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Abstract 

This paper addresses the design of the cascade controllers for the position trajectory tracking control in hydraulic ac-
tuators. The cascade strategy consists in interpreting the hydraulic actuator mathematical model as two interconnected 
subsystems: a mechanical subsystem driven by a hydraulic one. From this interpretation, cascade controllers with suita-
ble properties were proposed. In this paper, in order to state the design guidelines for the cascade controllers gains, a 
theoretical analysis focusing on the relations between controllers gains and performance is presented. Implementation 
aspects required to obtain an optimised performance are also discussed. Experimental results support the design guide-
lines and the implementation aspects approached in this work. 
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1 Introduction  

Hydraulic actuators can provide a power density 
(power/size) that cannot be matched by any other com-
mercial technology. This fact makes these actuators to 
be very attractive when a high power is necessary and 
the available space is small. Unfortunately, these actua-
tors present some undesirable characteristics: lightly 
damped dynamics, highly non-linear behaviour, and 
difficulties in obtaining some parameters, among oth-
ers. 

These undesirable characteristics complicate the 
controller design for high performance closed loop 
applications. The simple classical controllers cannot 
overcome the bandwidth limitation caused by the open 
loop poles position. The use of a linear state controller 
is limited due to the hydraulic actuator is highly non-
linear behaviour (Virtanen, 1993). 

Due to these control difficulties, a combination of 
control techniques offers good theoretical and experi-
mental results. One way to combine control techniques 
is to use the backstepping method. Many algorithms for 
controlling hydraulic actuators using such a method 
have been proposed in the literature (Lin and 
Kanellakopoulos, 1997; Fialho and Balas, 1998; Yao et 
al, 2000). 
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Another way to combine different techniques is to 

interpret the hydraulic actuator as two interconnected 
subsystems: a mechanical subsystem driven by a hy-
draulic one (Sepehri et al, 1990; Heintze et al, 1995; 
Sohl and Bobrow, 1997; Guenther and De Pieri, 1997). 

In Guenther and De Pieri (1997) such a method was 
applied to a hydraulic actuator and the resulting con-
troller was referred to as cascade controller. The exper-
imental and theoretical results employing this controller 
have demonstrated that its closed loop performance 
overcomes the performance obtained with classical 
controllers (PID and state controller), its stability is 
robust to parameter variation, its structure allows com-
pensating parametric uncertainties (Guenther et al, 1998 
and 2000) and the inclusion of the valve dynamics in 
the control algorithm (Cunha et al, 2000a). 

As in others methods, an optimised performance 
depends on a suitable tuning of the cascade controllers 
gains. 

This work compiles the cascade control laws and 
their main properties and, by a new theoretical analysis, 
it presents a way to optimise their performance. 

The paper presents some design guidelines for the 
cascade controllers gains and the implementations as-
pects required to obtain an optimised performance. 

In this paper, section 2 describes the hydraulic actu-
ator mathematical models used in this work. In section 
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3, the cascade strategy is presented. Section 4 compiles 
the cascade controllers control laws. In section 5, the 
cascade structure is explored for each subsystem sepa-
rately, and the relations between controller gains, para-
metric uncertainties and closed loop system perfor-
mance are analysed. Section 6 presents the experi-
mental implementation details. In section 7, the experi-
mental results are presented. In section 8, the conclu-
sions are outlined. 

2 Hydraulic Actuator Mathematical 
Model 

The hydraulic actuator considered in this work is 
shown in Fig. 1. It consists of a double-rod cylinder 
controlled by a critical centre four-way spool valve. In 
this modelling, it is considered that the hydraulic power 
unit delivers constant supply pressure pS irrespective of 
the oil flow rate.  

In Fig. 1, p0 is the return pressure, p1 is the pressure 
in the 1st line, p2 is the pressure in the 2nd line, v is the 
total oil volume in chambers and lines, A is the cylinder 
piston cross-sectional area, M represents the total mass 
of the system, B is the viscous friction coefficient, y is 
the actuator piston position, FL represents an external 
force, and u is the control input. 

 
Fig. 1: Hydraulic actuator 

Considering the valve dynamics as a first order sys-
tem, the hydraulic actuator’s non-linear mathematical 
model can be written as (Cunha, 2001): 
 LFApyByM +=+ ∆  (1) 

 vΔh ),()()( xpxgyfKyyAfp v+−=∆   (2) 

 uKxx vemvvv ωω +−=   (3) 

where xv is the valve spool position, pΔ = p1 – p2 is the 
pressure difference in the cylinder, β is the oil bulk 
modulus, Kh is a hydraulic constant, Kem is a valve 
constant, and ωv is the valve bandwidth. The non-linear 
function f (y) and g(xv, p∆) are given by 

 
( ) ( )225.0

)(
Ayv

vyff
−

==
β  (4) 

 ∆∆ −== pxppxgg )sgn(),( vSv  (5) 

Remark – The term “xv” expresses the measurement 
in Volts of the spool displacement obtained by an inter-
nal valve transducer. In this way, Kem is dimensionless. 

Linearising the system around origin, one obtains 
the hydraulic actuator linear mathematical model: 
 My By Ap∆+ =   (6) 

 ( )Q v C
4p K x K p Ay
v
β

∆ ∆= − −   (7) 

 uKxx vemvvv ωω +−=   (8) 

where KQ is the flow rate gain and KC is the flow rate 
pressure gain. 

When the valve dynamics is sufficiently fast and can 
be neglected, the non-linear system represented by Eq. 
1, 2 and 3 are reduced to a third order non-linear mod-
el: 
 LMy By Ap F∆+ = +    (9) 

 hu u( ) ( ) ( , )p Af y y K f y g u p u∆ ∆= − +   (10) 

where Khu = KemKh and the non-linear function gu(u, 
pΔ) is given by 

 u u Δ S Δ( , ) sgn( )g g u p p u p= = −  (11) 

Linearising Eq. 10, one obtains the third order hy-
draulic actuator linear model: 
 ∆ApyByM =+   (12) 

 ( )Δ Qu C Δ
4p K u K p Ay
v
β

= − −   (13) 

where KQu = Kem KQ is the new flow rate gain. 
The four models presented in this section will be 

used in the sequel. 

3 The Cascade Strategy 

The hydraulic actuator can be interpreted as two in-
terconnected subsystems: a mechanical subsystem driv-
en by a hydraulic one. This interpretation is shown in 
Fig. 2 and can be explained physically. 

In the hydraulic actuator shown in Fig. 1, when the 
valve spool is moved in one direction, the pressure in 
one chamber starts to increase and the pressure in the 
other chamber starts to decrease. It creates a pressure 
difference p∆ between the chambers and generates a 
force on the piston actuator. This force is applied to a 
mass-damper system (mechanical subsystem). There-
fore, the mechanical subsystem is driven by a hydraulic 
one. On the other hand, the piston movement affects the 
fluid pressure in the chambers of the hydraulic subsys-
tem, and this shows the system interconnection. 
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Fig. 2: Interconnected subsystems 

This interpretation is used by several authors to de-
velop controllers for hydraulic actuators (Sepehri et al, 
1990; Heintze et al, 1995; Sohl and Bobrow, 1997). 
The idea is to promote a fast loop in the hydraulic sub-
system in order to generate a force in the hydraulic 
subsystem that allows the mechanical subsystem to 
track the desired trajectory. 

In Guenther and De Pieri (1997) this idea was for-
malised taking into account an error during the hydrau-
lic subsystem trajectory tracking and by presenting a 
stability proof of the whole interconnected system. The 
resulting strategy is presented in the sequel. 

The control objective is that y(t) tracks a desired tra-
jectory yd(t) as closed as possible. To achieve this end, 
let 
 dp p p∆ ∆ ∆= −  (14) 

be the pressure difference tracking error, where p∆d is 
the desired pressure difference so that the control goal 
is reached. Substituting Eq. 14 into Eq. 1 gives 
 d ( )My By Ap d t∆+ = +   (15) 

where L( )d t Ap F∆= +  is an input disturbance. 
The system in Eq. 15, 2 and 3 is in the cascade 

form. Equation 15 can be interpreted as a second order 
mechanical subsystem driven by a desired force A pΔd 
and subjected to an input disturbance d(t). Equation 2 
and 3 represent the hydraulic subsystem. 

The design of the cascade controller for the system 
in Eq. 15, 2 and 3 can be summarised as: 
• Compute a control law pΔd to the mechanical sub-

system in Eq. 15 such that the cylinder displace-
ment achieves a desired trajectory yd(t) taking into 
account the presence of the disturbance d(t). With 
this desired force A pΔd one can quantify the de-
sired pressure difference; 

• Compute a control law u such that pΔ tracks pΔd 
defined above as closed as possible. 

4 The Cascade Controllers 

According to the strategy described above and con-
sidering the linear model in Eq. 12 and 13, Guenther 
and De Pieri (1997) proposed a cascade controller that 
combines a control law for the mechanical subsystem 
based on a fixed Slotine and Li’s scheme (Slotine and 
Li, 1988) with a control law for the hydraulic subsys-
tem that is basically a computed force scheme (similar 
to the computed torque used in robotics) with a propor-
tional term. 

The exponential stability of the whole system was 
demonstrated by using the Lyapunov’s direct method, 
in the case that all the system parameters are exactly 
known. When there are uncertainties in the system 
parameters, the tracking errors go to a bounded region 
that can be decreased by increasing the controller gains 
(Cunha et al, 1997). 

From these results, the algorithm has evolved in or-
der to consider the non-linear model, the parametric 
uncertainties, and the valve dynamics. The correspond-
ing control laws are compiled in this section (see also 
Cunha et al, 2000b). 

4.1 Fixed Cascade Controller (CC) 

In this case, the desired pressure difference required 
to track yd as closed as possible is calculated by using a 
Slotine and Li (1988) control law given by 

 ( )d r r D
1p My By K z
A∆ = + −   (16) 

 r dy y yλ= −   , dy y y= − , rz y y y yλ= − = +     (17) 

where y~  is the position trajectory tracking error, ry  is 
a reference velocity, z is a measure of the trajectory 
tracking error, and KD > 0 and λ > 0 are the mechanical 
subsystem control law gains. 

The hydraulic subsystem control law contains the 
inverse of the functions f(y) and gu, defined in Eq. 4 
and 11 respectively, and is given by 

 ( ) 







+−= ∆∆ yApKp

yfgK
u P  ~

)(
11

1d
uhu

 (18) 

where KP1 is the proportional gain, and Δdp is the time 
derivative of the desired pressure difference given in 
Eq. 16. 

The computation of Δdp  involves the relationships 
yr

(3) and z . From Eq. 17, one concludes the necessity 
of the knowledge of the cylinder acceleration y . In the 
case that all parameters related to the mechanical sub-
system are known and there is no external force (FL = 
0), y  can be computed by using Eq. 9. 

It should be remarked that if the mechanical subsys-
tem parameters have uncertainties and/or there is an 
external force, using Eq. 9 and the mechanical subsys-
tem nominal parameters, one obtains only a nominal 
value for the time derivative of the desired pressure 
difference d0( )p∆ . The error in this time derivative 
( Δd d d0p p p∆ ∆= −   ) originates a tracking error in the 
hydraulic subsystem that may be minimised by using a 
variable structure term, as it is explained in the next 
subsection. 

The cascade controller is obtained by combining 
Eq. 16 and 18, and it needs only the state variables, 
namely the position y, the velocity y  and the pressure 
difference pΔ, to be implemented. A block diagram 
displaying the CC control structure is shown in Fig. 3. 

The complete controller design comprises the tuning 
of the gains KD, λ, and KP1, and will be discussed in 
section 5. 
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4.2 Variable Structure Adaptive Cascade Control-
ler (VS-ACC) 

To deal with the system parameter uncertainties, an 
algorithm named VS-ACC combining an adaptive con-
trol law for the mechanical subsystem and a variable 
structure control law for the hydraulic subsystem was 
proposed. 

The adaptive control law for the mechanical subsys-
tem is based on the Slotine and Li (1988) adaptive 
control law: 

 ( )Δd D
1 ˆp Y K z
A

θ= −  (19) 

where [ ]T
BM ˆˆˆ =θ  is the estimated parameter vector 

and [ ]rr yyY =  is the regressor. The adaptation law is 
given by 

 s
ˆ ˆ( ) Tt Y zθ σ Γθ Γ= − −    (20) 

where σs is a modification term, Γ is a diagonal matrix 
with positive elements, and θθθ −= ˆ~  is the parameter 
error vector. 

In order to minimise the tracking error in the hy-
draulic subsystem introduced by the uncertainties that 
result in the error in the desired pressure difference time 
derivative Δdp , defined in subsection 4.1, a variable 
structure control term was added to the control law, 
resulting in 

( )Δd0 P1 Δ Δ
hu u

1 1 ( )sgn( )u p K p m t p Ay
K g f

 
= − − + 

 
   

 
(21) 

where m(t) is a modulation function designed according 
to the parametric uncertainties. 

Using the Lyapunov approach, it was proven theo-
retically and it was experimentally verified that the 
tracking errors tend to residual sets (Guenther et al, 
1998, 2000). 

The design of the VS-ACC controller comprises the 
tuning of the gains KD, λ, and KP1, as in CC controller, 
the choice of the modification term σs, the tuning of the 
adaptation gains in the diagonal matrix Γ, and the de-
sign of the modulation function m(t) (see section 5). 

 
The CC and VS-ACC were designed based on a 

third order non-linear model that does not take into 
account the valve dynamics. As it will be discussed in 
section 5, the proportional gain KP1 in the hydraulic 
subsystem control law (see Eq. 18 and 21) is limited 
due to the valve dynamics. In case the valve dynamics 
is not sufficiently fast, the limit in the proportional gain 
KP1 may hardly limit the closed loop performance. In 
order to overcome this problem, a cascade controller 
based on a model including the valve dynamics was 
proposed and is presented in the next subsection. 

4.3 New Fixed Cascade Controller (NFCC) 

In Cunha et al (2000a) a controller considering the 
valve dynamics as a first order system was proposed 
based on the system nominal parameters. The control 
law in Eq. 16 is used in the mechanical subsystem and 
in the hydraulic subsystem the control law is given by 

 
( )Δd P1 Δ

vd
h

1
( )

p K p
x Ay

K g f y
− 

= + 
 

 
  (22) 

 ( )vd v v h P2 Δ V v
v val

1u x x fK gK p K x
K

ω
ω

= + − −     (23) 

where xvd is the desired valve spool position, v
~x  is the 

valve spool position error, KP2 > 0 and KV > 0 are 
proportional gains. 

Using the Lyapunov approach, it was demonstrated 
that the system is exponentially stable in case that all 
parameters are known (Cunha et al, 2000a). 

The NFCC controller is obtained by combining Eq. 
16, 22 and 23. Note that this controller implementation 
requires the measurement of the spool position xv. Fur-
thermore, from Eq. 23, one concludes that the time 
derivative of the desired spool position must be com-
puted, i.e., the time derivative of Eq. 22. To calculate 
the time derivative of Eq. 22, it is necessary to obtain 
the second order time derivative of Eq. 16. Following 
the same idea developed in CC, this requires the cylin-
der jerk y(3). Again, in case that all parameters related to 
the mechanical subsystem are known, it is possible to 
obtain the cylinder jerk y(3) from the time derivative of 
 

yd
Σ λ

s

Σ Σ

Ms+B

KD Σ Σ KP1 Σ

s

)y(f
1

uhu gK
1

Σ Process
yu

A
1

A

+ + +
-

+

-
+

+

+
-

+

+
+

+

desired pressure
difference

desired force
inverse load model

reference velocity

desired flow rate

desired valve
opening

functional
 flow rate

time constant: 1/KP1low frequency
compensation

time constant: 1/λ

 
Fig. 3: CC control structure block diagram 
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Eq. 1, as it was discussed in subsection 4.2. In this way, 
the implementation of this controller needs only the 
state variables, namely the position y, the velocity y , 
the pressure difference pΔ and the spool position xv. 

This controller design comprises the tuning of the 
gains KD, λ, KP1, KP2 and KV, and it is presented in the 
following guidelines. 

5 Design Guidelines 

In order to obtain a good closed loop performance, 
it is necessary to optimise the tuning of the controller 
gains. To achieve this goal, it is necessary to know how 
each gain influences the system response. Aiming to 
give this answer, this section presents some design 
guidelines for the cascade controllers presented in sec-
tion 4. These guidelines are obtained by analysing the 
closed loop performance with relation to the gains and 
parametric uncertainties. 

5.1 Mechanical Subsystem Gains (KD and λ) 

In this subsection, a way is proposed to tune the 
gains KD  and λ. The gain maximised, in order to re-
duce the influence of the parametric uncertainties. This 
gain is limited by the sample rate and the sensors noise. 
In sequence, the value of λ is increased up to the point 
that vibrations occur. 

To show that ry , ry  and z (Eq. 17) are rewritten as 
a function of y and yd : 
 r d dy y y yλ λ= + −   (24) 

 r d dy y y yλ λ= + −     (25) 

 d dz y y y yλ λ= − − + +   (26) 

Substituting Eq. 24, 25 and 26 into the mechanical 
subsystem control law, Eq. 16, gives 

( )

( ) ( ) ( )

Δd 0 d 0 0 D d
0

0 D d 0 D 0 D

1

 

p M y M B K y
A

B K y M K y B K y

λ

λ λ λ

= + + +

+ + − + − + 

 



 (27) 

where (.)0 are the nominal parameters used in the con-
trol law design. 

Considering that the hydraulic actuator area can be 
measured with the required precision (i.e., A = A0) and 
substituting Eq. 27 into Eq. 1 (mechanical subsystem), 
one obtains 

 
( ) ( )

( ) ( )
0 D 0 D

0 d 0 0 D d 0 D d

L

My M B K y B K y

M y M B K y B K y
Ap F∆

λ λ

λ λ

+ + + + + =

= + + + + +

+ +

 

 



  (28) 

Applying the Laplace transform with null initial 
conditions to Eq. 28 gives 

 ( )1 d 2 L( ) ( ) ( ) ( ) ( ) ( )Y s C s Y s C s AP s F s∆= + +  (29) 

where s is the Laplace variable and 

 ( ) ( )
( ) ( )

2
0 0 0 D 0 D

1 2
0 D 0 D

( )
M s M B K s B K

C s
Ms M B K s B K

λ λ
λ λ

+ + + + +
=

+ + + + +
 (30) 

 
( ) ( )2 2

0 D 0 D

1( )C s
Ms M B K s B Kλ λ

=
+ + + + +

 (31) 

Analysing Eq. 31, one concludes that the C2(s) 
transfer function DC gain is equal to 1/(λ (B0 + KD)). It 
means that the higher KD and λ are, the smaller are the 
external disturbance and pressure difference tracking 
error influences upon the position tracking. 

Now, considering that M = M0, and that KD may be 
designed such that KD >> B and KD >> B0, the C1(s) 
and C2(s) transfer function can be written as 
 1( ) 1C s ≅  (32) 

 
( )

2
D

1 1( )C s
KM s s
M

λ
≅

 + + 
 

 (33) 

In this case, by designing λ such that KD / M >> λ, 
one can analyse C2(s) as 

 ( )λ
λ

λ +
≅

sK
)s(C

D

1
2  (34) 

From Eq. 29 with C1(s) and C2(s) represented by 
Eq. 32 and 34, respectively, gives 

 ( ))(~)()()(~
L2 sPAsFsCsY ∆+≅  (35) 

where )()()(~
d sYsYsY −= . 

From this equation one concludes that increasing the 
gain λ, the C2(s) transfer function DC gain is decreased 
and the bandwidth of C2(s) is increased. Then, if on the 
one side the influence of p∆  and FL in the trajectory 
tracking error y~  is decreased by increasing λ, on the 
other side the high frequency components existing in 
those signals can cause vibrations in the actuator due to 
the extended bandwidth. 

Therefore, the controller gain tuning is done by 
choosing KD as great as possible (limited by the vibra-
tions caused by the sample rate and the sensors noise) 
and, in the sequence, increasing the value of λ up to the 
point that the actuator starts to vibrate. 

5.2 Hydraulic Subsystem Gains 

[1] The Proportional Gain KP1 in CC and VS-ACC 

The CC and VS-ACC theoretical synthesis and 
analysis are based on a hydraulic actuator mathematical 
model that does not take into account the valve dynam-
ics. In this way, theoretically, the gain KP1 in Eq. 18 
and 21 could be unbounded. In experimental implemen-
tation, however, it is observed that this gain causes 
oscillations in the piston position if it is greater than 
some value. In this subsection the relationship between 
this limit in the proportional gain and the valve dynam-
ics is discussed. 

To establish the design rules for the hydraulic sub-
system proportional gain, consider the valve dynamics 
as a first order system and the linearised hydraulic sub-
system given by Eq. 7 and 8. The linearised version for 
the hydraulic subsystem control law in Eq. 18 is given 
by 
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 ( )Δd P1 Δ
Qu

1
4
vu Ay p K p

K β
 

= + − 
 
    (36) 

As the flow rate pressure gain KC is small in this 
analysis one considers KC  = 0. Combining Eq. 7 and 8, 
substituting Eq. 36 into this combination, and applying 
the Laplace transform with null initial conditions gives 

 

( )

v
Δ

v

v
Δd P1 Δ Δd

v

4( )

1            

P s AY AY
v s

sP K P P
s s

ωβ
ω

ω
ω

 
= − + + 

 
+ − −   + 

 (37) 

Equation 37 can be written as 

 
( )v P1

Δ Δd dist2
v P1 v

( ) ( ) ( )
s K

P s P s P s
s s K

ω
ω ω

+
= −

+ +
 (38a) 

where  

 dist 2
v P1 v

4 1( ) AP s Y
v s s K
β

ω ω
=

+ +
  (38b) 

 represents a disturbance in the hydraulic subsystem 
tracking and 2( ) ( )Y s s Y s≡ . 

In the case that Pdist(s) is neglected, one obtains 

 
( )v P1

Δ Δd2
v P1 v

( ) ( )
s K

P s P s
s s K

ω
ω ω

+
=

+ +
  (39) 

ω−ω
−

Im(s)

Re(s)

 

Fig. 4: Root locus of 
)s(p
)s(p

Δd

∆  in function of KP1 

From Eq. 39, one concludes that if the valve dynam-
ics is represented by a first order system, the relation 
between P∆d(s) and P∆(s) is a second order system in 
which the poles position and, consequently, the behav-
iour depends on the valve bandwidth and the gain KP1. 
When the gain KP1 is small (near zero), the transfer 
function presents two poles on the left real axis, one 
near the origin (dominant) and the other more to the 

left. As the gain KP1 is increased, the system becomes 
critically damped and, in the sequence, underdamped. 
Figure 4 illustrates this situation, where the region on 
left of the dark region represents the allowable part 
where the poles must be located to obey the design 
requirements. 

From Eq. 39, one verifies that the faster the valve 
dynamics is, the larger is the value of the gain KP1 that 
can be used without the system to be underdamped. The 
hydraulic subsystem underdamped behaviour, depend-
ing on the desired pressure trajectory characteristics, 
may cause oscillations in the pressure difference pΔ 
and, consequently, in the piston position y. This ex-
plains the oscillations observed in the experiments. 

When this analysis is performed considering the 
valve dynamics as a second order system, the relation 
between P∆d(s) and P∆(s) is a third order system that 
may be unstable depending on the valve bandwidth and 
the gain KP1. 

The system performance requirements (dark region 
in Fig. 3) and Eq. 39 allow designing the proportional 
gain of the hydraulic subsystem. 

[2] The Gains KP1, KP2 and KV in NFCC 

In the NFCC controller the gain KP1 could be theo-
retically unbounded. In practice, it is limited by the 
sample rate and by the sensors noise. 

The gain KV is tuned in order to obtain a specified 
performance and the gain KP2 is tuned starting from a 
small value up to a limit in which the actuator presents 
oscillations. This rules come from the valve closed loop 
analysis presented in this subsection. 

Substituting the control law, Eq. 23, into Eq. 3, one 
obtains the valve closed loop equation: 

 ( )
v v v

v
vd v0 v 0 h0 P2 V v

v0

x x

K x x f K gK p K x∆

ω
ω

∆ ω
ω

= −

+ + − −



  
 (40) 

where ΔK = Kem / Kem0. 
To satisfy the stability requirements when the nomi-

nal system parameters are known, only KP2 > 0 must 
hold. Consider firstly that the gain KP2 is sufficiently 
small such that the term ∆pgKKf ~

2P0h0  can be neglect-
ed. In this case, applying the Laplace transform to Eq. 
40, one obtains 

 
( )

( )

v
V

v0
v vd

v
v V

v0

( ) ( )
1

K s K
X s X s

s K K K

ω∆
ω

ωω ∆ ∆
ω

+
=

+ − +
 (41) 

In order to stabilize this transfer function, the KV  
gain must be designed such that 

 
( )v0

V

1K
K

K
ω ∆

∆
−

>  (42) 

The inequality in Eq. 42 is easily satisfied, since 
that Kem can be determined with a required precision, 
i.e., 1≅∆K . Using that consideration, one has  
 v 1 vd( ) ( ) ( )X s T s X s=  (43) 
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where 

 
( )v

V
v0

1
v

V
v0

( )
s K

T s
s K

ω
ω

ω
ω

+
=

+
 (44) 

From this transfer function, one concludes that the 
pole location of T1(s) is given by (ωv / ωv0) KV, i.e., the 
gain KV can be adjusted to state the desired perfor-
mance. 

Additionally, one can also conclude that the DC 
gain of T1(s) is unitary independent of the parametric 
uncertainty upon ωv and the parametric uncertainty 
upon valve dynamics does not allow the pole-zero can-
cellation. 

The system behaviour with relation to KP2 was ex-
perimentally observed and it is shown to depend on the 
KV, ωv0 and Kem0 values. The value of this gain is ad-
justed starting from a small value until vibrations of the 
piston actuator occur. 

5.3 The Adaptation Gains and the Modulation 
Function 

The adaptation gains in the diagonal matrix Γ  and 
the modification term σs are tuned in order to obtain a 
smooth estimated parameter response and to guarantee 
the estimated parameter boundness. Usually simulations 
may help to achieve this goal. 

The modulation function m(t) in the control law in 
Eq. 21 is designed such that 

 d( ) ( )m t p t∆≥    (45) 

where d d Δd0p p p∆ ∆= −    is the error in the time deriva-
tive dp∆ . 

5.4 Smoothing the Signum Function p∆sgn( )  

The use of the non-linear function Δsgn( )p  in the 
control law in Eq. 21 may cause chattering in the actua-
tor piston position y. In order to avoid this problem, the 
signum function Δsgn( )p  may be substituted by a satu-
ration function Δ( )sat p ε defined by 

 

Δ Δ
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where ε > 0 is the boundary layer width (Slotine and Li, 
1991). 

6 Experimental Implementation 

Besides the design guidelines described in section 5, 
the results of an experimental implementation depend 
on the choice of a suitable sample period and on the 
conditioning of the measured signals with respect to the 
noise. 

Furthermore, as a proportional valve with overlap is 

used in the hydraulic actuator shown in Fig. 1. There is 
a dead-zone in the relation between the signal input and 
the flow rate. In this way, the implementation also de-
pends on a suitable dead-zone compensation. 

In this section, after describing the experimental 
setup, we discuss these implementation details. 

6.1 Experimental Setup 

The experimental implementation was performed on 
a test rig composed of a double-rod cylinder, a propor-
tional valve NG6 – BOSH and its electronic card, a 
data acquisition and control board DS 1102 dSPACE, 
pressure transducers, temperature transducers installed 
between the valve and actuator, position transducer, and 
a conditioning and power hydraulic unit. The condition-
ing and power hydraulic unit and the hardware for con-
trol scheme are shown in Fig. 5 and 6, respectively. 

 

Fig. 5: Experimental setup - Laboratory of Hydraulic and 
Pneumatic Systems (LASHIP) at Federal University 
of Santa Catarina 

D/A Converter

A/D Converter

sensors

Hydraulic
Servo-ActuatorHost

P.C.

         piston position

• velocity is obtained using a filter and a numeric derivative process

D.S.P  Card
with

TMS 320 C31

transducer
valve spool  position transducer

) transducerpressure ( p1

pressure (p2 ) transducer

 
Fig. 6: Hardware for control scheme 

Considering the models presented in section 2, the 
system parameters are M = 20.66 kg, B = 316 Nsm-1, A 
= 7.6576×10-4 m2, β = 10×108 Nm2, v = 9.5583×10-4 m3 
and ps = 10 MPa. The cylinder stroke is 1 meter (|ymax| 
= 0.5 m). The valve manufacturer declares the nominal 
flow rate to be 35 l/min at a pressure differential of 0.8 
MPa. In this practical application the input u is the 
electronic amplifier input and u can assume values 
between -10 V and +10 V, Kem = 0.76, Kh = 6.55×10-8 
m4V-1s-1N-1/2. 
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The NG6 valve with WV 45 – RGC electronic card 
presents the following characteristics: 0.3 % of hystere-
sis, 0.2 of range of inversion, 30×10-3 s of response 
time for 100 % signal change and 15×10-3 s of response 
time for 10 % signal change. 

6.2 Sample Period 

When a continuous controller is implemented by us-
ing a microprocessor-based system, the sample rate 
limits the closed loop bandwidth and, consequently, the 
system closed loop performance. 

According to the design rules stated in this work, 
the subsystem closed loop dominant pole is given by λ. 
In this way, the sample frequency in [rad/s] must be at 
least 20 times the greatest value of λ. 

Among others, the sample period depends on the 
system processor clock and on the number of machine 
cycles required to perform the whole control algorithm 
at each step. 

In this implementation, the controller board has a 
signal processor of 40 MHz. By using this apparatus, 
the minimum sample period possible with these cascade 
controllers was 5×10-3 s, i.e., the sample frequency is 
1256 rad/s. 

6.3 Filters 

The filters were used to decrease the noise in the 
measured signals by the sensors, which limit the control 
gains and, consequently, the closed loop performance. 
On the other side, the filters cause a delay in each 
measured signal and, in consequence, they may limit 
the closed loop performance too. In this way, there is a 
trade-off between the noise reduction and the delay. 

The signal of each transducer was filtered through a 
first order system and adjusted by the transducers in-
verse calibration curves. The filters have bandwidth ωfy 
= 80 rad/s (position), ωfp = 100 rad/s (pressure) and 
ωfxv =100 rad/s (spool valve). 

Analysing the used sample period, one can see that 
the filters could be adjusted with greater values. How-
ever, due to the significant sensors noise, they had to be 
adjusted with small values. Consequently, it decreases 
the closed loop performance. 

6.4 Dead-Zone Compensation 

Usually, the valve is commanded by an electronic 
card with a circuit that reproduces a dead-zone inverse, 
which may be used to compensate the valve dead-zone. 
This electronic card also has an electrical dead-zone in 
its input (Virvalo, 1997). Therefore, even if the valve 
dead-zone could be compensated by the electronic card 
circuit, there would be a dead-zone in the relation be-
tween the electronic card input voltage and the flow 
rate in the valve, caused by this electrical dead-zone. 
To overcome this problem, one proposes a dead-zone 
compensation placed between the control signal u gen-
erated by the control algorithm and the D/A converser 
(voltage applied to the electronic card). 

In this case, the used dead-zone compensation is 
given by  
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where sb and rc are positive constants and lc is a nega-
tive constant. Figure 7 illustrates this compensation. 

u

uec

rc

lc

sb-sb

 
Fig. 7: Dead-zone compensation 

6.5 Spool Position Measurement Scheme 

The valve spool position is one of the signals used 
in the NFCC control law (Eq. 23). The NFCC was 
designed for a critical centre valve, in which there is no 
dead-zone. Note that the proposed dead-zone compen-
sation (subsection 6.4) causes a fixed shift of the valve 
spool when a voltage is applied. Therefore, this shift 
caused by the compensation must be eliminated to ob-
tain the spool position. To achieve this goal, one pro-
poses the inclusion of a dead-zone to measure the spool 
position as shown in Fig. 8, where erc > 0 and e lc < 0 
are the values that limit the dead-zone region (Cunha et 
al, 2000a). 

xv

ercelc

Signal
Conditioning

xv

electronic

card *xv [V]* 
Fig. 8: Scheme for measuring the spool position 
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7 Experimental Results 

This section presents the experimental results ob-
tained with the cascade controllers designed according 
to the guidelines described in section 5. Here, the im-
portance of the sample period, of the dead-zone com-
pensation, of the parametric uncertainties and of con-
sidering the valve dynamics is outlined. 

A P∆P controller, which combines a P controller 
with a pressure feedback, is also testified for compari-
son. 

7.1 CC Controller  

The controller gains KD, λ and KP1 are firstly ob-
tained by following the design guidelines described in 
section 5. The final tuning is done by increasing the 
values of these gains up to the point in which the con-
trol signal presents oscillations. The first gain to be 
adjusted is KP1. It is done by analysing the pressure 
difference error Δp  obtained experimentally. In the 
sequence, the value of KD is increased to the maximum 
value in order to minimise the uncertainties effects, by 
analysing the trajectory tracking error. To finish, the λ 
value is tuned in the same way. 
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Fig. 9: Responses to CC without dead-zone compensation, 

to CC with dead-zone compensation (CC+dzc) and 
to P∆P with dead-zone compensation (P∆P+dzc) 

Figure 9 shows the results obtained with the CC 
controller with and without dead-zone compensation 
and with the P∆P controller with dead-zone compensa-
tion. These controllers were testified in the closed loop 
with a sample period of 1×10-3 s and the following 
gains: KD = 11000 Nsm-1, λ = 25 s-1 and KP1 = 500 s-1. 
The P∆P controller was tuned with a proportional gain 
of 400 Vm-1 and a feedback pressure gain of 2×10-9 
VPa-1. The dead-zone compensation (dzc) parameters 
were adjusted as lc = -0.7 V, rc = 0.3 V and sb = 0.05 
V. 

Analysing Fig. 9, one can see that the cascade con-
troller presents smaller trajectory tracking errors and 
greater final position errors when compared to the P∆P 
controller. One can also observe that there is a consid-
erable static error caused by the valve dead-zone and 
the dry-friction. This error is decreased by using the 
compensation presented in subsection 6.4. Note that the 
different values of rc and lc compensate the valve 
asymmetric dead-zone. 

Decreasing the sample period, is a proper mean to 
increase the controller gains without causing actuator 
vibration. In this case, decreasing the sample period 
from 1×10-3 s to 5×10-3 s, the value of λ was increased 
from 25 s-1 to 35 s-1. A comparison between these two 
results is shown in Fig. 10. 

0 1 2 3 4 5 6
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5 x 10-3 Trajectory Tracking Error
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]

λ = 35

λ = 25

 

Fig. 10: Responses to CC with λ = 25 s-1 and λ = 35 s-1 with 
dead-zone compensation 

7.2  VS-ACC Controller 

The controller gains (KP1, KD and λ) are tuned in 
the same way as the CC controller. 

The modulation function is calculated from inequal-
ity in Eq. 45 or may be adjusted experimentally as a 
fixed value Δd ( )m p t≥  , in order to obtain stability. 
The switching region is adjusted experimentally. These 
controller parameters were adjusted as m = 2×108 Pa, Γ 
= diag (103, 103), σs = 2. 

In order to show the effect of adaptation in the VS-
ACC controller, a value of mass of 10 times the real 
nominal value is set as the nominal value in the CC and 
VS-ACC controllers. Analysing the experimental re-
sults shown in Fig. 11, one verifies that, in this case, the 
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VS-ACC improves the system performance. 
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Fig. 11: Responses to CC and VS-ACC with mass uncertain-

ty and dead-zone compensation 

7.3 NFCC Controller 

Besides the gains KD, λ and KP1, the NFCC imple-
mentation comprises the tuning of the gains KV and 
KP2. As described in section 5, the gain KP2 is adjusted 
from a small value that is increased up to the point in 
which the piston actuator presents oscillations. The gain 
KV is firstly obtained by Eq. 44, and in the sequence 
being tuned experimentally. 

An experimental result comparing this controller to 
the CC with nominal parameters is shown in Fig. 12. In 
this case, the cascade controllers were tuned with KD = 
11000 Nsm-1, λ = 30 s-1, KP1 = 500 s-1, KP2 = 1×10-15 
m2Pa-2 and KV = 350 s-1. The dead-zone compensation 
parameters were set to lc = -0.7 V, rc = 0.3 V and sb = 
0.05 V. 
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Fig. 12: Responses to CC and NFCC with dead-zone com-

pensation 

In this comparison, the NFCC presented a better 
performance. It is important to outline that in this case 
the valve dynamics is of substantial importance mainly 

because the load is small (M = 20.66 kg). 
These experimental results demonstrate that a suita-

ble compensation of the dead-zone can improve sub-
stantially the closed loop performance. Additionally, 
the inclusion of the valve dynamics when the valve 
bandwidth is limited has shown to be very important. It 
was also demonstrated that decreasing the sample peri-
od, helps to increase the controller gains and, conse-
quently, to decrease the trajectory tracking errors. 

8 Conclusions 

In this work, the cascade control laws for a hydrau-
lic actuator and their main properties were compiled, 
and a new theoretical analysis of the closed loop system 
was presented.  

This analysis allows one to state the influence of the 
controller gains in the closed loop performance and, 
consequently, to state some design guidelines for the 
controller gains aiming to obtain an optimised perfor-
mance. In this new analysis, some performance limita-
tions and a way to overcome them were also discussed. 
Additionally, experimental aspects required for an 
optimised implementation were also approached. 

The results presented in this paper provide the de-
sign guidelines of the cascade controllers for many 
practical applications, and they have currently been 
applied to the research of cascade controllers for hy-
draulic actuators with friction compensation and for 
hydraulic manipulators. 

Nomenclature 

A Cylinder piston area 
B Viscous friction coefficient 
f Non-linear function 
g Non-linear function 
KD Controller gain 
Kem Valve constant 
Kh Hydraulic constant 
Khu Hydraulic constant 
KP1 Controller gain 
KP2 Controller gain 
KV Controller gain 
m Modulation function 
M System’s total mass 
p1 Pressure in the 1st line 
p2 Pressure in the 2nd line 
p∆ Pressure difference 
p∆d Desired pressure difference 

Δp  Pressure difference tracking error 
s Laplace variable 
u Control law 
v Total volume 
V Lyapunov function 
xv Spool position 
xvd Desired spool position 

vx  Valve spool position error 
yd Desired trajectory 
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yr Reference velocity 
y~  Position trajectory tracking error 

z Measure of the trajectory tracking error 
β Oil bulk modulus   
Γ Adaptation gains matrix 
λ Controller gain 
σs Modification term 
θ̂  Estimated parameter vector 
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