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Abstract 

This paper proposed a nonlinear mathematical model for a 4-port pneumatic nozzle-flapper type servo valve with 
dual fixed orifices and dual nozzles. In this model, the influence of the flow force was also included. The determination 
of the flow force on the flapper was proposed using an experimental approach. The effectiveness of the proposed model 
was verified by comparing experimental and simulated results. This comparison confirmed the influence of flow force 
on the static and dynamic behavior of the servo valve. A linear model, which was derived from the nonlinear model, 
showed an applicable range of about ±30 % of rated input current. A practical, order-reduced linear model, which ne-
glects the dynamics of the torque motor and the armature-flapper, was also proposed. The order-reduced model was 
suitable for systems with large load volumes. 
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1 Introduction 

In pneumatic position and force control systems, 
nozzle-flapper type servo valves are normally used for 
obtaining quick response and precise control results due 
to their simple structure, high sensitivity and wide fre-
quency range (Shearer, 1956). Pneumatic control sys-
tems with nozzle-flapper elements are generally ap-
proximated to a first order lag system assuming an 
isothermal state change for the air in the load chamber 
(Zalmanzon, 1965; Kagawa, 1985). Nozzle-flapper type 
servo valves are usually treated as a proportional ele-
ment when neglecting torque motor dynamics and flow 
force on the flapper (Thayer, 1958). At present, there is 
no general mathematical model to describe a 4-port 
nozzle-flapper type electronic-pneumatic servo valve 
with dual fixed orifices and dual nozzles, though the 
pneumatic servo valve is almost equivalent to the first 
stage of common electro-hydraulic servo valves (Lin 
and Akers, 1991; Urata et al, 1998; Kim and Tsao, 
2000; Grodić et al, 2004). 

Recently, the demand on electric power saving for 
servo valve has been increasing as part of energy saving 
campaign. However, this leads to the inadequate driv-
ing power of the torque motor. Consequently, the influ-
ence of flow force on the properties of these valves  
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has become more and more significant. For nozzle-
flapper type hydraulic servo valves, methods for calcu-
lating the flow force have been established (Merritt, 
1967; Urata and Yamashina, 1998). However, the flow 
force on the flapper, generated by the air-jet from the 
nozzle, cannot be readily calculated from physical ge-
ometry due to the compressibility of air. Numerical 
analyses of the pressure distribution on the flapper have 
been conducted for a few specific nozzle and flapper 
geometries and supply pressures (Araki, 1965; Crno-
jevic, 1997). However, it is very difficult to give a 
general expression of the flow force for different nozzle 
geometries, though an approximate equation for calcu-
lating the flow force has been proposed using an exper-
imental approach (Zhang et al, 2003). 

In some high precision pressure control systems, e.g. 
exposure apparatuses which are actively isolated using 
air-springs (Wakui, 2003), an accurate model of the 
servo valve is required for the design of the system 
dynamics. 

In this paper, general nonlinear and linear models 
are proposed which include the influence of flow force. 

First, a nonlinear dynamic model for a 4-port noz-
zle-flapper type pneumatic servo valve is derived. This 
includes the influence of flow force on the flapper. In 
addition, a practical determination method for flow 
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force is proposed using an experimental approach. Then 
the complete nonlinear model and a simplified model 
neglecting flow force are simulated and the simulation 
results of both models are compared with the experi-
mental results for consistent conditions. By linearizing 
the nonlinear model around its equilibrium state, a 
linear model is then derived. A practical, order-reduced, 
linear model is also proposed which neglects the dy-
namics of the torque-motor and armature-flapper. Simu-
lation results of various step responses are then com-
pared with those of experiments. 

2 Operation of Nozzle-flapper Type 
Pneumatic Servo Valves 

The basic construction of a 4-port nozzle-flapper 
type servo valve is shown in Fig. 1. The armature-
flapper is moved by a torque motor consisting of a coil 
and vertically arranged magnets. Movement of the 
flapper changes the distance between it and both noz-
zles. This creates different pressures, Pc1 and Pc2, in the 
control sides. In the steady state, the differential pres-
sure, ΔP=Pc1-Pc2, is proportional to the input current 
when the control ports are closed. 
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Fig. 1: The basic construction of a 4-port nozzle-flapper 

type pneumatic servo valve 

The servo valve used in our experiment is part 
AS121005 as manufactured by PSC Company. The 
range of control pressure change is 300~400 kPa for the 
rated current of ±100 mA and air supply pressure of 
400 kPa. The rated differential pressure is –8.6 kPa for 
an input current of 10 mA. 

3 Dynamic Model of a Pneumatic Servo 
Valve 

3.1 Torque Motor and Armature-Flapper 

First, the dynamic model for the electric-drive sec-
tion of the servo valve is investigated. The one-degree 

of freedom model of the armature-flapper is shown in 
Fig. 2 (Urata, 1999). The current in the coil generates a 
torque driving the armature-flapper. The relationship 
between the input current and the torque, including the 
influence of eddy currents, is given by (Urata, 2004): 
 e t t m iT T T K K iα+ = +  (1) 

The torque on the armature-flapper, caused by the 
flex-tube which acts as an elastic support, is propor-
tional to the rotation of the armature-flapper, described 
as follows:  
 s aT K α=  (2) 

 
Fig. 2: One-degree of freedom model of the armature-

flapper 

The torque on the flapper around the centre of rota-
tion, caused by flow forces which are generated by air 
jet from the two nozzles, is given by (Urata, 2004): 
 ( ) a21f lFFT −=  (3) 

where 
 2tfa lll −=  

Summing moments about the centre of rotation, we 
obtain: 
 t s f fJ T T T Bα α= − + −   (4) 

The flapper tip displacement depends upon the in-
clinations and deflections of the flex-tube and the flap-
per (Urata and Yamashina, 1998; Urata, 2004): 
 ( )( )TF21a 11 KKFFlx +−+α=  (5) 

3.2 Flow Rate Characteristics 

The flow through the fixed orifice and the nozzle-
flapper can be sonic or subsonic depending upon the 
upstream/downstream pressure ratio. The mass flow 
rate through a restriction is a function of geometric 
parameters, the upstream and downstream pressures. To 
express the mass flow rate, we adopt the following 
expression in this paper (Oneyama et al, 2003): 
 ),( duu PPPCG ϕρ=  (6) 

where 
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For this expression, C, b and m are named sonic 
conductance, critical pressure ratio and subsonic index 
respectively. Three coefficients, Co, bo, mo, are con-
stants for the fixed orifices. The critical pressure ratio, 
bn, and the subsonic index, mn, change slightly with 
surrounding geometric dimensions of the nozzle-
flappers. However, the influence of these changes on 
the flow rate characteristic is small. Therefore, we as-
sume a constant critical pressure ratio and a constant 
subsonic index for the nozzle-flapper. The sonic con-
ductance, Cn, is approximately proportional to the gap 
between the nozzle and the flapper and is expressed by 





−
+

=
flapper-nozzleleft   for ;)(
flapper-nozzleright for ;)(

ffn0

ff0n
n xxxC

xxxC
C  (8) 

where Cn0 is the sonic conductance of the nozzle-
flapper at zero input current. 

3.3 Flow Force on the Flapper 

The flow model at the nozzle-flapper of the specific 
servo valve is shown in Fig. 3 in the case of 

nac bPP ≥ . The air velocity reaches a maximum value 
up to the local speed of sound at the exit section 2 
(Araki, 1965; Crnojevic, 1997). 

 
Fig. 3: Flow model at nozzle-flapper 

Applying momentum theory to control surface 
shown in Fig. 3, we can obtain the flow force, Ff, acting 
on the flapper when neglecting the velocity of the flap-
per tip (Ohuchi and Ikebe, 1980; Urata, 1998).  
 ( )2222a1111cf uQρAPuQρAPF +−+=  (9) 

where, Pc and Pa, ρ1 and ρ2, Q1 and Q2, u1 and u2 are 
pressures, densities, volume flow rates and velocities at 
section 1 and 2 respectively. And 2

1 1π 4A d= , 
( )xxdA +π= f22 .  

Because A2<<A1 and u1<<u2, the second and third 
terms in Eq. 9 can be neglected. Substituting the local 
speed of sound at section 2, ( )( ) 1c2 12 ρ+κκ= Pu , 

and air volume flow rate, 22n2 AuKQ = , into Eq. 9, we 
obtain  
 ( )( ) 1c2n21cf 12 ρκκρ PAKAPF +−=  (10) 

where Kn is the air flow rate coefficient which depends 
upon the ratio of A2 and A1. Assume 

( )212n AAK ∝ (Toyokura and Kamemoto, 1976). 
Thus, Eq.10 can be rewritten as: 
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where the coefficient f1 is estimated by the following 
method. 

The flow force expression is verified and the coeffi-
cient is estimated in Eq. 11 using the experimental 
approach shown in Fig. 4: 

 
Fig. 4: Experimental apparatus for measuring flow force 

Given a displacement of the flapper, we first inves-
tigate the relationship between the flow force and the 
control pressure. Because a direct measurement of the 
flow force on the flapper is not available, compensation 
current is used to represent the actual flow force. 

To determine the flow force on the left side of flapper, 
the right control port is closed and a variable restriction is 
connected to the left control port, as shown in Fig. 4. 
Applying an initial current to the servo valve, an increase 
of the variable restriction passage area decreases the 
control pressure Pc1. Simultaneously, the flow force 
moving the flapper to the left causes a decrease of the 
control pressure at the right side. In order to hold the 
initial position of the flapper, compensation is applied to 
the input current to maintain the initial value of the con-
trol pressure at the right side. For this condition, we can 
also consider the flapper to be in its initial position. 
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Fig. 5: Compensation current vs. control pressure  

Figure 5 shows that the relationship between the 
compensation current and the control pressure is ap-
proximately linear, as the variable restriction passage 
area for initial input currents from –70 to 70 mA 
changes. Thus, when the distance between the flapper 
and the nozzle is held constant, the linear relationship 
between the flow force and the control pressure can be 
verified as Eq. 11 and can be written as follows: 

 
3

f
1 1 c1 1 f1 c1

f

1 x xF f P A K P
x

  + = − =    
 (12) 

By eliminating the dynamics of the torque motor 
and armature-flapper in Eq. 4, the coefficient, Kf1, can 
be obtained: 

 i
f1

a c1

Δ
Δ

K iK
l P

=  (13) 

Kf1 changes with the initial displacement of the 
flapper. Because a direct measurement of flapper dis-
placement is difficult in an operating condition, we 
estimate it using the control pressure. When the both 
control ports are closed, the flow is sonic at the nozzle-
flappers; the flow is subsonic at the fixed orifices. Since 
the flow rate through the fixed orifice is equal to that 
through the nozzle-flapper, we have the following equa-
tion with respect to the left side flow; 

 ( ) ( )a1c1c
f

f
10n1css1o ,, PPρP

x
xxCPPρPC ϕϕ

+
=  (14) 

Thus, we can determinate the nodimensional dis-
placement, ( ) ff xxx + , by substituting a measured 
value of Pc1 into the above equation. Figure 6 shows 
the change in the gradient of Fig. 5, c1Δ Δi P or 

ia1f KlK , with nondimensional displacement. 
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The coefficient, Kf1, reduces as the distance be-
tween the flapper and the nozzle increases. Substituting 
the experimental results into Eq.12, we can estimate the 
coefficient, f1, using the least square principle. There is 
a good agreement with the experiment and calculation 
results from Fig. 6. The flow force on the right side of 

the flapper can be similarly obtained: 
 2c2f2 PKF =  (15) 

where 
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3.4 Air Dynamics in the Control Chamber  

The servo valve construction (Fig. 1) shows that, 
when the control ports are closed, there are small 
chambers (V1 and V2) between the fixed orifice and the 
nozzle. Assuming sufficient heat transfer between the 
air and the wall of the chamber, and recognizing the 
small volume of the chamber, the air temperature 
change inside the chamber is assumed to be isothermal. 
Thus, the flow rate change in the chamber is obtained 
from the air state equation: 

 ccc KPG =  (16) 

where 
 c RK Vθ=  

Applying the continuity equation to the 4-port noz-
zle-flapper servo valve, the following equation can be 
obtained: 
 noc GGG −=  (17) 

Gc, Kc, V, Pc, Go and Gn for the left and right side 
of flapper are expressed by attaching the subscripts 1 
and 2 respectively. 

4 Simulation and Experiment 

4.1 Simulation Structure 

From the above analysis, we can establish a simula-
tion model from Eq. 4-8, 16 and 17, as shown in Fig. 7. 
The input is the current, i, while the outputs are the 
control pressures, Pc1 and Pc2 (or differential pressure 
ΔP). The flow states at the fixed orifice and the nozzle-
flapper are determined to be subsonic or sonic by com-
paring the actual pressure ratio to the critical pressure 
ratio. Changing the control pressure from atmospheric 
to the supply pressure results in three possible flow 
state combinations, as illustrated in Table 1. 

Table 1: Air flow state at the orifice and nozzle-
flapper 
 I II III 

at fixed orifice sonic sonic subsonic 
at nozzle-flapper subsonic sonic sonic 

 
Among all of the parameters of the models, the ar-

mature-flapper dynamic coefficients, Te, Bf, KF and KT 
were selected for comparison with the experimental 
results. The coefficients in the flow force calculation 
equations were estimated using the experimental ap-
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proach described in section 3.3. The coefficients in the 
flow rate equation of the fixed orifice and the nozzle-
flapper, Co, bo, mo and Cn0, bn, mn, were determined 
through the improved flow rate measurement method of 
pneumatic components (Oneyama, 2003). The other 
parameters were determined from the physical proper-
ties of the valve. 

4.2 Results 

To validate the derived model, a Matlab/Simulink 
model of the system shown in Fig. 7 was constructed 
and simulated. The results thereof were compared with 
experimental results under the same conditions. The 
experiments were performed at a constant ambient 
temperature of 20 °C and a supply pressure of 400 kPa. 
Additionally, in order to clarify the influence of flow 
force, a model which excluded the flow force was simu-
lated. The simulation results were compared to those of 
the previous simulation and experiment. 
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Fig. 7: Simulation model for a 4-port nozzle-flapper type 

pneumatic servo valve 

The steady-state control pressures, Pc1 and Pc2, and 
their differential pressure, ΔP, were plotted against 
input current, i (no load flow rate), as shown in Fig. 8. 
With both of the control ports closed, the input current 
was varied using a triangular waveform varying be-
tween ±100mA at 1/120Hz. 

Figure 8 shows good agreement between simulation 
and experiment, despite some hysteresis and a slight 
deviation at both ends of the experimental curve. This 
is thought to be due to the negligence of the torque 
motor hysteresis in the simulation and also flow rate 
calculation errors at maximum and minimum input 
currents. There is an almost linear relationship between 
the input current and differential pressure. 

For the results neglecting the flow force, the change of 
differential pressure with respect to input current was in 
excess of the experimental results. This can be explained 
by noting from Eq. 4 and 5 that neglecting the flow force 

on the flapper naturally leads to larger displacements of the 
flapper than for the real system. In spite of this, the error 
remains within 35% of the actual results. 

Another steady-state response is obtained by plot-
ting flow rate at the control port versus the control 
pressure. For various input currents (-30, 0 and 30 mA), 
the load pressure at one of the side ports was slowly 
varied from atmospheric to the supply pressure while 
the other port remained closed. Flow rate changes with 
increasing the load pressure are shown in Fig. 9 for the 
case of load pressure changes to the left control port 
with the right port closed. Positive and negative values 
for the flow rate indicate flows out of and into the servo 
valve respectively. 
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Fig. 8: Steady-state responses of the pressures to input 

current 

100 150 200 250 300 350 400
-4

-3

-2

-1

0

1

2

3

4

 

 

G c 1
 [×

10
-4
kg

/s]

Pc1 [kPa]

 Experiment
 Simulation including flow force
 Simulation neglecting flow force

i= 30 mA
i=   0 mA
i=-30 mA

 
Fig. 9: Flow rate vs. pressure at input current of –30 mA, 0 

mA and 30 mA 

The results of the simulation including flow force 
and experiment are in a good agreement. Due to the 
influence of flow force, the distance between the nozzle 
and flapper increases with load pressure. The compari-
son between the results of the simulation neglecting the 
flow force and that of the experiment shows this dis-
tance to be below the equilibrium distance when the 
load pressure was below the equilibrium pressure. Con-
versely, this distance was above the equilibrium dis-
tance when the load pressure was above the equilibrium 
pressure. 

The dynamic response of the servo valve is ex-
pressed using the step response and frequency response 
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of the control pressure with respect to the input current. 
Various step input currents were applied to the model 

and experimental setup with both control ports closed. 
The input current was varied using step-up signals with 
magnitudes of ±10%, ±20% and ±30% of the rated cur-
rent. As shown in Fig. 10, the results of the simulation 
including flow force and experiment are in a good 
agreement. However, neglecting the flow force produces 
a steady state error of about 32% between the simulated 
and experimental results. This shows that flow force has 
the effect of reducing the pressure gain of the servo valve. 
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Fig. 11: Frequency response of the differential pressure 

measured at 0 mA DC input superimposed by ±5 
mA sinusoid, magnitude is normalized by static 
gain 

The frequency response was obtained by superim-
posing a 5 mA swept sinusoidal current on a biased 
zero input current and is summarized in the bode dia-
gram shown in Fig. 11. From this bode diagram we can 
see that the gains for both the experiment and model 
descended to 3 dB at about 100 Hz. At about 400 Hz a 
peak appears in the bode diagram and corresponds to 
the resonant frequency of the armature-flapper. The 
flow force has the effect of slightly improving the 
break-point frequency. 

5 Linear Model 

5.1 Linear Model Derivation 

A linear model is often more useful than non-linear 
models in servo system designs. Therefore, we will 
derive a linear model to approximate the non-linear 
model given in the previous sections. The linear model 
approximation is made with respect to the state of equi-
librium by blocked control flow with zero input current. 
The control pressures at equilibrium, Pc10 and Pc20, can 
be calculated from Eq. 6, 7 and 8 as Eq. 16, when the 
flow rate through the fixed orifice equals that through 
the nozzle-flapper; the flow state at the fixed orifice is 
subsonic and that at the nozzle-flapper is sonic. 
 ( ) ( )accncsso ,, PPPCPPPC ϕϕ =  (18) 

Because the two control pressures at equilibrium are 
not zero, the pressure variations and flow rate variations 
dynamics to the input current variation derived in Ap-
pendix A, have the forms shown in Fig. 12. This block 
diagram shows that a nozzle-flapper type servo valve 
can be validly represented by an approximate fourth 
order model. From the physical parameters of the valve, 
we easily find that the break-point frequency of the 
toque-motor is approximately 2230 rad/s, the natural 
frequency of the armature-flapper is 2953 rad/s, the 
damping ratio is 0.012 and the break-point frequency of 
the air dynamics in the control chamber is 565 rad/s. 
The air dynamics in the control chamber are more sig-
nificant for the low frequency dynamic response of the 
valve, in spite of the very small volume (0.7 cm3) of the 
control chamber. Compared to a pneumatic control 
system consisting of actuators with a slow response 
(~20Hz), a nozzle-flapper type servo valve has a rela-
tively quick response. 

In the servo valve model, if the control ports are 
connected to actual loads (such as an air cylinder), the 
control side volumes, V1 and V2, can be considered 
approximately equal to the load chamber volume be-
cause of relatively small volume of the servo valve 
control chambers. If we neglect the dynamic response 
of the toque-motor and armature-flapper, then the servo 
valve outputs, consisting of pressure variations, ΔPc1, 
and ΔPc2, and flow rate variations, ΔGc1, and ΔGc2, 
have the simplified forms: 
 = +Α ΔX X B i  (19) 

 = +D Δy X E i  (20) 

where, X, and y are the state vector and output vector 
respectively and A, B, D and E are obtained in Appen-
dix A. 

 [ ]c1 c2Δ Δ TP P=X  

 [ ]Tc1 c1 c2 c2Δ Δ Δ= ∆y P G P G  
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Fig. 12: Schematic of a linear model of a 4-port pneumatic nozzle-flapper type servo valve including the control chambers 

5.2 Linear Model Verification 

To verify that the linear model in Fig. 12 and the 
order-reduced linear model in Eq. 19 and 20 exactly 
capture the fundamental dynamics of the servo valve, 
the responses to the various step input currents were 
simulated using these models and the complete nonline-
ar model. These were performed both with and without 
the load chambers. In view of the input range of ±30 % 
for the actual control system, the amplitude of the 
change in input current was set to i=±10, ±20 and ±30 
mA. If two identical load chambers (V1=V2=95 cm3) 
are connected to the control ports of the servo valve, 
the air dynamics in the load chamber will be as stated in 
Eq. 16. 
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Fig. 13: Step response of the differential pressure for the 
servo valve without load chambers. Input steps are 
±10 %, ±20 % and ±30 % of the rated input current 

Figure 13 shows the simulated results for the re-
sponse of the differential pressure of the three models 
without load chambers. When the control chamber is 
extremely small, the linear model has very good agree-
ment with the complete nonlinear model. Figure 13 also 
clearly demonstrates a close correlation between the 
standard linear model in Fig. 12 and the complete non-
linear model for changes in input current of up to ±30 
mA. The dynamic response of the order-reduced model 
is faster than both the standard linear and the complete 
nonlinear models because the dynamic lag of the torque 
motor the armature-flapper is neglected. 

Figure 14 shows the simulated results for the re-
sponse of the differential pressure of the three models 
with 95 cm3 load chambers connected. Again, this 
shows good agreement between the results of the three 
models and that of the experiment. This shows that the 
dynamics of a servo valve within a servo system can be 
adequately captured by the order-reduced model speci-
fied in Eq. 19 and 20. 
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Fig. 14: Step response of the differential pressure for the 

servo valve including 95 cm3 load chambers Input 
steps are ±10 %, ±20 % and ±30 % of the rated in-
put current 

We examine the adaptive range of the order-reduced 
model in the control system by varying the volume of 
the load chambers. Figure 15 shows the error of 64% 
rising time, ert=(t l-tn)/tn, between the order-reduced 
model and the complete nonlinear model when the step 
input is ±20 mA at the different load volumes. This 
rising time error is less than 3% when the volume is 
more than 38 cm3. At this volume, the break-point fre-
quency of the control chamber is 10.85 rad/s. Compar-
ing this with a 2230 rad/s break-point frequency and 
2953 rad/s natural frequency for the torque-motor and 
armature-flapper respectively, it can clearly be seen that 
the dynamics inside the control chamber dominate the 
servo valve dynamics when the volume of the con-
trolled load chambers is sufficiently large. 
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Fig.15: Error of 64% rising time between the order-
reduced model and the complete nonlinear model 
at a ±20 mA step input (the error becomes -3% at 
the volume of 38 cm3) 

6 Conclusions  

In this paper, a complete nonlinear model of a 4-
port pneumatic nozzle-flapper type servo valve is pro-
posed which includes the influence of the flow force on 
the flapper. A practical method for determination of the 

flow force using an experimental approach is also pro-
posed. Static and dynamic responses of both the simu-
lated and experimental results show good agreement. 
By comparing the complete model and that neglecting 
the flow force, the influence of the flow force was 
clearly demonstrated. A linear model, which was de-
rived from the complete nonlinear model, showed an 
applicable range of about 30% of the rated input cur-
rent. A general order-reduced linear model is proposed 
and it is suitable for systems with large load volumes. 

Nomenclature 

A1 nozzle area (see Fig.3) [m2] 
A2 nozzle exit area (see Fig.3) [m2] 
Bf damping coefficient of armature-

flapper 
[Nms] 

bo1, bo2 critical pressure ratio of left and 
right fixed orifice 

[--] 

bn1, bn2 critical pressure ratio of left and 
right nozzle-flapper 

[--] 

Co1, Co2 sonic conductance of left and 
right fixed orifice 

[m4s/kg] 

Cn1, Cn2 sonic conductance of left and 
right nozzle-flapper 

[m4s/kg] 

Cn10, 
Cn20 

sonic conductance of left and 
right nozzle-flapper at zero input 
current 

[m4s/kg] 

d1 nozzle diameter (see Fig.3) [m] 
d2 nozzle exit diameter (see Fig.3) [m] 
ert 64% rising time error [%] 
F1, F2 flow force on left and right side of 

flapper 
[N] 

Gc1, Gc2 mass flow rate of left and right 
control side 

[kg/s] 

Go1, Go2 mass flow rate through left and 
right fixed orifice 

[kg/s] 

Gn1, Gn2 mass flow rate through left and 
nozzle-flapper 

[kg/s] 

i input current [mA] 
J armature-flapper moment of in-

teria  with the respect to its mass 
centre 

[kg·m2] 

Ka rotational stiffness of flex-tube [Nm/rad] 
KF spring constant of flapper rod 

bending 
[N/m] 

Kf1, Kf2 flow force coefficient of left and 
right side of  flapper  

[N/Pa] 

Km electromagnetic rotational 
stiffness 

[Nm/rad] 

Kn Flow rate coefficient of nozzle-
flapper  

[--] 

K i torque-motor gain [Nm/mA] 
KT spring constant of flex-tube bend-

ing 
[N/m] 

la distance from nozzle to centre of 
rotation (see Fig.2) 

[m] 

l t flex-tube length (see Fig.2) [m] 
lf flapper length (see Fig.2) [m] 
mo1, mo2 subsonic index of left and right [--] 
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fixed orifice 
mn1, mn2 subsonic index of left and right 

nozzle-flapper 
[--] 

Pa atmosphere pressure [Pa] 
Pc1, Pc2 left and right side control pressure [Pa] 
Pd pressure at downstream of re-

striction 
[Pa] 

Ps supply pressure [Pa] 
Pu pressure at upstream of restriction [Pa] 
R gas constant [m2/s2K] 
V1, V2 volume of left and right control 

chamber 
[m3] 

Te time constant due to eddy currents [s] 
Tf torque caused by flow force on 

flapper 
[Nm] 

t l 64% rising time of order-reduced 
linear model 

[s] 

tn 64% rising time of complete non-
liner model 

[s] 

Ts torque caused by deformation of  
flex-tube 

[Nm] 

T t torque caused by electromagnetic 
forces  

[Nm] 

x flapper tip displacement [m] 
xf distance from flapper tip to each 

nozzle at zero input current 
[m] 

ΔP differential pressure between both 
control sides ΔP=Pc1-Pc2 

[Pa] 

α armature-flapper deflection [rad] 
θ air temperauture [K] 
κ ratio of specfic heat  κ=1.4 [--] 
ρ air density for standard conditions [kg/m3] 
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Appendix A: Derivation of the linear model 

From the armature-flapper model in Eqs. 4 and 5, a 
s-function, relating the displacement due to input cur-
rent and the control pressure can be derived as follows: 

( )
( ) ( ) ( ) ( )( )3 2

0 3 2 1 0 10 c1 20 c2

Δ
Δ Δ

x s
h i s n s n s n s n K P s K P s∆ + + + + −

  

01
2

2
3

3

1
asasasa +++

=   (A1) 

where 
 ma0 KKa −=  

 eaf1 TKBa +=  

 ef22 TBJna +==  

 e33 JTna ==  

 ( )TFai0 11 KKlKh +=  

 ( ) maTF
2
a0 11 KKKKln −++=  

 ( ) eafTF
2
ae1 11 TKBKKlTn +++=  

K10 is Kf1 at the equilibrium position. 
K20 is Kf2 at the equilibrium position. 

By linearizing Eq. 6 at the equilibrium position, the 
flow rate variation at the fixed orifice can be obtained 
from the control pressure variation as follows: 
 o1 o1 c1Δ ΔG a P=  (A2) 

 o2 o2 c2Δ ΔG a P=  (A3) 

where 

 
c10c1

c1

o1
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PPdP
dGa
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= , 
c20c2
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PPdP
dGa

=

=  

By linearizing Eq. 6 and 8 at the equilibrium posi-
tion, the flow rate variation at the nozzle-flapper can be 
obtained from the displacement variation and the con-
trol pressure variation as follows: 
 n1 x1 p1 c1Δ Δ ΔG a x a P= +  (A4) 

 n2 x2 p2 c2Δ Δ ΔG a x a P= +  (A5) 

where 
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In the order-reduced model, neglecting the dynam-
ics of the torque motor and armature-flapper, the flow 
rate variations at the nozzle-flappers are linearized at 

the equilibrium position from the input current variation 
and both of the control pressure variations as follows: 

 n1 n11 c1 ni1 n12 c2Δ Δ Δ ΔG a P a i a P= + +  (A6) 

 n2 n21 c1 ni2 n22 c2Δ Δ Δ ΔG a P a i a P= + +  (A7) 

where 
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