International Journal of Fluid Power 8 (2007) No. I pp. 51-57

TRANSFER MATRIX MODELLING OF
HYDRAULICALLY ACTUATED FLEXIBLE ROBOTS

Ryan Krauss', Wayne Book” and Olivier Briils®

Southern Illinois University Edwardsville
’Georgia Institute of Technology
University of Liége, FNRS

Abstract

Accurate models of hydraulic motors and their interaction with flexible structures are needed to design motion con-
trol and vibration suppression schemes for hydraulically actuated flexible robots. The modeller of such a system faces
significant challenges including capturing the dynamics of the actuator, integrating the actuator model into the system
model, incorporating distributed parameter elements into the system model, determining any unknown model parame-
ters, and creating a model that is useful for control design. This paper presents a model that overcomes all of these chal-
lenges. A transfer matrix model of a hydraulic actuator interacting with a flexible robot is developed. This model is
integrated into a system model for a flexible robot. The model captures the interaction between the actuator and the
structure and has been experimentally validated.
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1 Introduction

Flexible robots can be lighter, faster, and cheaper to
actuate than rigid robots. In order to realize these bene-
fits, some means of dealing with the associated vibra-
tion problems is required. If a flexible robot is hydrau-
lically actuated, accurate models of the interaction
between the actuator and the structure are needed so
that motion control and vibration suppression systems
can be designed.

From the standpoint of a control engineer, it would
be ideal if these models accurately captured the essen-
tial dynamics without being unnecessarily complicated.

This paper presents a model of hydraulic actuators
interacting with flexible robots or structures. This
model is based on the transfer matrix method (TMM)
(Pestel and Leckie, 1963). The TMM is well-suited for
modelling and control design of flexible robots because
it is modular, it handles serial connections of compo-
nents extremely well, it naturally outputs Bode plots,
and it can model distributed parameter elements such as
flexible robot links without discretization. The TMM
model of a hydraulic actuator developed in this work
allows the system dynamics to exert a disturbance
torque on the rotary hydraulic motor and the actuator
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model integrates seamlessly with the model of the en-
tire system. The model is experimentally validated.

Hydraulic actuators have some advantages over
servo-motors or other electromagnetic actuators in cer-
tain applications, but they also bring some additional
modelling challenges. Fluid power is able to deliver high
forces at low speeds without further speed reduction
(gearboxes) and thus is well suited to certain robotic
applications. Hydraulic fluid can be used to carry away
dissipated heat and hence allow higher power in confined
spaces. Some of the modelling challenges include the
fact that fluid power is not well approximated as a force
source as is the case for electromagnetics. It is more like
a velocity source in some cases, but its internal dynamics
include compressibility that interacts with flexibility of
the structure. Since this interaction becomes critical at
system resonances, a realistic model of both structural
flexibility and hydraulics is required for the purpose of
motion and vibration control.

2 System Description

This paper focuses on modelling a hydraulically-
actuated, flexible robot known as SAMII (Small, Ar-
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ticulated Manipulator II). A picture and schematic of
SAMII are shown in Fig. 1. SAMII has 6 rigid links
that are hydraulically actuated. SAMII is mounted on
the end of a 5 meter long cantilever beam. This paper
will specifically discuss modelling joint 2 of SAMII
and the interaction between that joint and the structure.

Beam

Link O
Joint 1
Link 1
Joint 2

Link 2
Joint 3

<{—Links 3-6

Fig. 1:  Picture and schematic of SAMII. Joint 2 is the
actuated joint for the experimental Bode plots in
this work

All of SAMII’s joints are actuated by rotary hydrau-
lic motors controlled by servo-valves. A schematic of
an actuator is shown in Fig. 2. The double vane motor
actuator used has a volumetric displacement of
0.01475 L/rad. The width and radius of the vane are
both approximately 30 mm. The valve supply pressure
is 103 bar. The servo-valve is a Moog Series 30. Mod-
elling the amplifier, servo-valve, and motor together,
the input is a voltage v that is proportional to spool
position d. The output is angle of rotation 6.
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Fig. 2:  One of SAMII’s hydraulic actuators, a rotary hy-
draulic motor controlled by a servo-valve
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3 Problem Statement

A simple transfer function model for a hydraulic ac-
tuator fails to capture the actuator/structure interaction
near resonance. Consider a model that is an angular
velocity source (AVS) with a first-order term:

o_ _Kp (1)
v s(s+p)
where v is the voltage into the amplifier, K is the actua-
tor gain, p is the pole of the first-order term, and @ is
the angular position of the joint.

Figure 3 compares Bode plots from this model and
experimental data. While this model is fairly accurate
for much of the frequency range, it breaks down near
the second natural frequency of the structure at ap-
proximately 8 Hz.
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Fig. 3:  Comparison of actuator Bode plots Qv from ex-
perimental data and from a models where the ac-
tuator is an angular velocity source with a first or
second order term

Figure 3 also shows that a velocity source with a
second-order term of the form

2
o__ Koo )

Voos(s+20ws+w?)

also fails to accurately capture the dynamics of the
system.

4 An Actuator Model Emulating
Intrinsic Velocity Feedback

One potential explanation for the discrepancy be-
tween model and experiment in Fig. 3 is that the veloc-
ity source model assumes that the actuator can supply
any magnitude of torque required. In an attempt to
better capture the dynamics of the actuator, a model
emulating intrinsic velocity feedback has been pro-
posed (Obergfell, 1998; Krauss et al., 2005):

M=g,(g,v-0) ®)
where M is the torque applied by the actuator, v is the
voltage to the actuator, 0 is the angular velocity of the

International Journal of Fluid Power 8 (2007) No. 1 pp. 51-57



Transfer Matrix Modelling of Hydraulically Actuated Flexible Robots

joint, and g, and g, are constants. A block diagram of
this model is shown in Fig. 4.

v + M Tsammr LY,

—» Ga 9v p

_ Dynamics
Fig. 4:  Block diagram of a hydraulic actuator model that
emulates intrinsic velocity feedback

If g, > o, this model is equivalent to a velocity

source model. For finite g, the transfer function be-
tween v and 6 is affected by the system dynamics near
resonances.

Figure 5 shows the results of using Eq. 3 in a finite
element analysis model of the system. This model
shows some improvement over the velocity source
model of Fig. 3: there is interaction between the actua-
tor and structure at resonances. However, there is still
significant error in the phase of the model. The model
predicts a phase dip at the second natural frequency of
20-30 followed by an increase in phase above the
nominal value before resonance of the same magnitude.
The experimental results show a phase dip of about 90
at the second natural frequency, followed by a phase
recovery but no increase.
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Fig.5:  Comparison of actuator Bode plots 0/v from

experimental data and from an intrinsic velocity
feedback model

Attempting to better model the actuator torque dy-
namics seems to show promise, but the model of Eq. 3
does not seem to be the final answer. An experimental
investigation was undertaken to better understand the
torque dynamics of the actuator.

5 Torque Experiments

Figure 1 shows SAMII in the configuration used in
the previous sections with all of links 0—6 attached.
Figure 6 shows the setup for the torque experiment
testing. SAMII’s links 2-6 have been removed and
replaced with one, small, rigid link. There is a
force/torque sensor installed between this rigid link and
the output shaft of joint 2. Note that SAMII’s base was
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rigidly connected to the floor for this testing, so that the
flexibility of the supporting beam no longer influences
the dynamics of the system. The torque testing was
done in a vertical and a horizontal configuration. Figure
7 shows the difference between these two.

N /W
Force/Torquef
Sensor

Rigid Link

Fig. 6:  Set-up for testing in a vertical configuration

In the vertical configuration, gravity contributes a
small torque, but one that is proportional to # and is a
restoring torque. As a result, the Bode plot for the ver-
tical configuration in Fig. 8 is that of a pendulum with a
torque input and angular position as the output. In the
horizontal configuration, the gravity torque is larger,
but nearly constant.

Horizontal
Configuration

Vertical
Configuration

Fig. 7:  Set-up for torque experiments with the rigid link in
vertical and horizontal configurations
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Figure 8 shows the Bode plots for /M for the hori-
zontal and vertical configurations. These Bode plots
show the relationship between torque generated by the
actuator and the resulting angular displacement. There is
not an obvious input/output relationship between these
two variables across the two different configurations.
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Fig. 8:  Bode plot of /M for the hydraulic actuator in hori-
zontal and vertical configurations

Figure 9 shows the Bode plot for torque M vs. input
voltage to the actuator v. For the vertical configuration,
the sum of moments about the joint gives

Jé-i—mgr@:M 4

where m is the mass of the rigid link, g is the accelera-
tion due to gravity, r is the distance from the joint to
the center of gravity of the link, and J is the second
moment of inertia of the link.

20 ; ;
% 0 L - M“,lm\-" Mi‘u ! w
o _onl T P il
g_z{) T ez I M
40 F e \‘\‘\ -~ - Horizontal Exp. |
o v/ - - Vertical Exp.
§ =601 \',i Vertical Model
<0 L - Horizontal Model
10 10
50 ‘ '
= 00 F |
o0 TN | 1
<oy -
§ el i i
o or ! i
g —50¢
Ay —100 frommmmmmmsssss ey !
—150 1 ‘ |
10° 10!

Freq. (Hz)

Fig. 9:  Bode plot of M/v for the hydraulic actuator in hori-
zontal and vertical configurations

At low frequencies, the gravity part of this equation is
dominant. This leads to torque that is proportional to 6.

Assuming that v is roughly proportional to 0,
M/v~0/0=1/s. At high frequencies, the inertia
torque dominates and M is proportional to 6 . This leads

toM/v~@/0=s. These approximate low and high
frequency relationships are seen in Fig. 9 and models
based on Eq. 1 and Eq. 4 agree closely with experiments
for both the vertical and horizontal positions.
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In the horizontal configuration, the linearized sum
of the moments is

Jé+mgr=M ®)]

so that M is proportional to & and has a DC offset.
Figure 10 shows the Bode plots for angular position

@ vs. input voltage to the actuator v. In both the hori-
zontal and vertical configurations, the actuator acts as
an integrator or a velocity source with 0 proportional
to v.
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Fig. 10: Bode plot of O for the hydraulic actuator in hori-
zontal and vertical configurations

Looking at the Bode plots of Fig. 8-10, the clearest
input/output relationship is that of Fig. 10 where the
relationship between @ and v is that of Eq. 1. This rela-
tionship is the same in the vertical and horizontal con-
figurations, so that gravity does not need to be explic-
itly considered in the model.

Equation 1 is an adequate model when the base of
SAMII is rigidly connected to the floor, but it seems
that in order to explain the interaction between the
actuator and the deformation of the supporting beam at
resonance, some local compliance needs to be added to
the actuator model. The velocity source model should
be combined with some means of incorporating the
moment applied to the actuator from the structural
dynamics as a disturbance input. To that end, the next
section shows the results of combining an angular ve-
locity source with a torsional spring/damper.

6 Transfer Matrix Modelling

The transfer matrix method (TMM) was used to
model the actuator and its interaction with the structure.
As mentioned in the introduction, there are several key
advantages to using the TMM for modelling and con-
trol design of flexible robots. The TMM model of the
hydraulic actuator easily incorporates the moment from
the structural dynamics as a disturbance input (this will
be discussed in section 6.1). Distributed parameter
elements can be modelled without discretization, elimi-
nating concerns about appropriate discretization of
SAMII’s cantilever beam. Integrating the actuator
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model into the overall system model is seamless. The
TMM outputs Bode plots naturally and lends itself to
control design. As part of this work, software has been
developed that automates control design and system
identification using TMM models.

The transfer matrix method was introduced by
Pestel and Leckie (1963). It is a modelling approach
based on breaking a system into elements that are rep-
resented by matrices that transfer a vector of states
from one end of the element to the other. A serially
connected system is modelled by multiplying element
transfer matrices together to form a system transfer
matrix.

The TMM was applied to the design of flexible ro-
bots by Book (1974) and to the analysis of the remote
manipulator system of the space shuttle by Book et al.,
(1979, 1981). Book and Majette (1983) developed a
means for using the TMM in state-space control design.

The underlying mathematical basis for the TMM is
very similar to that of the dynamic stiffness method
(DSM) (Hallauer and Liu, 1982; Banerjee, 1997). The
DSM has been applied to a variety of structural dynam-
ics problems by Banerjee and Fisher (1992) and others.

6.1 Angular Velocity Source in Series with a Tor-
sional Spring/Damper

As an illustrative example of the use of the TMM,
consider modelling the hydraulic actuator as an angular
velocity source in series with a torsional spring/damper.
The transfer function would be

0= Kpv N M
s(s+p) cs+k

(6)

where v is the command voltage, M is the moment from
the dynamics of the structure, £ and ¢ are the spring and
damping coefficients used to model compliance in the
actuator, K is the actuator gain, and p is the pole of the
first order lag. Note that this is significantly different
from the model of Eq. 2: there are two inputs, v and M,
and M is essentially a disturbance input to the actuator
that is coming from the dynamics of the system.
This model could be put in transfer matrix form:

1 0 0 0 0

01 1 K pv
cs+k s(s+ p)
U, = 7
oo 1 0 0 ™

0 0 1 0
0 0 0 1

where U, refers to the open-loop actuator transfer ma-
trix. The state vector would be

w

0

=M (8)
14
1

where w is the lateral displacement, € is the rotation, M
is the moment, and V is the shear force. The states be-
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fore and after the actuator would be related by

Tafter Uol Thefore (9)
The second row of Eq. 9 gives
M K pv

—
cs+k  s(s+p)

(10)

aaﬁer = Hbefore +

Defining the relative angle across the actuator as

0= gaﬂer - gbefore (1 1)

shows that the TMM model of Eq. 9 is identical to the
transfer function model of Eq. 6.

6.2 TMM System Model

A schematic of SAMII with links 0—6 attached is
shown in Fig. 11. The corresponding system transfer
matrix would be

U = Ubase Ubeam UlO UlelonlUIZ Uj3Ul3—6 (12)

sys

where Uy, Uy, Up, and U4 are rigid body transfer ma-
trices modelling links 0, 1, 2, and 3-6 respectively. Uy
and Uj; are torsional spring/damper transfer matrices
modelling unactuated joints 1 and 3. Uy, is a torsional
spring/damper transfer matrix representing flexibility in
the clamp at the top of the cantilever beam. Upeay is the
transfer matrix for a continuous beam element.

/ N
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Beam—»
Link 0— Joint 1
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Joint 2/
S
Actuator
Link 2—»
&% Joint 3

Links 3—6—>

Fig. 11: Schematic of SAMII with links 0—6 attached

Figure 12 compares Bode plots from this TMM
model with experimental data and the intrinsic velocity
feedback model discussed in section 4. The values for
¢, k, and p from the model of Eq. 10 were found using
an optimization algorithm that seeks to minimize the
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squared sum of the error between model and experi-
ment in Fig. 12. The TMM model that represents the
actuator as an angular velocity source in series with a
torsional spring/damper leads to better agreement with
experiment than the intrinsic velocity feedback model.
The interaction between the actuator and structure
around 8 Hz is accurately modelled.
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Fig. 12: Overlay of Bode plots from experiment, an intrinsic
velocity feedback model, and an angular velocity
source (AVS) in series with a spring/damper

7 Conclusions

A transfer matrix model has been developed for a
rotary hydraulic motor controlled by a servo-valve.
This model accurately captures the interaction between
the actuator and a flexible robot. The model includes a
disturbance moment input to the actuator coming from
the structural dynamics. The TMM formulation over-
comes several challenges that modellers of flexible
robots must face: the actuator model is seamlessly
integrated into an overall system model, beam elements
are modelled without discretization, and the model
facilitates control design and system identification.

The model has been experimentally validated. One
advantage of the approach is how cleanly actuator
flexibility can be incorporated into the system model.
The TMM formulation could also be used to model the
actuator as its own distributed parameter system, possi-
bly incorporating flexibility and linear damping in the
hydraulic lines or compressibility in the fluid.

8 Acknowledgments

This work was supported by the Fluid Power and
Motion Control Center at Georgia Institute of Technol-
ogy. Olivier Briils is supported by the Belgian National
Fund for Scientific Research (FNRS) which is grate-
fully acknowledged.

56

Nomenclature

c damping coefficient [N m s/rad.]
g acceleration due to gravity [m/s?]

2, voltage gain [rad./(s V)]
gy velocity feedback gain N m s/rad.
J second moment of inertia [kg m’]

K gain of actuator transfer function [rad./V]

m mass of rigid link [ke]

M torque [N m]

P pole of first order lag term [rad./s]

r distance between center of grav-  [m]

ity and joint of rigid link

v input voltage to actuator [V]

U transfer matrix

z state vector

6 angular position/displacement [rad.]

0 angular velocity [rad./s]

o angular acceleration [rad./s’]
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