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In this paper, we present a non-invasive methodology in constructing a patient-specific virtual human heart
based on fiber-fluid model. We applied digital image processing techniques on patient-specific MR images
for obtaining the geometry information of human heart. The techniques include: acquisition, image
visualization, image enhancement and segmentation. We incorporate cubic Hermite basis functions in our
epicardium surface interpolation algorithm. We formularized a three-dimensional rule based fiber
reconstruction mechanism to reconstruct the cardiac fiber architecture. A fiber model has been constructed
which consists of 1,038 fibers with 371,239 fiber points. This model describes the ventricular three-
dimensional geometry. Immersed Boundary Methods is used in constructing fiber-fluid cardiac simulation.
The simulation of early ejection (from Oms to 0.5ms) for the Left Ventricle (LV) has been implemented in
SGI workstation. Simulation results for cardiac fiber and blood flow are presented in three-dimensional (3-
D). Open GL-based animated visualization programs are developed to serve three purposes: (1) to
demonstrate the interpolation and rule-based fiber reconstruction process. (2) To visualize the simulation
results of cardiac fiber and blood flow; (3) To analyse the dynamics of the epicardium fibers as well as the
blood flow in the cavity of the LV.
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1 Introduction

1.1 Overview

Heart disease is one of the leading causes of fatality in the medical world. By being able to realistically
model a human heart, it is hoped that the medical treatment and management of heart diseases can be
improved further, thus causing a significant reduction in the loss of human lives. By creating a model,
analysis [34] and data mining [36] can be carried out to diagnose and profile heart related diseases.
Also, these models can be used to create ontologies [35] for future medical references.

Most of the existing human heart models simulated in a computer do not consider the effect
caused by the blood flow in the heart chamber towards the cardiac fiber during systole and diastole.
This is because most of the engineering problems predefine the motion of the boundary when applying
the Computational Fluid Dynamic (CFD) method. Whereas the heart is a biological fluid dynamic
problem where its boundaries are not rigid and its motion is a result of forces imposed on it by the
motion of the surrounding fluid [17]. Furthermore, the boundaries of the heart model, which consists
of fibers, contribute their own forces when they contract, which exerts into the blood and causes an
overall effect on subsequent fiber motions. The motions of the fluid (oxygen enriched blood entering
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the LV), and the motion of the LV boundaries, form a coupled system; both must be computed
simultaneously and repeatedly, which makes fiber-fluid heart model difficult to build.

The heart models built by Peskin and McQueen are mainly concentrated on observing the blood
flow in the heart [5,16,17,24,23]. The fiber architecture of their heart model is constructed based on
the characteristics of the fiber trajectories stated in [29]. In our work, we constructed the heart model
based on a human heart scanned using MRI. The two dimensional (2-D) MR images are suitable to
quantify the shape of the heart accurately in term of geometrical information. Furthermore, by
applying suitable 3-D image processing techniques (e.g. interpolation) on multiple 2D images, a
realistic 3D cardiac geometry information can be obtained.

Modelling and visualization of human organs and other physical expressions are common. For
example, in [32] a simulation of human facial expressions and talking animation has been modelled
successfully and in [33] the authors have managed to visualize pain data. However, to the authors’
knowledge, a combination of rule based fiber reconstruction algorithm with Immersed Boundary
Method in constructing a fiber-fluid human heart model has not been thoroughly investigated. In this
paper, we formularized a three-dimensional rule based fiber reconstruction mechanism to reconstruct
the cardiac fiber architecture. Our fiber model consists of the fiber architecture information that is
obtained from MR images. Based on this data, we incorporate the Immersed Boundary Method to
construct a fiber-fluid cardiac simulation. A fiber model has been constructed which consists of 1,038
fibers with 371,239 fiber points. This model describes the ventricular three-dimensional geometry.
This fiber-fluid model allows us to study the dynamic of the cardiac muscle as well as the blood flow
in the heart chamber while, realistically simulating cardiac contraction. There has been active research
being done to discover and study the laminar arrangement of groups of myocytes. According to [10]
and [27], the three-dimensional arrangement of ventricular myocytes influences the electro-
physiological and elasto-mechanical properties of the heart. Hence, this fact cannot be neglected and
must be taken into account in order to obtain realistic physiological heart models. It must be taken into
account during the construction of computer simulated heart model.

Visualization is an important concept to allow simulated results to be displayed on a computer
screen. There is no significant meaning if the results are represented in a numerical form. Computer
graphic technology plays an important role in this area. It is required for translating numerical results
into complex three-dimensional objects in real time. Interactive computer graphic is also required
during the design of the model and analysis of the results. Through it, objects can be animated, turned
on and off, displayed in any point of view and magnify into any region of interest as stated in [17].
However, the concept of visualization is not just limited to visualization of the simulation results but it
is also can be used to visualize the simulation processes themselves. In other words, computational
processes can be displayed on a computer screen during their execution. Thus, this will help us to
verify and understand the calculation when the simulation is running.

1.2 Rule based Cardiac Fiber Orientation (Myocardial Fiber)

The concept of applying rules-based cardiac fiber assignment on myocardial sheet is not new and has
been proposed in [27] and [26]. Based on the general geometry information extracted from MR
images, we introduce a new rule-based 3D fiber orientation reconstruction technique. A single fiber
consists of a set of fiber points. These points are the epicardium geometry points extracted from the
MR images. The fiber sheet is constructed from these points by registering them into a fiber set. The
selection mechanism of a registered material point will influence the constructed fiber sheet
architecture. The mechanism is restricted tightly by a set of pre-defined rules that has been constructed
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carefully based on the formation of the fiber orientation. The rules take into consideration the fiber
orientation angle, direction of the fiber path, overlap between two or more fibers and duplication of
registered fiber points. The details are elaborated in section 2.4.

1.3 Immersed Boundary Method

This method had been proposed and developed by Charles Peskin and David McQueen [15,21]. It is a
general numerical method which is able to efficiently simulate a system that is represented by elastic
fibers immersed in an incompressible fluid.

In this method, the fibers are considered as elastic material. It is treated as a part of the fluid
[13,14]. A fiber is listed as fiber points, where all the fibers will form the boundaries of the heart wall
and the fluid surrounding the boundaries are represented by a rectangular cubic lattice. The boundaries
are free to move continuously in the computational fluid lattice. The blood can be treated as a
Newtonian fluid where its dynamics are able to obtain by numerical solution of the Navier-Stokes
(NS) equations.

At every time step the fiber point obtains a force value (resulting from heart contraction). These
forces are called Immersed Boundary elastic forces. The fiber points exert force onto the fluid lattice
as a sum of Dirac Delta functions of fiber forces evaluated at the lattice points. The velocity of each
cell of the fluid lattice is then calculated from these local forces using the NS equation. Once again, via
Dirac delta function, the velocities of the fiber points are updated. Each of the fiber point is then
moved to new location based on its velocity. In the next time step, based on the new position of the
fiber, the forces are recalculated and the entire operation is repeated. Figure 1 summarizes the 4 major
steps in Immersed Boundary Method:

(a)

Fiber Activation & B R
_ § Force Calculation y b
Fiber Points

__________ #__®

Spread Force

Interactive

Fluid Lattice

Figure 1: The 4 major tasks in the Immersed Boundary Method in each time step. (a) The forces (white) are
generated from each fiber points (black). (b) The fiber points carry forces (white arrow) to be exerted onto the
fluid lattice. (c) The fluid lattice in whole simulation space is solved via NS equation in order to obtain the next
time step velocities on each fluid grid. (d) The fiber points are moved to new location from their old position
(yellow) after updating their velocities.
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The virtual heart model being built leverages on two important research directions. First, the heart
wall mechanics analysis and secondly, fluid mechanics. These mechanics are both equally important to
be considered in order to model a realistic human heart. Thus, the fiber-fluid model is implemented
using the Immersed Boundary Method. The concept and details of this method is explained in section
2.7. Meanwhile, some studies of computational method for blood flow in heart have been done using
this method and have been covered in [8,9,11,12,16,18,22,23,24].

2 Methodologies

2.1 Materials Acquisition

A set of high-resolution 2D MR images were obtained from a volunteer (27 years old healthy male) on
breath-hold at the beginning of the systolic stage of LV. The MR scanner used is the Siemens
Magnetom Vision MRI loaded with Numaris 3 V8 31C software. Scan parameter are:1.5 Tesla, TR of
510 ms, TE of 14 ms, a is 15 and FOV of 23cm. The volumetric images are scanned based on T1-
weighted Magnetization Prepared Rapid Acquisition Gradient Echo (MPRAGE) images with the
dimension of 256 x 256 x 16. The pixel spacing is 1.0mm x 1.0mm x 1.0mm resulting in isotropic
voxels with average in-plane resolution of 0.1mm and average cross plane resolution of 2mm. In this
work, the scanning process concentrates on the LV. Raw image data are then converted to the TIFF
format using a medical imaging software. 67 images were produced for this study.

2.2 Three-Dimensional LV Contour Model

The LV contour model is the geometry information extracted from the MR images, which is described
using a 3-D Cartesian coordinate system. A set of contours are obtained from the outermost layer of
the LV from each MR image. The contour points are referred as epicardium material points. These
points are fairly important for the rule-based fiber reconstruction process. The steps taken to obtain this
model are described in the following sections.

2.3 Segmentation

As a first step, an anisotropic filter is used on the captured MR images in order to reduce image noise.
Then, we tested a series of threshold values on the heart images and applied an edge detection
algorithm to identify and extract the Region-of-Interest (ROI), i.e. the LV chamber, from the images.
A set of LV transmural contours from these images is extracted using Active Shape Model (ASM) [3].
We labeled our images from training data set with landmark points; making it easier to extract the
contour models of the LV. Accurate labeling of the training set is important for the performance of the
model. Each labeled point indicates a feature on the object boundary, which can be located in each
image in the training set. Let the /" shape model be defined as

T
X; = (Xig, Yio» Xit s Vil > -+ s Xik » Vik > +++» Xin-1 > Yin-1 ) (1)

where (x;, y;) is the x-y coordinate in image plane for the 7™ landmark point of the i shape model.
The i" eigenvector affects point k in the model by moving it along a vector parallel to d, where

d=C(dxig,dyi, ..., dxs, dyy, ..., dXin.s , dying) 2)

is the deviation from the mean shape, denoted as . Given that N is the total number of shape models
the deviation value of every model, dx; , i=1,2,...,N is calculated using:
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Since we have obtained the deviations, dx; is a (2n x 2n) covariance matrix, which is obtained via:

1 N
S=—>dx, edx] ()
NS
The models of variation for the points from the shapes are described by p, where k = [...2n
represents the unit eigenvectors of S, so that

Spr = A Pr (6)

where A, is the k™ eigenvalue of S. Hence, any shape in the training set can be approximated using the
mean shape as described in equation (7).

x:; +P ®b (N

Note that P = (p; p> ... p;) is the matrix of the first ¢ eigenvectors, and b=(b; b, ... b, )T isa

vector of weights for each eigenvector.

ROI from the first image was extracted and used as training data. With a help from a medical
image processing toolkit, a sequence of images are loaded and the training data is used for
segmentation process. At the end, 67 sets of contours points are segmented from the MR images data
set. We represent the extracted contours model as:

Ci :{pi,l’pi,Z"“’pi,k+1"“’pi,N,.} ®)

where i=1,2,...® refers to the contour’s index and @ is 67 (total number of contours). N; in equation
(8) is the total number of points found in i contour. By considering a specified point from i contour,
Dij=(XijsYij) V je [1,N;] where pijis a 2D Cartesian coordinate. Figure 2 shows the segmentation results
of some of the selected MR images.

Figure 2: Selected results of epicardium segmentation results on MR images. The contour (blue) of epicardium

was extracted from the ASM algorithm.

The contours from model c¢; are indexed in sequence from 1 to 67. c¢; refers to the first contour at
the LV base while cg; refers to the last contour at the LV apex. We generate another additional 3
contours to extend the LV apex because the MR scan was unable to capture enough information in this
region. The new contours are generated based on the 67" contour. Equation (9) and (10) show the
extrapolation mechanism used to perform this task:

(x nj» yr,j) = (mx(x67,j7 y67,]') + nX(Cx, Cy) )/(m + I’l) (9)
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for 1< j < Ng; where m=1,2,3 and n=4-m. Note that the notation for the new points generated in the new
contour are np,;, where np, =(x,;, y.;). r holds the values of @+1, ®+2 and @+3. @ is assigned a new
value of 70 after this process. (c;, c,) in equation (9) is the centre point of the 67" contour where

c, =(12}3\]):7(&7!»+15rnjgll5167(x67,‘,~))/2 and ¢, =(lglj}é()’m,j)+lsmj5115167(y67,,‘ ))/2 (10)
2.2.2  3-D Contour Geometry

After stacking all the contours (see Figure 3), we scale and transform all points from ci to fit the 3D
contour model into the centre of the 64 x 64 x 64 experimental space. Hence, there is a new notation to
represent the previous 2D contour model as 3D model, which is given by:

G :{Pi,l’Pi,zv"’Pi,kﬂ""’Pi,M} (an

C; contains a set of 3D coordinates belonging to the i™ contour, which is denoted as Piyi- Poni = Pinia
where d=1,2,3 is used to index the dimension value of the 3D coordinate P. Figure 4 shows the
constructed 3D contour model.

C:::: Contour 3

L
|
L ]
Contour {n-1)
<> Contour n
Figure 3: Schematic diagram of how the segmented Figure 4: The 3D contour model, formed by 2D
contours are stacked. contours that will be used for the interpolation process.

2.3 Interpolation

It was observed that there are gaps between adjacent contours after stacking together in 3D space. This
can be attributed to the scaling effect in the z dimension. An interpolation technique was implemented
in order to create a smooth cardiac wall surface . Cubic Hermite basis function was chosen to smooth
the interpolation based on key-points lying on the contours.

The Cubic Hermite function has been used before with finite element deformation to construct the
ventricle geometry in [19]. This function ensures derivative continuity across element boundaries [19].
Hermite basis function (shown in Figure 5) is given as:

P(s) = 1-35°+2s°, Wa(s) = s7(3-25), ¥s(s) = s(s-1)%, Pu(s) =s°(s-1). (12)

Lets consider a 1D field variable u. With 2 key values, u; and u,, the derivatives are denoted as
(du/ds); and (du/ds),. The cubic Hermite interpolation is given by:

u(s) = Pi(s) up + W3(s) (du/ds); + P5(s) ur + Py(s) (du/ds), (13)
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where s is 0<s<I. Construction of the Hermite Cubic function is a straightforward extension of the 1D
basis and for 3D coordinates, interpolation is carried out by replacing the value u with the values of x,
y and z dimension for the key points. In our case, we will proceed with two interpolation mechanisms:
vertical interpolation and horizontal interpolation.

k3]

k¥

¥y

Figure 5: Graph representation of the Cubic Hermite basis Function

2.3.1 Vertical Interpolation

The key points used in vertical interpolation (VI) mechanism are identified vertically throughout all
the contours (see Figure 6). The number of point in each contour decreases when the contour’s index
number increases. Thus, we have Ny < Ng.; < ... < N, < N,. Note that K; = { Uj; }represents the key
point’s set where f indicates the index of a specified set. Let F' be the total number of set for vertical
key point while Uy, represents the 3D coordinate of points in the key point set fand i is the point index
in that set. The range of i and f is given as: 1< i < @ and 1< f < F respectively. The following
description shows the algorithm we implemented to identify the key points set for vertical
interpolation.

We let
Uf,l:Pl,x (15)

for ISf<Fand 1 <s <SS where, S=N,. Hence, the equation (15) is only valid when F=S. The P is the
notation for the points from contour model, C (Equation (11)). Equation (15) only determines the first
point for each of the VI key point set. The rest of the key points for each VI set will be determined by
the following algorithm. We define

Uyi=P;, (16)
where
2
Ad;, = z (Pi,a,d - Uf,i—l,d ) a7)
d=1
and
Ad ;, =min(Ad ;) (18)

for ISf<F,2<i< @ and 1< a < N, r holds the point index on i contour when the value of Ad is
minimum. Equation (17) evaluates the distance between the last identified point (from i"-1 contour),
from a specified key point set with each point that lies on the i contour. The purpose of equation (18)
is to obtain the minimum distant between each key point in a set.
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The VI mechanism is to generate a number of points to be inserted in between each pair of
consecutive points from a set of VI key point. Let a pair of consecutive control points be denoted as
(Uys»Uper) where 1 <t < @-1 and 1< f<F (see Figure 6). t is the point index from a specified set f. The
number of interpolated points is determined by the value of 4 where A is the maximum distance
allowed for each pair of consecutive control points. We define
Ad

t+1,r (19)

A
where GE Z* ,1I<f<F, 1<t <®-1. G holds the number of vertical interpolated points that are inserted
in between the gap ¢, where the gap is formed between points Uy, and Uy, ;.

Gf,[:

A new notation, Vy, is given to represent all the new vertically interpolated points (Equation (20)).
f1s the index for key point sets and ¢ is the gap’s index correspond to a specified f.

Vf,t = {Tf,t,l’Tf,t,z ""’Tf,t,;/""Tf,t,/:’/-yl } (20)

The 3D coordinates 7 in V for 1< f< F are arranged based on ascending values of the z-dimension:

T <T <..&T <

fitlz fit.2.z = fitye = < ft.By.z 2D

for z=3. The points are sorted in ascending order according to their z dimension value for the usage of
horizontal interpolation described in Section 2.3.2.

Br=G,, +2 (22)

Note that ,B I (used in equation (20) and (21)) is the number of total points in a specified vertical

interpolated set. The value held by S is added with 2 (in Equation (22)), as the VI key points are also
considered as interpolated points and stored in model V.

K1 vertical Interpolation
Key Points Set
Contour 1 £
T—————__ Pair of consecutive
Contour 2 key points
_—_\_\_\_\_‘_‘_—\—\_
(Upt s Ugzr)

Contour 3 WV f=e=2
Contour & -7

Yertical Interpolated
Contour & points

Figure 6: Shows the relationship between VI key points set, the key points itself and the contours. Diagram also
depicts the interpolated points’ location and distance between 2 consecutive points in a key point set. There are 4
vertically interpolated points inserted into the second gap for f=1.
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2.3.2 Horizontal Interpolation

The horizontal interpolation control points are identified from the vertical interpolated points (see
Figure 7). Given that

N, = max( ’Bf”) (23)

for 1< f < F where 1<t < @-1. Here, N, holds the number of maximum interpolated points on a
specified ¢ gap. Key points set for horizontal interpolation is given as H,;, where # is the index for the
set in /™ gap. We can then define

Ht,h: { Wt,h,m } (24)

for 1<t < @-1, ISh <N, and 1< m < M,,,. m represents the index for the key points from a specific set,
H,,. M), contains the total number of points in set H,;,. Both T, (in Equation(21)) and W,,,,, (in
Equation (24)) represent 3D coordinates where they are similar to T, , and W, ,, 4 with d=1,2,3.

We choose the vertical interpolated points from model V, traverse f and #, and register the points in
H as the key points for the horizontal interpolation mechanism. A maximum set of horizontal key
points for each gap is fixed based on the maximum vertical interpolated points available in that gap
(Equation (23)). Since every fis traversed in order to register the vertical interpolated point into the
set, H,,, the number of total points in H,, is same as S (Equation (15), M, ,=S). Equations (25) and (26)
describe the methods to identify key points in set H,, :

Wr,h,m = Tkr,y (25)
for ISh <N, and 1< f, m<S where y € Z"and is defined as
h
Y= F X ij (26)
t
for 1<t < @-1.
First Last
Interpolated Interpolated

Point Point

Horizontal
Interpolated
Points

Contour ¢
Hy o
E Horizontal Key
&

H Points Set
H 4 H 112

Gap t

Contour #+1
(;W-Mn H] ;Wt,ffam-l)

¥ertical Interpolated Points Vertical key points

Figure 7: The relationship between vertical interpolated points (blue) and horizontal control points set. Black color

dots are the VI key points.

The point’s index, m, in set H is arranged into a ‘ring’ manner (see Figure 8b). Then the new
points are generated by considering the pair of consecutive key points in that set. An elaboration on
sorting W into a ‘ring’ manner is presented in APPENDIX A. The two adjacent points in each set H is
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denoted as (W, , W, ,n41) for 1< n < M, ,-1. Additional points are interpolated in between these two
points. Let # be the maximum distance allowed among the interpolated points and also between the
control points with the first and last interpolated points (see Figure 7). To achieve this condition, the
number of interpolated points for each pair of fulcra points is given by:

3 2
z (Vvt,h,n,d - W/t,h,n+1,d)
g= d=1
d 27)
where g€ Z".
L
2 W, Win2
’ Wina
(a)
Wibnz —— 7 7 -
H";,k,n-}' ”—t,k,l H},kjg
) ) Wiha
]'-J"mn I}!,h,2
(b)

Figure 8: (a) The unsorted points in set H. (b) Shows the key points in H after being sorted into a ‘ring’ (Appendix
A). n=M,,.
2.4 Rule-based Heart Fiber Reconstruction

From the interpolation process, the number of epicardium points in our model increases. Let M={P;}
where 1< i< N and P=P,, is a 3D coordinates point and where d=1,2,3. M set consists of epicardium
points while N is the number of points in the model. P; in M is arranged in such a way that P, 3 < P,3<

. < Pyy3 < Pys. The sorted points help to reduce significantly the computational time required
during the fiber model formation.

The fiber model is defined as
H=A{F,F, ..., F,} (28)

where Fyrepresents a list of connected fiber points and 1< f <S. § is the total number of constructed
fibers. i is the total number of fiber points registered in a specific F. Let

F={ pl) (29)

where 1< m < urand pi = pr‘z 4 - The fiber reconstruction mechanism registers a point P from model

M into set F based on the following algorithms.
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2.4.1 Fiber Point Registration Algorithm

This algorithm aims to find a target point (from M), denoted as P; , and register it into a specified fiber
list, Fy. Pﬁ" is the base point used during the determination of next target fiber point. The registered

target point is assigned to prf, where r is defined as the value of the fiber registration cycle.

prf represents the registered fiber point for current cycle. In the next cycle, point Pﬁo will be set to

prf in order to act as the base point. In other words, the selected target point will become a base point
for the next cycle of fiber registration process. The value of £ is used to hold the point’s index, i,

carried by prf .

Steps (i) to (ix) show the fiber reconstruction algorithm:
i. Initialize the starting point, p(‘)f , for each fiber set with a P; chosen from M, where pof =P, for
I<f<Sandi€ N. Assigned r=0.
ii. For a specified fiber f, let Py = ol

iii. LetP"={ P; }, a€ n(P") be a set that holds a list of points which have a minimum distance to

the base point, Pﬁo i

iv. Search and store all points P, from M where k is within the range (5+1, f+An) into P*. Note that
f+An < N and all points in P are required to conform to rule (iii).

v. Filter all points in P" so that the value of 0 (Equation (31)) corresponding to each point is within
the range 6, * o.

*
vi. Determine a target point, P, from set P" and assign it to ,O;f using the following steps:

FOR EACH P, in set P"
IFR.R.; >0
IF P; is not registered to other fiber set
Register P; inP,
ELSE
Register P; in Py’

END IF
END IF
END FOR

IF P, is NOT empty
Choose a P; from set Pa* which has the smallest AG AND the smallest |V,
ELSE
Choose a P; from set Pb* which has minimum of A@ AND the smallest [Vl
END IF
vii. If no new P; is registered in a specified fiber f, fiber construction mechanism is considered

complete for that fiber.
viii. Repeat steps (ii) to (vii) for all fiber, 1< f<S.
ix. Increase r by land repeat steps (ii) to (viii).
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Step (iv) may require huge computational power when N is large. Significant processing power is
required to search through the entire set of points in order to get a number of points closest to Pﬁ" . This
search function is performed in every fiber point registration cycle for each fiber set. Thus, in order to
reduce search complexity while maintaining a suitable search domain size (see Step(iv)), An is
introduced, where An=B+Cr. B is a constant value that holds the minimum number of search points

that needs to be explored. C is an incremental factor and r is a dynamic value that starts from O and
increases by 1 after each registration cycle (step (ix)).

2.4.2 Fiber Angle

The rule applied in step (vi) takes into consideration the fiber angle’s range (Af). The vectors V, and

V), are formed as shown in figure 9. Vector V., is formed by the base point ( Pﬁ” ) and target point ( P; ).

Vector V,,is formed by the base point with a point P; , where it is defined as:

P;=(F,,.P,,.P}y) (30)

21 a

Figure 9: Schematic diagram to show the relation between base point, target point and centre point in 3D space.

The diagram includes the vectors as well as their directions.

Value 6 represents the epicardium’s fiber angle, where its range is defined as 0 < 6 < /2. The
value is calculated via:

G:aBA‘c.%
a7

€1V

The methodologies to obtain values of the fiber angle around epicardium have been discussed in
detail in [10] and [20]. All P; points in set P’ have a 0 value within a specified range, 6, + o (see Step
(v)): 0.=60° and 0=15° [7][10]. A@ is introduced as:

AG=10-6. (32)

where A6 is needed to perform step (vi).

2.4.2 Fiber Path
The rule in step (vi) also take into consideration the fiber’s direction. The vectors V,and V, are formed
as shown in figure 9. C” is a centre point where the value of its z dimension is the same as Pﬁ" . Both

the x and y dimensions for C* have the value of 32. This is because model M is at the centre of 64 x 64
x 64 experimental space (see Section 2.2.2). Since the epicardium points from model M are formed
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from the contours (see Section 2.2.2), we assume that C" is the centre points for a ring formed by those

points from model M which have the same z dimension value as point PﬁO . So, the vector V. is the

vector formed by points C* and Pﬁo while Vector V,, is formed by the centre point with points P;
(Equation (30)).

When |Vl and y are small, curve Pﬁ” P; = line Pﬁ” P; (see Figure 9). Hence, the curvature of
epicardium will still be maintained during the fiber formation.

Note that
RA =VxV, (33)

where 11 is the vector unit for the normal vector from the plane where vectors V,, and V. lie on (see
Figure 10). The direction of vector V, needs to be always clockwise so that all the constructed fiber
paths are in the same direction. To satisfy this criterion, we make an assumption that fibers tend to lie
in planes parallel to the epicardium and approach a longitudinal orientation on the ventricular surfaces
[30].

However, there is a possibility that a point from P* ,while conforming to the above fiber angle
rule, will have a direction of vector V, which is on the other side (see vector V’r in Figure 10).

*
Figure 10: Schematic diagram to show the existence of P' o With its related vector and direction.

Let

R'fi =V.xV, (34)

Here, we introduce R (in Equation (33)) and R'(in Equation (34)) as constant variables. R R'<0
is always true.

Let R, and R,.; be the values of R calculated during the current cycle (r) and the previous cycle (-

1) respectively. So, our rule is to choose a point, P; which maintains the condition:
RR._, >0 (35)

for 0 < r < r where 7 is the total number of fiber registration cycles.
2.5 Refinement of Fiber Representation Model

Every pair of consecutive fiber points in each fiber has varying gaps between each other. Some of the
large gaps may cause inaccuracy during cardiac simulation. Hence, we need to ensure that the gap for
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each pair of consecutive points is limited to a reasonable distance. For the pair of consecutive fiber
point that exceed the allowed distance, Fiber-Point Interpolation will be applied to generate additional
points in order to refine the fiber model (see Figure 11a).

In addition, when the gap between two adjacent fibers is huge, a new fiber set may need to be
constructed (see Figure 11b). On the other hand, a fiber set will be removed if the fibers are too close
to each other (see Figure 11b). We apply Fiber-Based Least Mean Square (LMS) analysis (section
2.5.2) on all pairs of adjacent constructed fiber sets. The LMS value of two adjacent fibers set is used
to identify whether the two fibers are too far or too close from each other. Section 2.5.2 outlines the
implemented algorithm.

2.5.1 Fiber-Point Interpolation
Let the maximum allowed distance be Ad,,,,. For the pair of two adjacent fiber point ( ,Onf1 , ,0"’: )

where its gap exceeds Ad,,.,, a new point, denoted as pjf . , is inserted between them. Note that pr‘Z and

,Ori 41 for 1 <m < uyare continuous points from a fiber point list referred to a specified fiber set, f. ,Ojf

is interpolated linearly as

1
Pla= 5 Pra Piad) (36)

for d=1,2,3.

The interpolation stated above is repeated again if the gap between the fiber points and the newly
interpolated point are still larger than Ad,,,, A similar mechanism will be applied to all set of fiber set,
where 1<f<S.

2.5.2 Fiber-Based Least Mean Square analysis

Denote that Fiber-Based Least Mean Square (FB-LMS) value for 2 adjacent fibers i, j , where 1<i<j< S
is @’ .

Let = max (lui’ luj)
Let h=i , 1= max(u;, 1)

=j = max(u;, w)
Let k :j s U= max(,u,-, /IJ)

=i, u=max(u, i)
Thus,

k n P
Afmn = (lom,d - IOn,d) (37)

Let en=4a (38)

where A =min(AS, )
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Hi 3 >
(pﬂl,d Fe, d )
m

wtj — ,um:l d:l (39)
- ko on P
; dZ:; (Iom,d pem ,d )

where 1<m< y;, 1<n< .

We interpolate a new set of fiber, denoted as F, using the Cubic Hermite function mentioned in
section 2.3 (Equation (13)). The fulcra points are obtained from the two adjacent fiber set, F; and F;
(see Figure 11b).

Fiber set New interpolated Interpolated fiber set F,

fiber set Fiber set 2 y
Fiber set 3\ / Fiber set 1 Fiber set FL_\_h

Fiber set F;

Pair of
consecutive

fiber points

Distance exceed

-&- dmax

() (b) ©

Figure 11: (a) The distance between a pair of consecutive fiber points exceeds Ad,,,, and the Fiber-Point
Interpolation mechanism is executed to generate additional points (red) between the adjacent points. (b) A new
interpolated fiber set (red) is inserted between fiber set 2 and 3. Fiber set 1 will be removed as it is considered too

close to fiber set 2. (c) The fulcra points to interpolate fiber set F, (green) are based on fiber sets F;and F;.

2.6 Fluid Marker Generation

Fluid marker is a set of fibers which do not contribute any force into the fluid experimental space
during cardiac simulation. However, their movement will be influenced by the surrounding fluid.
Hence, the dynamic for the fluid marker can be used to analyze the blood movement inside the LV
chamber. For this reason, the geometry representation of the fluid marker needs to conform in terms of
physical location within our fiber model. Specifically, the fluid marker geometry needs to be generated
in such a way that they are inside the left ventricle chamber. Figure 12 shows the layout of the fluid
marker as well as its relationship within the LV. The fluid markers are generated at multiple horizontal
layers where each layer consists of multiple rings. The reason the fluid markers are generated with
multiples layers and rings in the LV is to analyze the fluid dynamics at different locations within the
LV chamber (Figure 12). The outermost ring in each layer is used to observe the fluid mechanics near
the endocardium. The lowest layer horizontal marker is acquired to analyze the fluid dynamic near the
heart’s apex.
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Figure 12: The layout of the fluid marker and its relationship within the LV. The difference between the horizontal

layers of fluid markers and rings of fluid markers is clearly shown.

2.6.1 The Fluid Marker Generation Algorithm

Here we denote the fluid marker model as W, where W= { Wy ;, Wi co. s Wop s ooy Wosgpisy W
}. o is the index for ring markers on a horizontal layer markers while f is the index for the horizontal
layers itself. a* and £* hold the total number of ring markers and horizontal layers respectively.

The smallest value of o represents the markers near the epicardium wall while the larger values of
o are the markers found near the centre of the LV cavity. For f, a larger value of f represents the
marker near the LV’s base while the smaller value represents markers near the apex. Figure 12

visualizes the methodology to index fluid markers. So, the 3D marker points are denoted as bZﬁ

where
W= { b? ) (39)

for 1< m < y,p. 74 refers to the total number of marker points in a specific set W, 5. The o and f

used in notation b:fﬂ show the point b,, is belonged to the set W, 4.

The algorithm for fluid marker model construction is given below: Let

Ar = max (,0;;’3)— min (p,fm) (40)

Ismsu, Ismspu,

for 1I<f<S . Then, let

ez p=Arln (41)
where / is the gap distance between two adjacent horizontal marker layers. Hence, we define
L = min |p/,)+nd 42
n 1<m<p, (Iom,3 ) ( )

for 1 <n<p and 1<f<S.
Let

Tzf,d = prjr:,d (43)
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for

A A
Ln_ESpri,3<Ln+E (44)

where d=1,2,3 , 1<m <y, ,1 <f<S§ and 1//=1,2,...,1///;*. y//;*is the number of total points obtained from
,Orj; 4 for a specified range defined by equation (44).

Define the centre points for each T,f o 1sn<y;as C # where
Cl=(min(T0) +max(TP )Y 12 (45)

for d=1,2,3. After all, the marker points are generated using the following equation:

(@ +1-a 2 +acy

g
by =

- 46
a +1 “0)

ford=1,23,1<n<yy ,1<a<a and 1<B<f"

Some pairs of adjacent marker points from set W, ; are removed as their distance are too close to
each other. Hence, the original number of total point obtained by W,z is reduced from t///;* 10 Yo p-

2.7 Cardiac Dynamic Simulation

We implement the cardiac simulation mechanism using Immersed Boundary (IB) method. At each
time step, the fibers update its force value to reflect the activity of the boundary (e.g. generated fibers’
forces from the contraction of heart muscles). The forces then exert into the fluid (e.g. blood). Overall
velocities in the fluid space will then be calculated. Based on [28], we assume that in a fiber-fluid
heart model, the fluid is Newtonian and incompressible, and the fibers are massless and neutrally
buoyant. Finally, the velocities from the fluid will then update the fiber points’ velocity and the fiber
points are moved to a new location. The following section explains in details for these steps in detail.

2.7.1 Geometry Representation

In the IB Method, the boundaries are represented by lists of fibre points in Lagrangian description,
denoted as X 4(f) = X,(f) where i represents the fiber entity index and d represent the dimension fields.
t represents the fiber points location at a specified time step.

Our fiber model (see Equation (28) and (29)) is also represented in Lagrangian description. Thus,
we imply that the location of fiber point from set f at time ¢ is X ,,(#) where X, 4(t) = X;,,(?) = p:n and
1<m<u;. i represents a fiber set entity.

Fluid surrounding the boundaries is represented by a 3D rectangular cubic lattice with the width of

the mesh set as 4, and is described in Eulerian description. Let x = {x;,} where j, [, h represent the
fluid grid index.

2.7.2 Fiber Force Generation

We specify the elastic properties of the immersed boundaries with an energy function. This function is
created for each entity of fiber (F, see Equation (29)). The elastic forces that act on the IB points are
calculated from the derivatives of the energy function [23]. The elastic energy of each fiber entity is
the sum of three energies produced from each pair of consecutive fiber points: the stretching energy act
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as Hooke’s Law Springs denoted as Eg the bending energy, denoted as Eg and the tether energy. But, in
our case, we desert the usage of tether energy.

The E for the system at time ¢ for all fiber entities is obtained from the formula below:

s
E(X,0)=> E(X,,) 47)
i=1
for 1< m < y;, where
N-§ N-8 N
Ei(Xi,,ui) = ZES (Xi,q’ Xi,q+l) + Z EB(Xi,q—l’ Xi,q’ Xi,q+l) + ZET(XM) (48)
q=1 q=1+0 q=1

for 0=0 if the fiber connecting X, ; with X; y and J=1 otherwise; and

sz(z)‘ - Rz)z 49)

pll)

1
Eg(X 100X o) = B Si (‘X

where elastic link / connects immersed boundary points with indices p/(I) and p2(l) and X, and X5
is their coordinates. R;is the default rest length and S, denotes the stiffness coefficient; and

1 A
Ey(X,. X, X,)=_S,lz0(X, -X,)x(X, -X,)~CF (50)

where X, and X, are joined by an elastic link, as are points X, and X,. Spis the bending stiffness, Cis a
specified ‘curvature’.

Thus, note that the forces generated by a specified fiber point as F;,, and it is calculated from the
derivative of the elastic energy E(X,¢) with respect to the coordinates in X;,, as shown below:

_9E(X,1)

51
X (5D

F,  (X)=

im

The minus sign is chosen to drive the system towards a minimum of the energy scenario. Observe
that the constants such as S;, R;, Szpand C need to be specified and the details on how to is also
provided in [23].

2.7.3 Spread Fiber Forces onto Fluid Lattice

The IB points do not coincide with the grid points from the rectangular fluid lattices. The generated
fiber forces need to be exerted onto the rectangular cubic fluid lattice. Hence, a mean of
communicating information between these two sets of points is required. This is performed via a Dirac
delta function, where it’s defined as:

5,(X) = h‘3H¢(%"j (52)

where x, is the dimension component of X. The J-function will produce O for the grid points on fluid
lattice which are located more than 24 surrounding from X. The details on the construction of @(7)

are given in [13,14].
2.7.4 Fluid Velocity Calculation
The fluid force density, denoted as f” is given by:
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N
=Y F L (X)8,x-X],) (53)

i=l m=1

The fluid force density is evaluated at each of the IB point’s location in each time step. The ‘n’
notation states the time step, instead of using ¢. The velocity of each fluid cell is then calculated from
these local forces by solving the Navier-Stokes equations:

p(%—l;+u°Vuj:—Vp+nV2u+f and Veu=0 (54)

where p , # and p represent the fluid density, viscosity and pressure respectively. The equations are
solved using numerical method introduced by Chorin [1, 2]. The equations are discretized on a cubic
lattice of mesh width 4 and solved using finite-difference method.

Note that the fluid's velocity and the fiber configuration at time step n are given as (X", u"). The

equations can be solved simultaneously for the unknowns (u"*’, p"*’), as illustrated below:

n+l _ oon 3 3
p(—u A = +Zu;’,D§u"j =-D’p""' +n)_DiDu"" + f" and D’ ou"" =0 (55)
1 a=1

a=1

The formation of D*and uZD; which analogous to V, are stated clearly in [13,14].

2.7.5 Interpolate Velocity to Fiber Points

Finally, the fiber’s velocity is updated based on its surrounding fluid's velocity using the smooth Dirac
delta function again. The fibers are moved to a new position, based on their velocities. The formulas
below illustrate this step: Let

S M
U, => > u"x)8,x-X/) (56)
i=1 m=l1
Then,
XMm=X" +AU;, (57)

Once this has been performed, a time step is considered complete.
3. Visualization and Results
3.1 Visualization Environment and Programs

We have developed a series of visualization programs, which translate sets of numerical simulated
results into 3D objects. They are equipped with interactive computer graphics features, whereby a user
is able to toggle appearance of fiber in our heart model in real time. We can also interactively change
our point of view and magnify any region of interest Furthermore these programs allow the users to
rearrange the simulated data sets and display them in a frame by frame manner in order to produce an
animated effect. The programs allow the users stop at a certain frame that they interested. Moreover,
the programs are implemented to be generic enough to enable the display of our fluid markers model.

Besides, the programs are used to view and verify the cardiac fiber model in preparing stage before
proceeding with the actual cardiac simulation.
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However, the functionality of the visualization programs is not just limited to displaying the
simulated results. It is also used to visualize the simulation processes of our algorithm. For example:
we have implemented a program to visualize the fiber reconstruction process. The program is
developed in such a way that it is able to display the constructed fibers during the fiber construction
process. In other words, we are able to verify the constructed fiber result in real time before the
program completed. This significant advantage allows observation and modification of rules and
simulation parameters setting via visualization. Early detection of faulty design has apparently saved
us a lot of valuable computational time and cost.

We leverage the implementation of our programs on OpenGL technologies which include
OpenGL Utility Toolkit (GLUT) 3.6. C programming language has been used to develop these
programs. They are compiled into several executable programs which able to run in different OS
platforms such as Window XP, Linux Red Hat 9.0 and Irix 6.5.13. Most of our programs are
implemented on a SGI workstation (2.4 MHZ Processor speed, 2GB of memory space) because of its
well-known performance in real time graphics visualization tasks.

(@) (b)

() (e)

Figure 13: (a) and (b) show the vertical interpolation results which captured from different points of view, (c)
shows the horizontal interpolation is being executed, (d) shows the complete output after both horizontal and

vertical interpolation procedures have been completed.
3.2 Simulation Results

3.2.1 Vertical and Horizontal Interpolation

Figure 13 shows the heart model after Cubic Hermite Interpolation (see Section 2.3.1 and Section
2.3.2). We set 4=0.15 and #=0.10. Red colour points show the control points for the vertical
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interpolation. The vertical interpolated points are in blue colour, which are used as the key points for
horizontal interpolation. The horizontal interpolated points are in white colour.

3.2.2 Rule-Based Fiber Reconstruction

From the interpolated point obtained (Figure 13d), we proceed to construct the left ventricle fiber
model based on the rules described in section 2.4.1. Figure 14 shows the results of constructing 1,200
fibers (yellow path) which contain 584,589 registered fiber points. The model points are represented in
red colour while the yellow colour refers to the registered fiber points. The system consumed around
21 CPU hours in order to produce a complete fiber model (Figure 14b and 14c¢),

(b) ©

Figure 14: (a) The result from the simulation of the rule-based fiber reconstruction process. (b) The result of the

fiber model with model control points. (c) Fiber model without the model points.

3.2.3 Refinement of the Fiber Model

Figure 15(a), 15(b) and 15(c) show the results of fiber model constructed after the refinement
processes (see Section 2.5). The model is captured from different point of view. Figure 15(d) and 15(e)
show the fiber model with some of the fibers hided in order to view into the inside of the heart
chamber.

3.2.4 Fluid Markers

We apply a =5 and "= 15 in order to generate all the fluid marker points (see Equation (46)). Figure
16 shows the generated marker point model. Figure 16(a) and 16(b) show the full set of fluid markers
in different perspective views where all the ring markers on each horizontal layer are displayed. Figure
16(c) depicts the marker points for rings number 2 and 3 from all horizontal layers. Figure 16(d)
illustrates the ring markers number 4 and 5. Figure 16(e) is the outermost layer of ring markers (near to
epicardium wall), where a=1 (see Figure 12).

3.2.5 Cardiac Fiber and Blood Simulation Result

Each of the fiber point contains parameters which are needed for IB Method simulation. The
parameters are default rest length (R,, see Equation (49)) for each consecutive fiber points and stiffness
coefficient (S, Sp, see Equation (49) and (50)). Basically, the stiffness value is determined by the
cardiac cell material properties. The contraction factor is also applied. High contraction factor implies
larger force produced by the fiber point during its contraction phase and vice versa.
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b) (©)
(d (e)

Figure 15: Fiber model is constructed by 1,038 fibers with the total of 371,658 fiber points after the refinement
processes.

Figure 16: The result of generated markers points from our fluid markers generation mechanism.

We simulate the heart dynamic at early of systolic stage. We assigned our fiber contraction
mechanism in such a way that the contraction move sequentially from the apex to the base. The
contraction factor at the apex is assigned to be greater than the factor around the base. Furthermore, we
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assume that the materials properties of the fibers cell from the LV epicardium layer are all identical.
Thus, we apply a unique stiffness values for all the fiber points. A fiber model with 1,038 fibers and
371,658 fiber points incorporated with their correspondent parameters (R;, S;, Sp) are provided as input
for the cardiac simulation. The simulation consumed about 11 CPU hours to complete a total of 1024
time steps simulation.

After a predefined number of time-steps, simulated numerical results for the fiber model and fluid
marker points are dumped to an output file. The results are fed into our visualization programs for
cardiac and blood dynamic analysis purpose (see Figure 17 to 20).

We generate the output data for every 8 time step as a frame in order to obtain 128 frames in total.
Figure 12(a) to 12(j) show the dynamics of the LV cardiac fiber from the early ejection stage.

A series of outermost (a=5) ring markers from each horizontal layers pictures are shown in
Figures 18(a) to (j). The fluid markers simulated results are mapped (in term of physical time) with the
cardiac fiber movement shown in figure 17.

(a) (®) © (d
© ® (€3] (6]
® )

Figure 17: The result of simulated LV cardiac muscle dynamic start from early ejection. From (a) to (j), each

frame represents the mechanics of simulated cardiac muscle at different physical time. Starting from 0.05ms for
(a) and a snapshot after every 0.05ms, (b) to (j). (j) shows the fiber dynamic at 0.5ms.
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© ® (€3] ()
® 0

Figure 18: The results of simulated LV blood flow start from early ejection at the same physical time as mapped

in figure 17. Only the ring markers nearest to the epicardium were shown in order to display the dynamic of the
blood flow in LV chamber.

By turning on only the innermost ring of fluid markers (a=1) on all horizontal layers, the blood
flow mechanics at the centre of LV cavity (see Figure 20(a)) are captured. Besides, by turning on only
certain horizontal layers of fluid markers (1<f<5), blood flow around the apex can be captured (see
Figure 20(d)) as well. In addition, by manipulating the appearance of ring markers and horizontal layer
of fluid markers, the blood flow mechanics at different location in LV chamber can be visualized (see
Figure 20(b) to (d)). Apparently, we are able to study a patient’s specific blood flow using these
results.

3.2.6 Cardiac Simulation Analysis

The dynamics of cardiac fibers at different stages and physical time are studied. We observed that the
cardiac fibers demonstrate a twisted effect during the contraction stage (see Figure 12(f)) where these
effects have been observed via clinical research [5].

Figure 19(a) and 19(b) show the mechanics of the blood flow together with its fiber mechanics in
LV chamber at 0.5ms simulation time. These results are used as the control set. We compare the
mechanics of the blood flow between the positions nearest to the LV wall with the different area
within the LV chamber. In this case, the second and forth ring markers from all horizontal layers were
shown (see Figure 20(b) and 20(d)). We observed that there is not much movement of blood at the
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middle of the LV chamber while the blood flow near the LV apex and the LV wall has a high

expulsion.
(@ (b)

Figure 19: The mechanics of blood flow nearest to the LV wall together with the cardiac fiber dynamic at the time
at 0.5ms.

(@) (b)
(c) (d)

Figure 20: (a) shows the innermost ring fluid markers from each of the horizontal layers at 0.5ms, (b) and (c)

show 2" and 4™ layer of ring fluid markers from each of the horizontal at 0.5ms respectively, (d) shows several

selected horizontal layer (outermost ring) of fluid markers which are located near the apex of LV chamber.

4. Discussion and Future Work

Our work described procedures and methods which are fairly important in constructing a virtual
human heart by using a non-invasive approach. Prior to MR images for 3D model reconstruction, it
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was impossible to acquire a very detailed cardiac function maps of the human heart. According to
Hunter et al [6], the material properties of the heart fiber are another major factor to be considered in
order to construct an accurate heart model. However, the method using rule based mechanism in
constructing the fiber orientation is only as good as the data and rules it is based on. We consider the
method as a feasible way because we will able to obtain a high quality of model as long as the quality
of the derived rules is maintained.

Techniques such as using MR diffusion image in obtaining fiber orientation have been
investigated in [25][31]. These techniques helps in obtaining the fiber orientation that is more precise,
and as such maps better to the actual situation of a patient-specific heart.

Nevertheless, due to the huge computational power needed and large memory required as well as
cost and time complexity, we concentrate only on the developpment of the LV model. A more accurate
model can be obtained by enhancing the fiber structures from epicardium to endocardium. Our long
term goal is able to construct a virtual patient-specified heart in real time, when there are significant
advances in computer power, algorithm design and interactive graphics.

The heart valves will also be incorporated into the model as it contributes significantly in
obtaining a realistic virtual heart model. The fiber orientation of further tissue types and the electrical
cardiac excitation propagation will be identified and assigned in fiber parameters to obtain more
accurate cardiac simulation results.

5. Conclusion

We had presented a methodology to develop a patient-specific virtual human heart by using a non-
invasive approach. We believe that this is the first attempt in human heart modelling that incorporates
rule based fiber reconstruction mechanism with Immersed Boundary Method. The initial simulation
results are promising. This virtual model of the heart will be useful for the study of cardiovascular
physiology such as hypertension and myocardial ischemia. It will also be a tool for determining the
cause and prevention of heart attacks.

APPENDIX A

Here, we further explain on the algorithm for sorting the horizontal fulcra points into a ‘ring’ manner
(as shown in Figure 8b).

Let £(€£=€,, d=1,2,3) as a centre point by considering all the key points that belonged to a
specified set, H, . Note that W, represents W, ,, when for a specified ¢ and A.

Thus, the value of £ is obtained via:

£ =| max (W )+ mm( mx)

Ism<M, <m<M
and
g, = max (W, )+ min ( ) |12 (A1)
y 1<ms<M, , 1I<m<M Y

where x=1 and y=2.
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Let Aw, as the difference of z dimension between 2 adjacent key points in set H,;, . Thus, Aw, is
given as

Aw, =W - W, (A2)
for1I<n<M,,-1.
Since Aw, = Aw, = ... = AWMM_1 , let
Ml,h
fo.
€. " (A3)

Define W*mE W*m,d, as an affine set of W, where only the z dimension value of all the points in set
W’ are assigned with € .

Let b as the vector formed by the points € and W', while t,, is the vector formed by the point &
and W*m for 1 <m < M,,;. Denote Q,,, where 0<Q,<2m, represents the angle formed between vector b
and t,,. Thus, a list of angle values will be obtained by applying:

Q, =0 cos!| 22t (A4)
bt
for 1<m <M, where
Q(x) =27 —xV(bxt,)<0 (AS)

So, the index of the points in W,,is arranged in such a way that their correspondent £, values are
sorted in acceding order. We will finally obtain an ‘ring’ arranged of W points, which the points

sequence in the specified H,, set is mapped between {W, W, . W, ,—l’WM } and

t.h

Q<Q,<.<Q, <Q,  respectively.
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