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Abstract 

The swash-plate in a variable displacement pump experiences very large forces and moments that try to dislocate its 
position; therefore, a large device is required for adequate control. In this paper, the dynamics of an alternative pump 
design using an indexing valve plate to position the swash-plate are reported. The indexing valve plate design is aimed 
at controlling the pressure transition for a piston, which is moving from a high-pressure port to a low-pressure port. In 
this paper, the governing equations for the pump are derived and the detailed open-loop and parametric studies, which 
are necessary for understanding the overall dynamic characteristics of the pump, are reported. Also, full nonlinear and 
simplified modelling approaches for the system are compared.  
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1 Introduction 

Since changing the rotational displacement of the 
swash plate is fundamental for altering the output pow-
er of the pump, it is important to understand the mo-
ments that are exerted on the swash plate by the recip-
rocating pistons and any control devices that exist with-
in the pump. The dynamics of these components can 
often dictate the overall dynamic behavior of the hy-
draulic system. In the past, various authors have devel-
oped mathematical models for such pumps by consider-
ing the pressure transients within the piston chambers. 
Due to the complexity of the pressure transitions be-
tween pump ports, some authors have used an approx-
imate pressure-profile schematic to characterize the 
pressure transitions (Zeiger and Akers, 1985; Schoenau 
et al, 1990; Yamaguchi and Ishikawa, 1979). Zeiger 
and Akers developed mathematical models and investi-
gated the effects of different designs, tolerance varia-
tions, and varying operating conditions. Manring pro-
posed an approximate pressure distribution and also 
developed equations for the torque components acting 
on the swash-plate. He also introduced the pressure 
carry-over to explain the pressure transition at top and 
bottom dead centers (Manring, 1998). One simplifica-
tion for the dynamic model of the axial-piston pump  
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has been introduced by using sensitivity techniques 
(Kim et al, 1987). 

In general, the swash-plate experiences very large 
forces and moments that try to dislocate its position and 
therefore a correspondingly large device is required for 
adequate control. The control device, which biases the 
pump and is used to stroke and de-stroke the swash-
plate, is generally comprised of hydrostatic actuators 
and springs that overwhelm any other forces acting on 
the swash-plate. These control mechanisms are general-
ly large, inefficient, and costly to manufacture. In light 
of these inherent disadvantages of the conventional 
control mechanism, it is desirable to replace this design 
altogether with another device that is smaller, less cost-
ly, more efficient, and more dynamically responsive.  

This paper deals with a mathematical model of the 
swash-plate using a new control idea, which is called 
an indexing valve plate. The open-loop system dynamic 
characteristics of the pump and the indexing valve plate 
are considered. The indexing valve plate uses the pres-
surized fluid from the discharge port to rotate the port-
ed geometry of the valve plate about the centerline of 
the shaft and ports. This alteration in porting locations 
modifies the pressure characteristics within the pump 
so as to adjust the swash-plate angle, α, itself. Based 
upon this concept, the governing equation of motion for 
the swash-plate is derived with an assumed piston pres-
sure distribution. A simplified model is then  
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Fig. 1: General configuration of overall system 
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Fig. 2: Valve plate geometry and slot detail 

developed for the overall dynamics. One relationship 
between the swash-plate angle and the indexing valve 
plate angle can be explained by the steady-state analy-
sis. The open-loop studies consist of the investigation 
of the swash-plate dynamic performance with a given 
step input and the parametric sensitivity study. The 
open-loop dynamics of the swash-plate with the system 
stability is investigated using a linearized version of the 
reduced order model. The variation effects of both the 
valve plate and the swash-plate parameters are also 
investigated using numerical analysis, which is then 
compared with an analytical result. 
 

2 Governing Equations of Motion  

The basic components are shown in Fig. 1. Each 
pump component is analyzed separately and the major 
forces are described by the respective free body dia-
gram analysis. The detailed description of this analysis 
is shown in (Cho et al, 1999). The coordinate systems 
used depend upon the component considered. Fixed 
and moving coordinate systems are used whenever 
necessary and any force analysis is considered only in 
the x and z-directions since the pump rotates about the 
x-axis. Since an un-primed coordinate system is at-
tached on the centerline of the pump shaft, a primed 
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coordinate system describes the centerline of the 
swash-plate pivot and a double primed coordinate sys-
tem is fixed at the mass center of the slipper, which 
translates and rotates together with the slipper.  

The moment exerted on the swash-plate about its 
pivot is given by 

 y
cT ′ = 1Φ α  + 2Φ 2α + 3Φ α  -  
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This model is referred to as the full nonlinear model 
of the moment exerted on the swash-plate. The pressure 
summation term in the model can be simplified, and 
this is discussed in (Zhang et al, 2000). 

3 Simplified Model with Indexing Valve 
Plate 

A simplified model for the swash-plate dynamics is 
developed using the preceding equations and assuming 
a fixed non-zero valve plate position, i.e., .0≠δ The 
indexing valve plate is aimed at controlling the pressure 
transition for a piston, which is moving from a high 
pressure port to a low pressure port. This is based upon 
the idea that the pressure transition occurs near the top 
and bottom dead center locations of the piston trajecto-
ry, over an average angular distance. By rotating the 
valve plate relative to its center, this angular distance 

and location may be modified. Figure 2 also shows the 
indexing valve plate geometry. In this paper, it is as-
sumed that the diameter of the piston chamber is less 
than the angular distance between the ports. The valve 
plate can be indexed in either a positive (in the direc-
tion of shaft rotation) or negative direction. 

To get an average pressure history, the summation 

sign in Eq. 1 is replaced by 
2π

02π ∫
N and the argument 

is integrated with respect to θn to get the average value 
of the swash-plate moment with respect to an approxi-
mated pressure profile shown in Fig. 3. As shown in 
Fig. 3, the discharge pressure distributed along the dis-
charge port of the valve plate may be represented as the 
approximated pressure profile. This approximated dis-
tribution of the discharge pressure emphasizes that the 
piston undergoes a transition in pressure as it passes 
over the slots on the valve plate, and the transition oc-
curs through some average angular-distance that is re-
ferred to as the pressure carry-over angle, γ. By such an 
analysis (Zhang et al, 2000), the following result is 

obtained: 
p n n
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where γ is the pressure carry-over angle and Adamp(Pd) 
is a damping term due to piston pressure forces:  

 damp d( )A P  = 3

n0
cos( )ϕ ϕ∆∫

T
P d   (3) 

where T3 is the angular distance from the top dead cen-
ter to the end of the slot shown in Fig. 2, and n∆P is a 
scaled version of Pn. Using Eq. 2 and 3, one reduced 
order model of Eq. 1 with an unknown systematic vis-
cous damping coefficient, Cs, may be given by 
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Fig. 3: Piston pressure characteristics 
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As previously mentioned, the valve plate indexing 
affects the change of the pressure characteristic at the 
transient regions, and this pressure change results in the 
change of the pressure carry-over. This pressure carry-
over is obtained from the summation of γo (the pressure 
carry-over angle when the indexing valve plate angle, 
δ, and the time derivative of the swash-plate angle, α , 
are zero at a certain operating pressure condition) and 
an effective pressure carry-over term due to the valve 
plate indexing. Based on this idea, it should be consid-
ered that a non-zero value of the pressure carry-over 
angle, γ, produces a moment about the swash-plate piv-
ot axis that is proportional to the working pressure of 
the pump.  
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Fig. 4a: Pressure at top dead center 
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Fig. 4b: Pressure transition at top dead center 

Since the pressure carry-over angle is a function of 
the pressure difference at the transient region, Fig. 4 
shows the pressure transition at the top dead center 
with respect to the valve plate indexing. Three different 
indexing angles are compared when Pd = 25 MPa and 
the swash-plate angle α = 0.12 radian. The indexing 
angles are given by δ = -0.1, 0.0, and 0.1 radian. The 
pressure transition at the bottom dead center with re-
spect to the valve plate indexing has the same charac-
teristics of Fig. 4 in the opposite direction.  

 

To determine the pressure carry-over, γo should be 
calculated first. Since the volumetric changes of the 
piston chamber are small near the pressure transition 
region, the time derivative of the piston chamber vol-
ume may be ignored. Using Eq. 2 with replacing the 

summation sign by 
2π

02π ∫
N , and integrating with re-

spect to θn, the pressure carry-over, γo, may be calcu-
lated as 

 oγ  = 3

π n
2d i

1 cos( )
( )

ϕ ϕ
− ∫

T
P d

P P
 (5) 

It is assumed that the angular distance between the 
end point of the discharge port and the beginning point, 
T3, of the slot is equal the piston swiped angle, and the 
pressure transition starts at the top dead center. The 
integral term shown in Eq. 5 explains one of the swash-
plate moment components generated by the piston 
pressure within Eq. 4, and it can be calculated using 
numerical methods.  

In previous research, the analysis of the pressure 
carry-over angle did not include the effect of a varying 
swash-plate angle, α, which can create pressure spikes 
in the transition region. Furthermore, the numerical 
comparison for the pressure carry-over shown in Fig. 5 
explains that the change of the pressure carry-over is 
not equal to the change of the indexing angle due to the 
linearity assumption. Equation 1, 2, and 4 show that the 
piston pressure effects on the swash-plate moment are 
proportional to the carry-over, γ. This term must be 
modelled and controlled correctly in order to achieve 
adequate control of the pump. Thus, the following sim-
plification may be helpful to understand the relation 
between the piston pressure and the pressure carry-over 
and the effect of the pressure carry-over with the index-
ing valve plate.  
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Fig. 5: Numerical comparison for pressure carry-over 

As shown in Fig. 5, the hatched area with the 
dashed-line referred to P

AT shows the moment using the 
pressure carry-over, γo, at δ = 0 and the hatched area 
with the solid-line referred to P

BT for the moment using 
the pressure carry-over, γ, at δ = 0.1 rad. must be added 
to P

AT . Based on this investigation, it is noticed that the 
pressure carry-over angle, γ, for the valve plate index-
ing may be expressed by the form, 0γ κ δ γ= + , for a 
more accurate prediction. The coefficient, κ, may be 
considered as the pressure carry-over efficiency due to 
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the valve plate indexing, and may be determined by 
numerical investigations.  

When springs are used to bias the pump into stroke 
(Fig. 1), the spring moment balances the moment in Eq. 
4. Therefore, the moment on the swash-plate is equal to 
the spring moment, i.e.,  

 c
′yT  = Pl L - 2

a tan( )αk L  (6) 

where the spring pre-load Pl is designed such that 
Pl ≥  ka L tan(αmax). Using Eq. 4 and 6, the swash-plate 
dynamic equation is given by 
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The reduced order model shown in Eq. 7 will be 
used for further analysis. 

4 Steady-State Analysis 

The steady-state refers to any operating condition 
characterized by a constant rotational speed, ω, of the 
cylinder-block and a fixed swash-plate angle, α; how-
ever, it does not require other aspects of the calculation 
to remain constant. In particular, the pressure calcula-
tions of the piston chambers are continually changing 
with time. The time derivatives of these quantities, ω 
and α are therefore set to zero for yielding the steady-
state relations. If the time dependencies of α and ω are 
ignored and the kinematics of the piston-slipper ball-
joint (Cho et al, 1999) are considered, the steady-state 
moments exerted on the swash-plate is given by 
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As mentioned previously, the valve plate indexing 
may generally occur in either positive or negative di-
rection. A positive index is said to occur in the direc-
tion of the shaft speed while a negative index is said to 
occur in the opposite direction of shaft speed. Consid-
ering the valve plate indexing, Fig. 6 shows a compari-
son of the instantaneous moment in Eq. 8 for a single 
revolution of the cylinder block. From Fig. 6, it is no-
ticed that the instantaneous swash plate moment for a 9 
piston pump increases while the valve plate indexing 
angle increases. Replacing the summation sign shown 

in Eq. 8 by 
2π

02π ∫
N and integrating with respect to θn, 

the average torque equation is given by 
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where 0γ κ δ γ= + . Figure 7 shows a comparison of the 
instantaneous and the average values presented in Eq. 9 
for a single revolution of the cylinder block.  
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Fig. 7: Instantaneous and average swash-plate moments 

for a 9 piston pump 

5 Relationship between γ, δ, and α 

The moment acting on the swash-plate is deter-
mined by indexing the valve plate, which results in the 
change of the pressure carry-over angle, γ. This rela-
tionship is given by 0γ κ δ γ= + , where κ is the pres-
sure carry-over efficiency due to the indexing valve 
plate and γo is the carry-over angle when δ = 0. To cal-
culate the coefficient, κ, it is necessary to investigate 
the relationship between the pressure carry-over angle 
and the swash-plate angle using Eq. 6 and 9. At the 
steady-state condition for the analytical expression, one 
relationship between γ and α with the spring moment of 
the swash-plate may be given by 

2 2 2
p s 2

a2
p d i

( ) tan( ) 2π cos ( )tan( )
( )2cos ( )

N M M r
Pl L k L

NA r P P
ω α αγ α
α

 +
− +   − 

=

  (10) 

Other relationships between the valve plate index-
ing angle and the swash-plate angle can be obtained 
using simulation studies. From the full nonlinear mod-
el, Eq. 1, the swash-plate angle, α, can be determined 
by indexing the valve plate using a step input, and this 
relationship is shown in Fig. 8 at steady-state condi-
tions with various operating points of the discharge 
pressure. 

Using Eq. 10 and the relationship shown in Fig. 8, 
the pressure carry-over efficiency, κ, can be calculated 
accordingly, creating no steady-state error between the 
full nonlinear model and the reduced order model. As 
shown in Fig. 8, the indexing valve plate can control 
the swash-plate at any operating condition of the dis-
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charge pressure, and it should be noticed that the rela-
tionship between α and δ at lower discharge pressure 
conditions is nonlinear while a relationship between α 
and δ is nearly linear at high pressures. This means that 
the selection of κ needs to be careful for lower dis-
charge pressure conditions and κ can be assumed and 
selected with considering a certain ratio at high dis-
charge pressure conditions. 
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Fig. 8: Relationship between α and δ 

Since the valve plate is indexed by the control 
mechanism using a hydraulic actuation system, the in-
dexing angle is limited by the physical pump design, 
space limitations, the piston reciprocating mechanism, 
and the pressure characteristics (overshoot, undershoot, 
etc.). Given these constraints, reasonable valve plate 
indexing may occur between ± 0.3 rad., and the swash-
plate should be controlled within this indexing range 
for discharge pressures that vary from 5 MPa to 40 
MPa. Figure 9 shows the indexing limits at each operat-
ing condition of the discharge pressure. The lower line 
indicates the indexing angle to control the maximum 
swash-plate angle, 0.253 rad. at the given discharge 
pressure while the upper line indicates the indexing 
angle to control the minimum swash-plate angle, 0 rad. 
at the given discharge pressure.  
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Fig. 9: Relationship between δ and discharge pressure 

As shown in Fig. 9, the indexing angle varies be-
tween -0.22 and 0.05 rad. at 5 MPa and between -0.165 
and -0.14 rad. at 40 MPa. Therefore, it can be said that 
the sensitivity of the valve plate indexing to the swash-
plate angle, α, is higher when the operating discharge 
pressure is increased.  

 
 
 
 

6 Open-Loop Dynamics 

The linearized version of the reduced model shown 
in Eq. 7 about a reference point value ( odo o
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The discharge pressure of the pump is governed by 
a pressure-rise-rate equation, and this equation is given 
by 

 ( )d p leak o
h

β
= − −P Q Q Q

V
 (12) 

where Vh is the volume of the discharge hose, Qp is the 
perfect volumetric flow from the pump into the hose, 
Q leak is the flow from the machine that is lost due to 
leakage, and Qo is the volumetric flow demand from 
the hydraulic circuit. The idealized discharge flow out 
of the machine is given by 

 pQ  = p
pπ

α ω
α=

N A r
G   (13) 

where Gp is called the pump flow gain. Equation 13 is 
linearized about α = 0 for a convenience even though it 
is slightly inconstant with Eq. 11.  

The leakage flow is a result of low Reynolds num-
ber flow conditions and is described by the equation 
 leakQ  = 1 dK P   (14) 

where K1 is the coefficient of leakage. Using Eq. 13 
and 14, the steady-state solution of Eq. 12 yields the 
following result for the flow demand from the circuit: 
 oQ  = 

op o 1 dα −G K P  (15) 
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where
odP and oα  are the desired discharge pressure 

and the swash-plate angle respectively. Substituting the 
results of Eq. 13, 14, and 15 into Eq. 12 yields the fol-
lowing pressure-rise-rate of the discharge pressure. 

 ( )od p o 1 d d
h

( ) ( )β α α= − − −P G K P P
V

 (16) 

By rearranging Eq. 11 and 16 and using reference 
points of α and Pd, the following state-space form can 
be developed: 
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The characteristic equation for this system is given 
by 
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The stability criteria of the system may be obtained 
from Routh’s stability criterion. When the discharge 
pressure is assumed to be a constant value within Eq. 
17, two general conditions for the system stability may 
be obtained as Ceff > 0 and Keff > 0. It is noticed that 
Keff is the function of the spring rate, and a certain limit 
of the spring rate for the system stability may be calcu-
lated from this condition. It yields 

 ak 1 5 o o
2 2

1 o 2 o

csc( )sec( )
( sec( ) 2 tan( ))

α α
α α

Φ Φ
>

Φ − ΦL
 -   

 2 5 6 1 6 5 o
2 2

1 o 2 o

2( ( ) ( ) tan( ))
( sec( ) 2 tan( ))

α
α α

Φ Φ − Φ + − Φ Φ − Φ
Φ − Φ

Pl L
L

 (19)  

This criterion only explains the minimum of the 
spring rate for the system stability. The other condi-
tions for the system stability using Routh’s criterion 
can be given by 

 1312
2
14111014

2
10 )( ΦΦ>Φ+Φ−Φ+ΦΦ  (20) 

This expression shows the minimum energy loss 
from the system since the left side terms within Eq. 20 
describes the total energy dissipation of the system. A 
balance between stability and energy loss must be 
found and in general this balance results in a damping 
ratio between the values of 0 and 1. This means that the 
open-loop system responds in an under damped fashion 
and will typically exhibit overshoot and oscillation be-
fore settling at a steady-state condition. If more energy 
loss is desired for an improved system response, either 
increasing the pump leakage or additional damping 
may be necessary. However, increasing leakage results 
in decreased pump efficiency. It is therefore less desir-
able to increase the pump leakage rather than adding 
damping through another mechanism. The remaining 
condition for the system stability using Routh’s criteri-
on may be written as 
 14111312 ΦΦ>ΦΦ   (21) 

Since the term, 14Φ , is the function of the leakage 
coefficient, K1, the minimum value of the pump leak-
age coefficient for the system stability can be found 
from Eq. 21. It should be noticed at this point that the 
term 11Φ  is smaller than zero based on the criterion 
shown in Eq. 19. Therefore, the system stability may 
not be affected by any values of the pump leakage coef-
ficient. In general, all hydraulic systems have leakage 
and this helps the system to be more stable. If the pump 
leakage is considered to satisfy dynamic performance, 
the pump leakage coefficient is limited by the required 
pump efficiency. If the pump leakage is ignored, the 
following condition may be obtained from Eq. 21. 

 
κ
γ

δ o−>  (22) 

In practice, the pressure carry-over efficiency, κ, 
should not exceed the value of 2, therefore, the index-
ing angle, δ, can only go as half of the pressure carry-
over angle, γo. 

For the open-loop dynamic characteristics, consider 
the pressure rise-rate, Eq. 16. Using Eq. 16 and 17 and 
Table 1 for the given parameter values, the pole loca-
tions are found to be –119.66 and 6.695 i13.84± . The 
open-loop system is not stable based on the complex 
conjugate of the eigenvalues. This means that the sys-
tem fails to satisfy the stability criterion shown in Eq. 
20. The damping coefficient, Ceff, is given as 
11.021 Ns/m at this operating condition.  
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Table 1: System Parameter Values 
Para Nominal 

Values 
Para Nominal 

Values 
Para Nominal 

Values 
'
yyI  0.1273  

kg m2 
β  1.2x103 

MPa ak  103.4x103 
N/m 

"
yyI  1.97x10-5  

kg m2 dC  0.62 
pA  789.2x10-6 

m2 

pM  0.3933 kg 
pC  1 N s/m 

s maxA
 

12x10-6 
m2 

sM  
0.1328 kg V 65.39x10-6 

m3 
r 67.31x10-3 

m 
ω 210 rad/s L 95.25x10-3 

m 
d maxA

 
386x10-6 
m2 

Pl 1253 N N 9   
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Fig. 10: Instability response with Ceff as 11.021 Ns/m 

Figure 10 shows the response of the unstable sys-
tem. As shown in Fig. 10, the response is not growing 
due to the physical saturation limits within the system, 
and it is found to be about 15 Hz oscillation. From Eq. 
20, the minimum value of the damping coefficient, Ceff, 
for the system stability is found to be about 15.121 
Ns/m at the given operating condition, and it is little 
higher than the unstable case, which is 11.021 Ns/m. 
The corresponding pole locations of that are -135.62 
and -0.108 79.325 i± . This means that an additional 
damping mechanism is required to generate the differ-
ence, about 4.1 Ns/m, between the unstable system and 
the stable system. However, the given operating condi-
tion is in the middle range through boundaries, and it 
may not be sufficient to satisfy the system stability for 
all possible operating conditions. Two worst cases, 
almost at the edges within the boundaries, are chosen to 
find a proper value of the additional damping. During 
the selection of the additional damping, it should be 
considered that the system settling time may not exceed 
more than 1 sec. through the ranges. Based on this, the 
damping coefficient, Ceff, is found to be about 81.021 
Ns/m. The corresponding pole locations for the given 
operating condition are -580.79 and -15.14 i22.35± . 
As mentioned previously, the open-loop system re-
sponds in an under damped fashion, and Fig. 11 shows 
a plot of an open–loop response to a given step input at 
the given operating condition. The saturation limits are 
not used to modify the response shown in Fig. 11. 
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Fig. 11: Open-loop response 

Based on this analysis, the additional damping coef-
ficient is found to be about 70 Ns/m, and this damping 
may be obtained by attaching a damping mechanism to 
the swash-plate spring shown in Fig. 1. In addition, this 
damping can be replaced by the unknown systematic 
viscous drag coefficient, Cs. The swash-plate spring 
equation shown in Eq. 6 may be rearranged as 
 c

′yT  = Pl L - sαC  - 2
a tan( )αk L   (23) 

7 Parametric Studies 

The characteristics of the valve plate parameters af-
fecting the pressure transient will be investigated with 
various slot design criteria and numerical approaches. 
The variation effect of the swash-plate parameters to 
both the steady-state results and the dynamic perfor-
mances will be discussed with the sensitivity analysis. 

7.1  Valve Plate Slot Area 

Valve plate slot geometry shown in Fig. 2 is a very 
important design feature of the valve plate since A
damp(Pd) in the reduced order model, Eq. 7, is directly 
affected by this geometry. The valve plate slots are 
used to facilitate a smooth pressure transition for each 
piston chamber as it passes from one port to the next. 
Without the slots, the pressure rise and drop rates with-
in the piston chambers become unacceptably high. 
These high-pressure transients produce sudden loading 
of pump parts and create noisy machines with reduced 
life characteristics. Several cases of the slot area will be 
discussed and the characteristics of Adamp(Pd) will be 
investigated depending upon the slot area change. Since 
the discharge area, Ao, is the cross-sectional area of the 
flow passage at the top and bottom dead centers, it var-
ies with the angular dimension, ϕ. If the time rate-of-
change of the fluid volume, V, is ignored near the top 
and dead centers due to small change in these regions, 
the pressure rise-rate within the single piston chamber 
at these regions can be rewritten as 

 d b( ) 2( )ϕβ
ϕ ω ρ

−
=

C A P PdP
d V

 (24) 

Equation 24 is a separable differential equation that 
may be rewritten as 
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where Po is the pressure in the piston chamber when ϕ 
equals zero. The pressure in the piston chamber as it 
crosses the valve plate slot and its time rate-of-change 
are given by 
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d
b b
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V
 (26) 
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ρ ω
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    ∫
C A P P C A A d

V V
 (27) 

By taking the first derivative of this with respect to 
ϕ, and setting this result to zero, the maximum pressure 
time rate-of-change for a particular slot can be ob-
tained. Since A(ϕ) depends on the design of the valve 
plate slot itself, a number of slot area designs using Eq. 
26 and 27 can be applied to achieve a certain value of 
Adamp(Pd). In addition, the slot area and the slot geome-
try directly affect to Adamp(Pd)  and γo. At the pressure 
transient regions, A(ϕ) can be replaced by Asmax, maxi-
mum slot area, and ϕ can be replaced by ϕf,  slot length 
within Eq. 26 and 27. Numerical simulation will be 
used to investigate the variation effects of the valve 
plate slot design. For the middle range of the operating 
condition, Pd = 25 MPa and α = 0.12 radian to investi-
gate the equation of motion of the swash-plate at any 
slot geometry designs, γ and δ are set to be the same 
value as 0.033 and -0.1345 radian at any slot designs. 
Other parameter values are shown in Table 1. A linear-
ly varying slot area is chosen as an initial design, which 
corresponds to ϕf = 0.1485 rad. and Asmax = 12·10-6 m2. 
From simulations, γo can be obtained as 0.262 radian, 
and Eq. 3 gives Adamp(Pd) = 1.3413x109 Ns2/m5 for this 
case.  

If any other slot designs are considered dependent 
upon the design priority, either the slot length or the 
slot area or both, for the same response as the linearly 
varying slot design, the same operating condition, α = 
0.12 rad., δ = 0.1345 rad., and Pd = 25 MPa, should be 
used for any cases. Table 2 shows a set of comparison 
with different slot designs, and these results give essen-
tially the same characteristics. The flat bottom and con-
stant width slot design is denoted by Case 1. The line-
arly varying type, ramped bottom and constant width, is 
denoted by Case 2. Case 3 indicates ramped bottom and 
ramped width slot design. The slot geometries used in 
this analysis are shown in Fig. 12. 

Case 1

d

Case 2

d

Case 3

d

 
Fig. 12: A Schematic of common slot geometries 

Table 2: Slot Variation Effects due to Indexing Valve 
Plate (Pd = 25 MPa and α = 0.12 rad.) 

 Case1 Case2 Case3 

s maxA  6.45·10-6m2 12·10-6m2 35.7·10-

6 m2 
fϕ  0.173 rad. 0.1485 rad 0.1535 rad. 

oγ  0.287 rad. 0.262 rad 0.275 rad. 
κ  1.886 1.7 1.797 
A
damp(Pd) 

1.52·109 Ns2/
m5 

1.34·109 
Ns2/m5 

1.1·109 
Ns2/m5 

δ -0.1345 rad. -0.1345 
rad. 

-0.1345 
rad. 

 
The result shown in Table 2 is generated from the 

middle range of the operating point, and Case 2 is set as 
a reference. Initially, Case 1 and Case 3 have the same 
slot area and the slot length of Case 2, and the slot area 
and the slot length may be adjusted to get the same 
steady state solution of Case 2 at the same operating 
condition. By comparing the result shown in Table 2, it 
can be shown that Case 2, a linearly varying slot, can 
reduce the slot length as compared to the other slots. It 
can also be shown that Case 3, ramped bottom and 
ramped width slot design (quadratically increasing slot) 
requires the largest maximum slot area as compare to 
the others. In addition, it is noticed that the slot geome-
try affects γo and Adamp(Pd) due to the pressure charac-
teristic changes at the transition regions. This means 
that Case 1 generates the largest Adamp(Pd) while Case 
3 generates the smallest Adamp(Pd). As mentioned pre-
viously, the swash-plate damping due to the pressure 
transition is proportional to Adamp(Pd) discussed in the 
previous sections; therefore, Case 1 provides more 
damping to the swash-plate than the other slot designs. 
This behavior is shown in Fig. 13. 

Based on this analysis, it can be concluded that the 
variation of slot geometry affects the dynamic charac-
teristics of the swash-plate at the same steady-state op-
erating condition. Therefore, the slot must be designed 
by considering the design priority that is most com-
monly experienced by the pump. 
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7.2 Sensitivity Studies  

The sensitivity function used in this research is de-
fined as 

 
j

j
α

i

α
α

∂
=

∂
ix i

j

x
S

x
 (28) 

where 
jα
ixS  is called as a sensitivity of χ i with respect 

to α j and reflects the influence of the variation of the 
parameter, α j, on the state variable, ix .  

The dynamic performance of the system can be in-
vestigated using the linearized swash-plate dynamics in 
Eq. 11 and setting the discharge pressure equal to a 
constant and the constant term equal to zero, which is 
given by 
 01110 =Φ−Φ+ ααα   (29) 

Therefore, the damping ratio, ζ, for the system is 
given by 

 eff

eff eff2
ζ =

C

I K
 (30) 

where effI =
2

2
yy yy s s p s( ) ( )

2
′ ′′+ + + +

rI N I M X N M M , 

effC =
2

p

2
N C r

+
2 2
p

damp d( )
π

N A r
A P + sC  

and effK =
2 2

p s 2
a

( )
2

ω+
− +

N M M r
k L . 

The sensitivities of the damping ratio for the swash-
plate dynamics, with respect to '

yyI , Adamp(Pd), and L 
are given by  
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Similar expressions may be used for the other pa-
rameters. The initial damping ratio, ζ, and the natural 
frequency, ωn, are found to be 0.68 and 58.3 Hz. The 
sensitivity of the damping ratio, ζ, to the swash-plate 
parameters is given in Table 3. 

The influence of each parameter on the steady-state 
value of αss can be obtained, in a similar manner, using 
Eq. 11. These are also shown in Table 3. From Table 3, 
it can be seen that the area of the piston, the piston 
pitch radius, and the servo arm distance have a signifi-
cant influence on the swash-plate dynamics, and the 
pressure carry-over efficiency and that the spring pre-
load affects only the steady-state value of α. In particu-
lar, the piston pitch radius, the servo arm distance, and 
the area of the piston exhibit high sensitivity to the 
pump dynamics, and so, it should be chosen carefully. 

In addition, most of the system parameters have a lot of 
influence on the steady-state solution of the swash-
plate, therefore, their tolerances should be kept and 
managed in reasonable ranges. Even though the pres-
sure carry-over efficiency, κ, is extremely sensitive to 
the steady-state conditions of the swash-plate, it is re-
lated to γ and γo, and can be easily adjusted from the 
steady-state solution of the swash-plate equation. In 
conclusion, parametric adjustments in this system have 
the greatest impact on dynamic response as well as 
steady-state error; therefore, optimizing analysis for 
these parameters with practical results can be conduct-
ed using this technique. 

Table 3: Sensitivity of ζ and αss to Swash-Plate Pa-
rameters 

Parameters 
Para.
ζS  Para.

αssS  

'
yyI  -0.454 x 
"
yyI  -0.0006 x 

pM  0.343 0.755 

sM  0.115 0.255 
Pl x 2.11 
Adamp(Pd) 0.986 x 
r 2.89 0.9 

sX  -0.001 x 
ω 1 2.1 

ak  -1 -2.01 

pA  1.97 -1.11 
κ  x 7.69 
L -1.098 -1.91 

8 Summary and Conclusion 

Issues related to dynamical modelling for a valve 
plate controlled variable displacement pump are report-
ed. The governing equations of motion for the swash-
plate have been derived. Since the mathematical model 
is highly nonlinear and complex, an approximate pres-
sure distribution is used to simplify it. The concept of 
the pressure carry-over helps to simplify the model, and 
direct relationship between the valve plate actuation 
and the pressure carry-over for non-zero δ  can be 
expressed by oγκδγ += . A reduced order model is 
developed and validated. Possible operational enve-
lopes have been discussed for the indexing valve plate 
pump. Backflow, cavitation, noise, etc. are some criti-
cal issues to consider when indexing the valve plate; 
however, the theoretical simulation studies show that 
these problems are not so severe due to the small range 
of the indexing valve plate angle itself. Sensitivity 
analysis reveals that the variation of porting geometry 
has a significant impact on the problem. Reduced order 
modelling results compared very well with a numerical 
sensitivity analysis using the full nonlinear model. 
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Nomenclature 

dampA  damping area due to piston pressure 
effects at the pressure transition 
regions  

[Ns2/m5] 

pA  effective pressurized area within a 
single piston  

[m2] 

d maxA  maximum discharge area  [m2] 

s maxA  maximum slot area  [m2] 

dC  orifice discharge coefficient  [-] 

sC  systemic viscous damping coeffi-
cient  

[Ns/m] 

pC  piston viscous drag coefficient  [Ns/m] 

pG  pump flow gain  [m3/s] 

yy′I  mass moment-of-inertia for the 
swash-plate  

[kg m2] 

yy′′I  mass moment-of-inertia for the slip-
per  

[kg m2] 

ak  spring rate used to bias the pump 
into stroke  

[N/m] 

1K  leakage coefficient [m4s/kg] 
L  spring force moment-arm about the 

swash-plate pivot  
[m] 

pM  single piston mass  [kg] 

swM   the swash-plate mass  [kg] 

sM  the slipper mass  [kg] 
N number of piston  [-] 

bP  boundary pressure outside the con-
trol volume of the n-th piston bore  

[Pa] 

dP  discharge pressure  [Pa] 

odP  desired discharge pressure  [Pa] 

iP  intake pressure  [Pa] 
Pl spring load when α = 0  [N] 

nP  fluid pressure within the nth piston 
chamber  

[Pa] 

leakQ  leakage flow  [m3/s] 

oQ  volumetric flow demand from hy-
draulic circuit  

[m3/s] 

pQ  perfect volumetric flow from pump 
into hose  

[m3/s] 

r   piston pitch radius  [m] 
T1…6 geometrical dimensions of the valve 

plate  
[rad.] 

c
′yT  scalar control and containment mo-

ment exerted on the swash-plate in 
the y' direction  

[Nm] 

hV  hose volume  [m3] 

sX  location of the slipper mass center 
with respect to the center of the pis-
ton/slipper ball-joint  

[m] 

α  swash-plate angle  [rad.] 
maxα  maximum swash-plate angle  [rad.] 
minα  minimum swash-plate angle  [rad.] 

oα  desired swash-plate angle  [rad.] 
β  fluid bulk-modulus [Pa] 
δ  indexing valve plate angle  [rad.] 

oδ  desired indexing valve plate angle  [rad.] 
γ  pressure carry-over angle  [rad.] 

oγ  pressure carry-over angle when 
0=α   

[rad.] 

κ  pressure carry-over efficiency due 
to valve plate indexing  

[-] 

n ,θ ϕ  angular coordinate of the nth piston  [rad.] 
ρ  fluid mass density  [kg/m3] 
ω  rotational speed of the pump shaft 

and the cylinder block  
[rad./s] 
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