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Abstract

Let A1, A2,....An be the given sequence of n matrices, generally matrix
chain multiplication algorithm is used to obtain its-product with minimum
cost(lowest cost). However the matrix chain multiplication is a dynamic
programming paradigm and takes O(n3) computational complexity. Here we
present improved algorithm for matrix chain multiplication with minimum
space and time complexities. The viability of this new algorithm is demon-
strated using few examples and the performance is computationally verified.
This algorithm does not take O(n3) if any two of the S values are not same
and O(n3) when the two values of S are same in the worst case.

Keywords: Matrix multiplication, Matrix Chain Multiplication, Dynamic
Programming, Optimal ordering of matrices.

1 Introduction

Matrix Chain Multiplication is one of the optimization problem which is
widely used in graph algorithms, signal processing and network industry [1–4].
We can have several ways to multiply the given number of matrices because
the matrix multiplication is associative. In other words, there is no matter
how the matrices are parenthesize to perform the product. Because the result
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will be the same. For example, if we had four matrices A1, A2, A3, A4 with
dimensions A1 = P0 × P1, A2 = P1 × P2, A3 = P2 × P3, A4 = P3 × P4 then we
would have the parenthesize of the above arrays, along with multiplication
number are listed below.

Ex: A1 = 2 × 3, A2 = 3 × 4, A3 = 4 × 5 and A4 = 5 × 2

(A1A2)(A3A4) = P0P1P2 + P2P3P4 + P0P2P4 = 80 multiplications

((A1A2)A3)A4 = P0P1P2 + P0P2P3 + P0P3P4 = 84 multiplications

(A1(A2A3))A4 = P0P1P3 + P1P2P3 + P0P3P4 = 110 multiplications

A1((A2A3)A4) = P1P2P3 + P1P3P4 + P0P1P4 = 102 multiplications

A1(A2(A3A4)) = P1P2P3 + P1P3P4 + P0P1P4 = 76 multiplications

From the above observation, we can say that the last one is taking minimum
number of multiplications. But comparison of each and every possible paren-
thesize like brute force approach would take exponential time depending on
the number of matrices. This process is not suitable to implement where there
is more number of matrices to multiply. A fastest possible solution to this
matrix chain multiplication can be achieved by dividing the problem into a set
of sub problems. By this the time complexity will be reduced by solving sub
problems once and reusing the solutions as in the design technique of dynamic
programming [5].

Example
Let n = 4, where n is the number of matrices has different dimensions Pi−1 × Pi

A1 = 3 × 4 A2 = 4 × 6 A3 = 6 × 7 A4 = 7 × 2 then find the sequences of
matrices to multiply

P(0:n)=(3,4,6,7,2) is the single dimensional matrix

The values of M and S for the first row are calculated by using the Equations (1)
and (2). The remaining values of M and S can be calculated by using the
following logic.
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START
for w:=2 to n do
for x:=1 to n-w+1 do

set y=x+w-1;
M[x,y]=infinity;
for z=x to y-1 do

If M[x,z]+M[z+1,y]+p[x-1]*p[z]*p[y] is less than
M[x][y] then

M[x][y]= M[x,z]+M[z+1,y]+p[x-1]*p[z]*p[y];
S[x][y]=z;

[End of for]
set M[x,y]= M[x,z]+M[z+1,j]+P[x-1]*P[z]*P[y];
set S[x,y]=z;
[END OF FOR]

[END OF FOR]
Write (M[1,n],S[1,n]);
END

Table 1 Calculation of M and S values for the given example

M11=0 M22=0 M33=0 M44=0

S11=0 S22=0 S33=0 S44=0

M12=72 M23=168 M34=84

S12=1 S23=2 S34=3

M13=198 M24=132

S13=2 S24=2

M14=156

S14=2

Where M[x, y] is the minimum number of multiplications required by
each pair and S[x, y] be the value of contains the minimum z which is
used for where to place parenthesis to split the product Ax, Ax+1,.... Ay
for 1≤x≤y≤n.

The above example shows how the equation can be used to determine M’s
and S’s. Now let us examine the time requirement of the above procedure to
construct M’s and S’s to calculate M(x,y) for y-x = 1,2,. . . n in that order when
y-x = w there are n-w+1 M(x,y)’s to compute. The total time for all M(x,y)
with y-x = m is therefore O(nm-m2). And the total time to compute M(x,y)
and S(x,y) is

∑
1≤m≤n(nw − w2) = O(n3) [6].
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However we can do better than this for finding optimal z (used for
parenthesize) by limiting search from the range of S(x,y-1) to S(x+1,y)
proposed by D.E Knuth instead of repeating the z from x to y-1 which is
nearly equal to n.

2 Existing Algorithm

Existing algorithm for matrix chain multiplication is presenting here.

Algorithm MCM(P) BEGIN
//n is number of matrices //let m[1..n, 1..n] and s[1..n, 2..n]

be new tables.
for x: =1 to n do
SET M[x,x]: =S[x,x]:=0;
SET M[x][x+1]=M[x][x]+M[x+1][x+1]+P[x-1]*P[x]*P[x+1];
SET S[x][x+1]=x;
[END OF FOR]
for w:= 3 to n do

for x:=1 to n-w+1 do
set y=x+w-1;
set z=find(x,y);
set M[x,y]=M[x,z]M[z+1,j]+P[x-1]*P[z]*P[y];
set S[x,y]=z;
[END OF FOR]

[END OF FOR]
Write (m[1,n],s[1,n]);
END

Algorithm find of z(x,y) BEGIN
SET min: ∞;
If S[x,y-1] is less than S[x+1,y] then

for z:=S[x,y-1] to S[x+1,y] do
if ((M[x,z]+M[z+1,y]+P[x-1]*P[z]*P[y])<min)

min=M[x,z]+M[z+1,y]+P[x-1]*P[z]*P[y];
1=z;

[END IF]
Else

for z=x toy-1 do
if((M[x,z]+M[z+1,y]+P[x-1]*P[z]*P[y]])<min)

min=M[x,z]+M[z+1,y]+P[x-1]*P[z]*P[y];
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1=z;
END OF IF

END OF ELSE
return 1;

END

In the existing algorithm given for finding a sequence and finding the less
number of multiplications takes O(n3) because the algorithm is composed
with 3 loops and each loop takes at most n-1 times [7]. For that we proposed
an algorithm for finding the sequence of matrices to multiply with the less
time.

3 Proposed Algorithm

Time complexity is reduced by limiting the search for z from S(x, y-1) to
S(x+1,y). However the formulas for computing the rows of the table are
described below.
The values for M’s and S’s of first row can be computed by the formula

Set M[x, x] to 0, where x is from 1 to n (1)

Set S[x, x] to 0, where x is from 1to n (2)

And for to compute the values for M’s and S’s of second row, the formulas
are given below.

M[x][x+1]=M[x][x]+M[x+1][x+1]+P[x-1]*p[x]*p[x+1] where y-x=1,2,. . . n
(3)

S[x][x+1]=x; where y-x = 1,2,. . . n
And for to compute the remaining rows below formula can be used
M[x, y]= M[x, z]+M[z+1,y]+P[x-1]*P[z]*P[y];
S[x, y]=z;
Following are the complete algorithms for finding the M’s and S values

Algorithm Matrix Chain Multiplication (P) BEGIN

//n is number of matrices //let m[1..n,1..n] and s[1..n,2..n] be new tables.
for x: =1 to n do
SET M[x,x]:=S[x,x]:=0;
SET M[x][x+1]=M[x][x]+M[x+1][x+1]+P[x-1]*P[x]*P[x+1];
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SET S[x][x+1]=x;
[END OF FOR]
for w:= 3 to n do

for x:=1 to n-w+1 do
set y=x+w-1;
set z=find of z(x,y);
set M[x,y]= M[x,z]+M[z+1,y]+P[x-1]*P[z]*P[y];
set S[x,y]=z;
[END OF FOR]

[END OF FOR]
Write (M[1,n],S[1,n]);
END

Algorithm find of z(x, y) BEGIN

SET min:= ∞;
If S[x,y-1] is less than S[x+1,y] then

for z:=S[x,y-1] to S[x+1,y] do
if(( M[x, z]+M[z+1,y]+P[x-1]*P[z]*P[y])<min)

min= M[x, z]+M[z+1,y]+P[x-1]*P[z]*P[y];
1=z;

[END IF]
Else

for z=x toy-1 do
if((M[x, z]+M[z+1,y]+P[x-1]*P[z]*P[y]])<min)

min=M[x, z]+M[z+1,y]+P[x-1]*P[z]*P[y];
1=z;

END OF IF
END OF ELSE

return 1;
END

From the above algorithm the find of z function is used to calculate the
minimum value for z, The z value is getting by repeating the loop from
S[x,y-1] to S[x+1,y] instead of repeating the z from x to y-1 which is taking
at most n-1 times.

Hence the above find of z function is again modified “if S[x,y-1] is less
than S[x+1,y] then the z will repeat S[x,y-1] to S[x+1,y] else it will repeat
from x to y-1.
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This type of z which repeats from x to y-1 may or may not be occurred for
all the type of inputs. This can be observed in Tables 2 and 3.

4 Results

This section demonstrates the proposed approach by considering example.
The above proposed algorithm is implemented and tested for the following
input. The experimental result values of M and S are given in the form
of table.

Example 1: n=5,(P0,P1,P2,P3,P4,P5)=(3,4,6,2,3,7)

Table 2 Results for M values
M values

0 0 0 0 0
72 48 36 42
72 72 126
90 146

153

Table 3 Results for S values
S values
0 0 0 0 0
1 2 3 4
1 3 3
3 3
2

Output sequence is (((A1(A2A3))A4)A5)

Example 2: n=4,(P0,P1,P2,P3,P4)=(3,4,6,7,2)

Table 4 Results for M values
M values

0 0 0 0
72 168 84

198 132
156
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Table 5 Results for S values
S values
0 0 0 0
1 2 3
2 2
2

Output sequence is (A1(A2(A3A4)))

Example 3: n=4,(P0,P1,P2,P3,P4)=(2,3,6,4,5)

Table 6 Results for M values
M values

0 0 0 0
36 72 120
84 132

124

Table 7 Results for S values
S values
0 0 0 0
1 2 3
2 3
2

Sequence is (((A1A2) A3) A4)

From the above Table 3 the values of S14 and S25 and also S13, S24 in the
Table 4 which are marked as red have same cut so at this case only it is
running three nested loops; otherwise it does not run three nested loops.
However the corresponding S values are marked with red color (in the
tables) at which the algorithm is running three nested loops. Otherwise it
will not run three nested loops. From this observation we can claim that this
Matrix Chain Multiplication algorithm will not take O(n3) time.

By observing the above tables we can say that the algorithm for finding
minimum split i.e. z will take only from S[x, y-1] and S[x+1, y] instead of
repeating for n-1 times.

This algorithm does not take O(n3) if any two of the S values are not same
and O(n3) when the two values of S are same in the worst case.
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5 Conclusion

From the above discussion we can say that the proposed matrix chain
multiplication algorithm using Dynamic Programming in the best case and
average case takes O(n2) time complexity which is less when it is compared
with existing matrix chain multiplication which takes O(n3). Hence the time
complexity is reduced with the space requirement of O(n2).
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