocks was investi-

gated here. The proper accumulator size was calculated 

using Eq. 73. The following are the parameters of the 

studied system, Fig. 15.  

 

Diameter = 1 cm 

Length = 18 m 

Oil density = 868 kg/m3 

Kinematic Viscosity = 56 cSt 

Bulk modulus = 1.6 GPa 

Inlet constant pressure = 8 MPa 

Initial line-end pressure = 6.2 MPa  

Accumulator charging pressure = 5.1 MPa  

Initial oil velocity = 6 m/s 

Polytropic exponent = 1.3 

Allowable end pressure increment = 2.2 MPa 

Accumulator size, calculated = 126 cm3 

Line capacitance; C = 8.84x10-13 m3/Pa 

Line inertia; I = 1.99x108 kg/m4 

Line resistance; R = 3.56x109 Ns/m5 
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The equations describing the line are given in sec-

tion 2.4. When the accumulator is installed, the equa-

tion describing the last capacitor (Eq. 40 for the two-

lump model) should be replaced by the equations de-

scribing the accumulator as follows: 

 ( )∫ −−= dtQQVV
LL1o

 (74) 

 ( )n
ooL
/VVPP =  (75) 

 

Fig. 15: Scheme of the studied system 

The studied line was supplied by pressurized oil at 

constant pressure. The line-end directional DCV was 

open and the throttle valve was partially opened to 

control the oil speed at 6 m/s. The DCV is shut at 

t = 0.2s. Figure 16 shows the transient variation of line-

end pressure in the two cases; with and without accu-

mulator. 

 

Fig. 16: Transient response of the transmission line to 

sudden closure of the exit valve 

In the case of line without accumulator, the tran-

sient response shows an overshoot of 63.9 bar and 

settling time of 353 ms. The installation of hydraulic 

accumulator reduced the pressure overshoot to 8 bar 

and the settling time to 169 ms. In addition to this 

improvement, the transient response oscillations are 

substantially reduced, which provides an important 

increase in the fatigue life of the pipe. 

The effect of accumulator size was investigated by 

calculating the Integral Error Squared (IES), defined as: 

 ( )∫ −=

T

0

2

LssL
dtPPIES  (76) 

The calculation results are shown in Fig. 17 which 

shows that the IES increases as the accumulator volume 

becomes less than or greater than a certain value 

(0.152 liters here). 

 

Fig. 17: Effect of accumulator size on the Integral error 

squared of the transient response 

 

Fig. 18: Step response of the transmission line equipped 

with a hydraulic accumulator of different sizes 

The effect of accumulator size on the IES can be 

explained as follows. The greater size of accumulator 

decreases the system stiffness and, consequently, de-

creases its natural frequency. Meanwhile, the system 

resistance is not affected by the accumulator size, 

which results in an increased damping coefficient. 

Thus, the increase in accumulator size results in more 

damped response and consequently increased IES. The 

reduction of accumulator size reduces the damping 

coefficient and leads to greater maximum percentage 

overshoot and increased IES, Fig. 18. Therefore, both 

of the minimum IES and maximum percentage over-

shoot should be considered when selecting the proper 

accumulator size. The minimum value of IES was ob-

tained for the accumulator size estimated by Eq. 73. 

4 Conclusion 

This paper is dedicated to the evaluation of the ef-

fectiveness of oleo-pneumatic accumulators in the 

protection of the hydraulic lines against hydraulic 

shocks. The line was described by a four-lump model. 

The validity of lumped parameter model is evaluated 
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by comparing theoretical results with published ex-

perimental results. The paper presents a derivation of 

an expression for the recommended size of the hydrau-

lic accumulator needed to protect the transmission line 

against the destructive effect of pressure surge. The 

study showed that the installation of the accumulator 

too close to the valve reduced the duration and ampli-

tude of the transient pressure oscillations. The accumu-

lator size, calculated by the deduced closed equation, 

produced an optimum line response, according to the 

integral error squared criterion. 

Nomenclature and Abbreviations 

A Line cross-sectional area [m2] 

A, a Acceleration [m/s2] 

B Bulk modulus of oil [Pa] 

Be Equivalent bulk modulus of fluid [Pa] 

C Whole line capacitance [m3/Pa] 

C Capacitance matrix  

c Sonic speed [m/s] 

D Line inner diameter [m] 

DCV Directional control valve  

F Force [N] 

I Whole line Inertia [kg/m4] 

I Inertia matrix  

IAD Percentage integrated absolute differ-

ence 

[%] 

L  Pipe length [m] 

m Mass [kg] 

n Polytropic exponent  

P Pressure [Pa] 

P1 Minimum, or initial, operating pressure [Pa] 

P2 Maximum operating pressure [Pa] 

PL Line-end pressure [Pa] 

PLexp Pressure at the closed end,  

experimental 

[Pa] 

PLss Steady state pressure at the closed end  [Pa] 

PLth Pressure at the closed end, theoretical  [Pa] 

Po Accumulator charging pressure [Pa] 

ΔP Pressure losses or pressure difference [Pa] 

Q Flow rate [m3/s] 

R Whole line resistance [Ns/m5] 

R Resistance matrix  

Re Reynolds number   

T Considered time duration of response [s] 

tc Valve closure time [s] 

tp Pressure wave propagation time [s] 

v Mean fluid velocity [m/s] 

V Initial oil volume [m3] 

VL Liquid volume in accumulator [m3] 

Vo Accumulator size [m3] 

ΔV Volume change due to pressure varia-

tion 

[m3] 

μ Dynamic viscosity [Pa s] 
ν  Kinematic viscosity [m2/s] 

α Ratio of gas content in mixture   

λ Friction coefficient  

ρ Oil density [kg/m3] 
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