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Abstract

Polygonal approximation (PA) techniques have been widely applied in the
field of pattern recognition, classification, shape analysis, identification, 3D
reconstruction, medical imaging, digital cartography, and geographical infor-
mation system. In this paper, we focus on some of the key techniques used
in implementing the PA algorithms. The PA can be broadly divided into
three main category, dominant point detection, threshold error method with
minimum number of break points and break points approximation by error
minimization. Of the above three methods, there has been always a tradeoff
between the three classes and optimality, specifically the optimal algorithm
works in a computation intensive way with a complexity ranges from O (N2)
to O (N3).The heuristic methods approximate the curve in a speedy way,
however they lack in the optimality but have linear time complexity. Here
a comprehensive review on major PA techniques for digital planar curve
approximation is presented.
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1 Introduction

The computationally resource intensive activity such as storing, processing
and visualizing large and noisy object have been a challenge for many
decades. Representing the high density image in the form of 2D contour
shape reduces time and space in object recognition. Shape is a significant
inherent property of any object. Here the contour lines along with points acts
as an object identification criteria and its points are expressed as, {x(n), y(n)},
n = 0, 1, 2, 3,. . . , N − 1, where N is the total number of contour points.
Consequently the total number of points can still be reduced without distort-
ing the original shape by approximating the digital curves using polygonal
approximation (PA). People identify objects based on their shape due to the
fact that it has been used or seen in their day to day life. However when it
comes to the machine recognition of the shape the image plays a critical role
on how it is presented to the system in 2D or 3D images. Aside for quick
identification, 2D images are very important as it can be easily recognized
based on the outline of the objects. Hence shape recognition is the foremost
feature of any object identification. One of the key steps in image analysis is
the approximating digital curves using polygon. PA is also utilized in contour
feature extraction and segmentation that can be applied in object detection
and recognition. It reduces the resources and represents the image objects in a
much robust manner. Digital images play a critical role in relatively all areas
of engineering and sciences. Specifically, in the field of object recognition,
multimedia, machine vision, shape representation, vector data compression,
digital cartography and classification.

Polygonal approximation is a classic problem in the field of pattern
recognition and digital image processing. Attneave [4] pioneered the idea
that object contour information is concentrated at the corners or at high
curvature points of that object. Much of the effort and several techniques
have been produced to cover this area of research since then. However, these
approximation techniques have varied accuracy and time complexity. The
major objective of this field of work is to find better and novel solutions
to represent, store and recognize the image data without compromising on
the object shape information. The effectiveness of extracting the distinctive
features from the digital image pattern is the key starting point in object
simplification. The major features of a contour image include vertices, edges
and boundaries. Vertices or corners are the significant points where two
relatively straight line segments intersect. Finding the corners points is the
first step in any approximation technique. Next, the dominant corners points
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are detected and thereby subsequently reducing the less-significant corners.
Finally, the dominant points alone are joined and the objects are approximated
with some error values. The prime criteria of PA include faster execution with
near to the minimal memory usage.

PA algorithms are extremely useful in wide range of applications because
of its compactness and its insensitiveness towards noise. These features of PA
made it to have many applications which includes understanding shapes [4],
digital cartography [12] biological signal processing [44], image match-
ing [19] image analysis [28] path planning with curvilinear obstacles [20].

In this paper, a comparison of different techniques for PA is presented.
Section 2 describes the problem and Section 3 gives the importance of
freeman chain code in gathering the breakpoints of a digital planar curve.
Section 4 comprises of the detailed classification of different PA techniques
which has the Subsections 4.1, 4.2 and 4.3. The Subsection 4.1, 4.2 and
4.3 present the brief review of heuristic algorithms, metaheuristic algorithms
and optimal algorithms. Section 5 narrates the standard measures useful in
comparing the efficiency of the different PA algorithms. Section 6 concludes
the paper.

2 Problem Definition

The problem of PA may be formulated by an ordered collection of points that
indicates a digital curve, C with ‘ n ‘curve points. It is denoted by C = {p1,
p2. . . pn}.

The aim of PA is to detect the subset of points in the curve as S = {s1,
s2,. . . ,sm}, where m ≤ n, m denotes the number of points in S whereas n
denotes the number of curve points in the digital curve, C which means
the curve S is a subset of the curve C. Here, the m points are arranged
in clockwise/counter clockwise direction that configures a set of m line
segments which preserves the key features of curve C. These set of points
constitute the line segments so that the polygon thus constructed describes
the native shape with minimal distortion. The accuracy of approximation is
given by the error values. In the literature, Masood [25, 26] handles the PA
problem by removing the initial point of redundant points in a digital curve
using Freeman chain code.

Breakpoint of a digital curve is a point on its image boundary where the
curve takes turn at the point. Alternatively, A point on a curve is considered to
be a breakpoint when the chain code [15] (Figure 1) of two consecutive points
differ. The breakpoints which are prominent points determine the shape of a
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Figure 1 Eight directional Freeman chain code.

 
Figure 2a A closed digital curve exhibiting the shape of a chromosome indicating the
dominant points.

curve. In further processing some of the breakpoints can be eliminated using
some criterion and the resultant set of breakpoints are called dominant points
or significant points which are the prime factors in determining the shape of
an object.

In general, all the breakpoints are considered as the candidates points
for vertices of a polygon approximating a digital curve. For approximating a
digital curve, some of the breakpoints are considered to be redundant break
points based on the noisy nature due to digitization of the original contour.
Such redundant breakpoints may be discarded preserving the most prominent
breakpoints on performing the polygonal approximation. By performing the
PA, the computation time in applications such as computer vision can be dras-
tically reduced by the collection of candidate breakpoints and by discarding
the redundant breakpoints focusing only on the most prominent breakpoints.
Different techniques are used in discarding the less significant or redundant
breakpoints.

The Figure 2a shows the closed digital curve forming the shape of a chro-
mosome and is approximated by subsets of line segments which are formed
by m consecutive breakpoints {p1, p2. . . pm} indicated with solid circle.
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Figure 2b Chain code for chromosome.

3 Freeman Chain Code

The chain code (Figure 1) identifies the breakpoints from the digital planar
curve by joining series of straight line segments of specified length and
direction. Assuming the total number of contour points as n, and the array CC
where CC (n) = 0,1,2,3. . . 7 which contains the chain code of the contour. It
assigns an integer value CCi ranging from 0 to 7 to each curve point pi based
on the direction of the consecutive point. The Figure 1 illustrates the chain
code value based on Freeman’s method for all the possible directions [15].

Among the curve points of the digital curve, only the break points are
selected which identifies boundary turn. It means that the chain code of two
consecutive points CCi and CCi+1 differ. The highlight of this algorithm is
that it produces absolutely zero approximation error. After using the chain
code as given in Figure 1, the identified set of break points for the chromo-
some shape can be seen in Figure 2a. The Figure 2b gives the chain code
generated for the chromosome shape of Figure 2a. From Figure 2b we can
understand how the chain code can be generated based on Freeman’s method.

4 Classification of Polygonal Approximation Algorithms

The various approximation methods can be classified as heuristic, meta-
heuristic, and optimal algorithms [1]. The Figure 3 represents a variety of
contours that is approximated using some PA algorithm. Figure 3 gives the
examples of contours like apple, semicircle shaped curve, leaf shaped curve
and chromosome shaped curve after approximated using PA algorithms.
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Figure 3 Illustrations of polygonal approximations on various contours.

Many researchers have tested PA algorithms on various contours in MPEG
dataset [53].

4.1 Heuristic Algorithms

Non-optimal polygonal approximations can be produced by heuristic algo-
rithms. The computational costs of heuristic algorithms are comparatively
low compared to other algorithms.

Heuristic algorithms generally follow a greedy approach which may be
further categorized into the following approaches namely: sequential scan
approach [35], split approach [12, 33, 43] merge approach [15, 24–26] [and
split-and-merge approach [17, 29, 34, 48].

Classical methods were developed to solve the PA problem during the
1970s, when Ramer [33] proposed a split-based approach that seeks a PA of
the digital curve by an iterative technique with minimum number of vertices,
based on a single preset error constraint. However, the limitation with this
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algorithm is that the final outcome is related to the initial solution, which
means even an insignificant vertex that does not corresponds to an expected
vertex may be mistakenly included in the final solution.

Ramer’s work has been further carried on which uses the split-and-merge
approach [29]. It utilizes the vertical distance as the criterion function. In
this, the initial segmentation is performed randomly and the approximation
is based on initial line segments of the boundary points with least square
error. Finally, the split- and- merge occurs for large and small segments
respectively. Hence this becomes a scale dependent and may miss some key
vertices and it is less sensitive to orientation. Gaussian smoothing is used
to discover the cardinal curvature points that ultimately influences the time
complexity [3]. A very recent algorithm [14] based on the modification of
the Ramer, Douglas–Peucker method [12] is a split based scale-independent
algorithm. It subdivides a digital curve into its most perceptually important
straight line segments. This method overcomes the general drawbacks of RDP
method wherein it is influenced by the preset error with the avoidance of
contour symmetry.

Duda and Hart [13] method is a threshold based splitting method that
starts by finding the initial and terminal point of the line segment, next it
searches for the greatest departure point from the straight line by joining both
ends. Then the departure point which is considered as an anchor point for the
line segment is compared to that threshold value. These steps are iterated such
that the data points are well fitted by the line segments. The adjacent break-
points are joined to obtain the polygon. However this technique requires
multiple passes through the data. Ray and Ray [34] split-and-merge technique
is insensitive to scales and orientations, which has no effect on the curve. Due
to its simplicity, it is found that the time complexity is less than the algorithm
proposed by Ansari and Delp [3]. Above all, this technique is more reliable
even in the presence of noise.

Masood’s method [26] starts with the grouping of the breakpoints with
the least number of line segments such that every pixel of the digital curve
on the line segment is viewed to be the starting set of dominant points. At
that point, the algorithm continues recursively with suppressing each one of
the break point at a time so that deleting the point will have only a minimum
effect in its immediate neighborhood as well as optimizing the areas of the
dominant points for least precision score. This method implies reliability and
thus improves the global fit for optimization and known for precision however
reliability is questionable as it is sensitive to digitalization [26]. Since this
method starts with the maximum possible group of dominant points. The
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dominant points are deleted based on a termination criterion. Similar to
Masood’s method, Carmona’s technique [8] also starts with the sequence
of break points with the initial set of dominant points. It further iteratively
removes the dominant points which have the least influence on the global fit
of the line segments. The major focus is on the reliability than on precision
in comparison to Masood’s method. It is very clear from the results that this
method has a tendency to be relaxed in the maximum allowable variation for
the whole curve. The comparison values of the results are shown in Tables 1
and 2 for some of the above approach which are mentioned here along with
their pseudo code,

Algorithm 1 Pseudocode of RDP algorithm
Function DominantPoints = RDP(PList[ ], Dthreshold) // Dthreshold − threshold
{
DominantPoints=NULL;
Form a line segment using initial point and final point in the list.
//Calculate maximum deviation
Dmaximum = 0,index=0,last=length(PList);
for (i=2 to (last-1)

D=PerpendicularDistance(PList[i],Line(PList[1],PList[last]))
if (D>Dmaximum)
{
index=i; DMax=D;
}

//Deleting redundant points

if Dmaximum ≤ Dthreshold

DominantPoints={DominantPoints,P1,Pn}
else
{
DominantPoints={DominantPoints, RDPmax(P1,Pmaximum)}
DominantPoints={DominantPoints, RDPmax(Pmaximum,Pn)}
}

Delete the redundant points in DominantPoints
return(DominantPoints)
}

All the selected non-parametric dominant point detection methods pre-
sented since RDP algorithm deployment and a number of modification
effected on to the RDP are presented. Here the recent methods are compared
with RDP algorithm result based on the values obtained for different shapes.
In the RDP algorithm, initially a line segment is formed using the initial and
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final point in the list, then the maximum deviation is calculated. Next the
redundant points are deleted based on certain criteria.

Algorithm 2 Pseudocode of Masood’s reverse polygonization’s method
Global (PointList[ ])
Function M=Masood rev(dthreshold)
//find break points
compute break points and find their indices {Mbreak

n };
assign j=0;Mj = {Mbreak

n };end flag=‘0’
// calculating associated error value,AEV
do{

Assign N=the number of dominant points
FOR n=2 to (N-1)
call(AEV (n),Mopt(n)) =Calculate AEV(Mj ,n);

//Termination condition
compute dk;
if (max((dk)2) > dthreshold)
{
set end flag=‘1’
}

else
{
j=j+1;
Mj = Mopt(n′);
}

}while (end flag=‘0’)
return(Mj)
}
Function (AEV,Mopt)=compute AEV(M,n)
{
assign Mhigh = {M1,M2,. . . Mn−1};
Initialize p=1;
do
{
Mminimum = Mn−p−1;
Mmaximum = Mn−p+1;
compute Mopt(Mminimum,Mmaximum) where

∑Mmaximum
k=Mminimum

(dk)
2

if (Mopt = Mn−p)
{
set end flag opt=‘1’
}

else
{Mn+p = Mopt

p = p+ 1
Set end flag opt=‘0’
}
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Algorithm 2 Continued
while (end flag opt =’0’)
assign M low = {Mn+1,Mn+2, . . .MN};
Initialize p=1;
do
{
Mminimum = Mn+p;
Mmaximum = Mn+p+1;
compute Mopt(Mminimum,Mmaximum) where

∑Mmaximum
k=Mminimum

(dk)
2

if (Mopt = Mn+p)
{
set end flag opt=‘1’
}

else
{Mn+p = Mopt

p = p+ 1
set end flag opt=‘0’
}

while (end flag opt=‘0’)
find the value of associated error value,AEV
Mopt = Mhigh ∪M low = {M1,M2, . . .Mn−1,Mn+1 . . .MN}
return(AEV,Mopt)

Carmona et al.’s [7] approach is a very simple approach for approximating
polygon. In this method’s suppression of breakpoints are used to compute the
dominant points and in turn approximate the polygon.

Table 1 indicates the critical parameters to assess the different algorithms.
Starting from the number of dominant points, here the Figure of Merit, FOM
(defined by the ratio of compression ratio to integral square error) and CR
values is high when they have large values in contrast to the maximum devia-
tion, max (dm) and Integral Square Error, ISE, which has to be less in values
[36] Section 5 describes about the various parameters such as ISE,FOM ,CR
and their significance in evaluating the different PA algorithms.

In Table 1, the max (dm) score range is less for Masood’s [25] method as
compared to the RDP [12, 33] and Carmona et al. algorithm [8]. A similar
range is followed for ISE values also. The range variation is maintained in
the same order as above for FOM and CR as well.

The following Table 1 and Figure 4 shows the important PA approxima-
tion methods [11] for different shapes such as maple leaf, hammer, Africa,
tin opener and dog. The table 1 describes the number of dominant points( n),
number of pixels (m), maximum deviation (max(dm)), ISE, FOM and CR for
various shapes based on important approximation methods. For example, for
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Algorithm 3 Pseudocode of Carmona’s break point suppression method
Function DominantPoints=Carmona(PList[ ],ttd) //ttd–userdefined threshold
{
DominantPoints=NULL;
//Select initial dominant point
if x1 = xn,
{
Calculate the distance, dck for the consecutive points
k′ = arg(max(dck))
DominantPoints = {xk′ , xk′+1, . . . x1, x2, . . . . . . xk′}
}

//Delete the point whose distance from the straight line which connects the next point and
previous point that is less than the user defined threshold value, ttd
Initialize dtd = 0; j = 0; end flag=‘0’; //dtd – control parameter to control iteration
do{
mremoved

k = NULL; dtd = dtd + 0.5; j = j + 1; k = 1;
while (k 6= {the final point in DominantPoints})
{
calculate dck and mk

if (dck < dtd) //dck refers to the distance of the kth dominant point from the segment of
line joining neighboring dominant points
{
include mremoved

k in mk

remove xn from DominantPoints;
}
k = k + 1;
}

calculate dk and tj
check if tj < ttd, then end flag=‘1’
}

while (end flag=‘0’)
return (DominantPoints)
}

the maple leaf shaped curve of 424 pixels, when we apply the RDP [12, 33]
algorithm we get a maple leaf curve approximated with 35 dominant points
where the maximum deviation is found to be 1.98 with an integral square
error of 202.3 having 0.06 of FOM and CR as 12.11. Again Masood’s [25]
technique when applied on the same maple leaf shaped curve gave a approxi-
mated curve with 50 dominant points where the maximum deviation is found
to be 1.23 with 46.34 as ISE. The FOM and CR is found to be 0.18 and 8.48.
Similarly when the Carmona et al. algorithm [8] is applied we receive an
approximated curve with 20 dominant points with the maximum deviation as
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Table 1 Comparative analysis of different algorithms for various shapes
Number Number max

of of
Pixels Dominant

Shape Method (m) Points (n) (dm) ISE FOM CR
Maple Leaf RDP 424 35 1.98 202.3 0.06 12.11

Masood 424 50 1.23 46.34 0.18 8.48
Carmona et al. 424 20 4.06 847.89 0.03 21.2

Hammer RDP 388 13 1.65 92.94 0.32 29.85
Masood 388 15 1.46 38.35 0.67 25.87

Carmona et al. 388 10 2.32 177.4 0.22 38.8
Africa RDP 291 25 1.81 102.93 0.11 11.64

Masood 291 35 1.21 31.26 0.27 8.31
Carmona et al. 291 14 3.81 547.22 0.04 20.79

Tin opener RDP 278 24 1.83 127.99 0.09 11.58
Masood 278 34 1.4 40.37 0.2 8.18

Carmona et al. 278 22 2.28 214.6 0.06 12.64
Dog RDP 343 36 2 149.19 0.06 9.53

Masood 343 49 1.26 43.19 0.16 7.00
Carmona et al. 343 54 1.39 54.26 0.12 6.35

4.06 and the ISE is found to be 847.89. The FOM and CR is found to be 0.03
and 21.2 respectively.

Figure 4 shows the results of the maple leaf shaped curve. Similarly the
comparative analysis and results for other shapes for these three algorithms
can be understood from Table 1 and Figure 4.

In the Carmona et al. [7] approach at first, the break points us computed
where the boundary makes a turn is computed. If a breakpoint is found to be
redundant, then it is deleted, when it is found to be quasi-collinear points with
the predecessive and successive break points. To delete the redundant points,
a threshold distance is set and the threshold is increased until the deletion
criterion is satisfied. Based on the requirement of the end user, the threshold
value may be selected. The threshold value of 0.5 is considered for exact
contours with maximum dominant points. To attain less precise contours with
less dominant points, 0.7 is considered to be the threshold value.

The Table 2 shows the comparative results of Masood and Haq [24]
with Carmona et al. [8], which are similar in computational complexity. The
measure FOM2 is defined as the ratio between (CR)2 and ISE. Rosin [36]
proved that both the terms in the FOM such as compression ratio and integral
square error are unbalanced making the FOM measure to be biased towards
approximations for lower ISE values.
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RDP Masood Carmona et.al 
n=35 n=50 n=20 

 
 

n=13 n=15 n=10 

  
n=25 n=35 n=14 

 
 

n=24 n=34 n=22 

   
n=36 n=49 n=54 

Figure 4 Results of different shapes for significant approaches.
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In Table 2, the results for various shapes of the two different algorithms
has been given. The first column of the table lists the different contour shapes
considered and each row of the table corresponds to their relative values ndp,
Emax, CR, ISE, FOM and FOM2.

Carmona et al. [7] demonstrated that the measure of FOM2 gives a better
performance than the measure of FOM. In Carmona et al. [8] the Emax values
are greater than the Masood and Haq [24] The Masood’s technique [24],
results in approximations with larger number of dominant points because of
the low ISE values. For the threshold value, rt = 0.5, the FOM2 obtained by
Carmona et al. is better than Masood. In most of the cases, for the threshold
value, rt = 0.7 the FOM values of Carmona et al. were a notch less than
Masood’s algorithm. So with rt = 0.5, the Carmona et al. approach gives a
slightly better FOM2 measure than Masood’s approach.

4.2 Metaheuristic Algorithms

Metaheuristic algorithms are approaches that work on stochastic optimization
methods. A metaheuristic algorithm does not guarantee an optimal solution,
but it is capable of providing a good solution which is very closer to the
optimal results. Researchers have been applying nature inspire algorithms to
solve pattern recognition and image processing problem.

Metaheuristic algorithms include genetic algorithms [18, 46], tabu search
[49, 50] ant colony optimization [51], particle swarm optimization [47].
These methods have been successfully applied for the PA optimization prob-
lem. Ranking selection (RSM) was formulated for the PA of digital curves for
split-and-merge method. The RSM in genetic algorithm substantially reduce
the sensitivity of the traditional split-and-merge method to the initialization
solution.

Nature inspired algorithm [46] have been adopted increasingly to solve
the PA problem in recent years. The Meta heuristic algorithms utilized in
PA with the results are shown as tabular representation. The Tables 4 and
5 shows the comparative analysis of various meta heuristic algorithms like
bPSO [52], mPSO [45], GA [45] and iPSO for sample inputs. The Integer
Particle Swarm Optimization, iPSO [46] uses integer coding to provide a
direct solution representation as compared to other PSO. IPSO has been
shown to excellent results in terms of quality and computational speed. It
has produced better results compared to the Ant Colony Search method [51]
and GA-based method [46, 49].
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bPSO mPSO ga iPSO 

V=24;ISE=9.62 V=24;ISE=9.56 V=24;ISE=9.48 V=23;ISE=9.46 

   
V=21,ISE=9.11 V=20,ISE=9.57 V=20,ISE=9.68  V=20,ISE=9.20 

Figure 5 The sample input of leaf shape and semicircle shaped curve using meta heuristic
algorithms like bPSO [52], mPSO [45], GA [46] and iPSO [47].

Compared to the binary version of particle swarm optimization (bPSO),
the Integer Particle Swarm Optimization, iPSO [47] which uses the integer
coding gives a promising performance. Based on computational efficiency,
the iPSO results exhibit high performance for various shapes compared to
bPSO based approaches and the mPSO is also the binary version of PSO and
which is applied by a mutation operator.

The Figure 5 and Table 3 show the comparative results which highlights
that iPSO is superior to other approaches. The result in table shows the best
performances for the various methods on the different shapes.

The Figure 5 give the number of vertices and their ISE after approxima-
tion of the leaf shape and semicircle shaped curve for bPSO, mPSO, ga, iPSO
algorithms.

The error tolerance, the number of vertices after approximation, the ISE,
fidelity, efficiency and Merit values of the PA algorithms such as bPSO,
mPSO, ga, iPSO algorithms for the semicircle shaped curve and the leaf
shaped curve can be understood from the Table 3.
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Table 3 The error tolerance (ε), number of vertices in the polygon (V), ISE, fidelity and
merit between various meta heuristic algorithms like bPSO [52] mPSO [45], GA [46] and
iPSO [47] for semicircle & leaf shapes

Error No. of Vertices
Tolerance, in Polygon,

Shape Method ε V ISE Fidelity Efficiency Merit

Semicircle bPSO 10 21 9.11 87.6 94.8 91.1

mPSO 20 9.57 94.1 97.3 95.7

GA 20 9.68 93.1 96.7 94.9

iPSO 20 9.2 97.9 99.1 98.5

bPSO 60 10 50.45 77.1 95.1 85.7

mPSO 10 47.51 81.9 96.4 88.9

GA 10 45.39 87.8 97.3 91.3

iPSO 10 38.92 100 100 100

bPSO 150 7 112.25 82.9 94.2 88.4

mPSO 7 104.23 89.3 96.6 92.9

GA 6 145.52 96.5 99.4 97.9

iPSO 6 141.29 99.4 99.9 99.7

Leaf bPSO 10 24 9.62 89.8 95.3 92.5

mPSO 24 9.56 90.3 95.5 92.9

GA 24 9.48 91.2 95.8 93.5

iPSO 23 9.46 100 100 100

bPSO 60 13 57.65 83.4 93.8 88.4

mPSO 13 59.7 80.5 92.5 86.3

GA 13 54.8 87.8 95.7 91.6

iPSO 12 59.94 100 100 100

bPSO 150 10 142.08 73.6 85.2 79.2

mPSO 10 147.22 71 82.3 76.5

GA 9 149.09 89.5 90.3 89.9

iPSO 9 135.47 98.5 98.7 98.6

Shu-Chien Huang [41] proposed a new PA algorithm based on artificial
bee colony algorithm. Artificial bee colony algorithm simulates the behavior
of the honey bees. There are three different groups of bees namely employed
bees, onlooker bees, and scout bees. In this algorithm, the first partition of
the colony holds the employed bees and the other partition holds the onlooker
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bees. Employed bees are related to food resource whereas the onlooker bee
guides the waiting bees to receive the news about the food source. Scout
bees are employed bees whose food are exhausted by the onlooker and
employed bees. The scout bee do random search to find new food sources.
This concept is helpful in approximating the polygonal curve. Thus polygonal
approximation using an artificial bee colony algorithm uses the fitness of the
associated solution. If the solution can be expressed as an “k”-dimensional
vector where k refers to the number of optimization parameter as well as the
number of breakpoints in a polygonal curve.

4.3 Optimal Algorithms

Optimal algorithms are also applied on to the polygonal approximations
problems. The problem of determining optimal, in contrast to suboptimal,
PA of digital curves can be broadly classified into two distinct optimization
problems. The objective of the optimization problem is to compute the subset
of segments by another polygonal curve. Optimal algorithms can be classified
into two types namely, min – ε problem and min – # problem.

(i) min – ε problem: Given the native polygon curve with number of vertices,
the objective is to discover the least number of vertices so that the approx-
imation error (distortion) is minimized and this problem is called min – ε
problem and is also known as minimum-distortion problem.

(ii) min – # problem: Given the native polygon curve with number of vertices,
the aim is to compute the minimum set of vertices with predefined error such
that the distance of the polygon from the contour is less than the preset error
value and this problem is known as min – #.

Until recently several methods have been employed to tackle the above
formulated PA problem. In this review, we explore a few of the major
techniques involved in solving or nearing optimal solutions.

The main disadvantage of these types of algorithms is their high com-
putational cost compared to other algorithms. In general, optimal algorithms
work by employing dynamic Programming [6, 29, 30] or A*-search approach
[38, 39] uses dynamic programming and basically limits to the investigative
parts of the solution, quickly finding how the solution of the comparison for
the purpose of subdivision can be reduced. He also indicated the extension
of his work to polynomial fittings of known functions. Gluss [16] extended
Bellman’s work by implementing Stone’s [43] equation in deducing it to
identify the subdivision in the line segments of a polygon, which act as a
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continuous non-linear function that involves two variables. Stone’s equation
produce discontinuous approximation, sometimes the line segments may be
broken if it not meeting at the end point of subdivision. Gluss overcomes this
by adding a unique criterion function which involves derivative of known
function and the line segment’s slope.

Gluss introduced a revised form of the Bellman’s algorithm to calculate
the error during the computation of shortest path [16] This measurement
enables one to choose the vertices which relates to a high transitivity region
of the graph.

An approach based on concavity tree was initially proposed to find
out the minimal length polygons and in refining the breakpoints [42]. An
extended version of this concavity tree was proposed in which convex hull
is used. In this approach, the concave and convex regions of the contour are
indicated by the convex hulls. The distinct points relating to the convex and
concave regions of the contour are prominent dominant points since they are
breakpoints. Based on this approach, lesser number of dominant points is
added when the contour is straight in nature and more dominant points are
added for curved contours. Convex hull is the smallest polygon which holds
all the required points which determines the contour’s shape.

A recent proposal [2] states the PA problem as an optimization problem
using Mixed Integer Programming (MIP). A MIP involves an objective
function that need to be minimized or maximized subject to a collection of
linear constraints. This method does not need an initial point for PA and the
computational load or time complexity is very less than other methods that
have its merits. A novel graph-based approach [5] proposed to calculate the
polygonal approximation. Given a closed curve, the approach creates a graph
where each vertex relates to a point in this curve.

Table 4 shows the comparative analysis of important algorithms showing
the number of points (N), ISE and the confirmation of optimality. Perez-
Vidal [30] use the starting point of the curve as initial point and this
approximation is indicated by Perez-Vidal0, and trying all the points as initial
point, indicated by Perez-VidalN, Salotti used the initial point of the curve
as initial node, indicated by Salotti0, and trying all the points indicated by
SalottiN [38]. Masood’s [26] method works on by selecting an initial set of
points and in every iteration, one point is deleted based on the associated
error of that particular point. After deletion of the point, he uses an optimiza-
tion method to locate the optimal locations of the remaining points which
minimizes the distortion. But this optimization process doesn’t guarantee an
optimal solution.
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Table 4 Comparative analyses of existing algorithms between Perez-Vidal [30], Salotti [38]
and Aguilera et al. [2] to highlight the optimality of the solutions for different number of
point, N

Contour Method N ISE Optimal
Chromosome Perez-Vidal0 12 6.06 No

Perez-VidalN 12 5.82 Yes
Salotti0 12 6.06 No
SalottiN 12 5.82 Yes
Masood 12 5.82 Yes
Aguilera et al. 12 5.82 Yes
Perez-Vidal0 15 3.97 No
Perez-VidalN 15 3.79 Yes
Salotti0 15 3.97 No
SalottiN 15 3.79 Yes
Masood 15 3.88 No
Carmona et al. 15 4.27 No
Aguilera et al. 15 3.79 Yes

Semicircle Perez-Vidal0 15 14.4 Yes
Perez-VidalN 15 14.4 Yes
Salotti0 15 14.4 Yes
SalottiN 15 14.4 Yes
Masood 15 14.4 Yes
Aguilera et al. 15 14.4 Yes
Perez-Vidal0 25 4.75 No
Perez-VidalN 25 4.62 Yes
Salotti0 25 4.75 No
SalottiN 25 4.62 Yes
Masood 25 4.75 No
Aguilera et al. 25 4.62 Yes
Carmona et al. 26 4.91 No
Aguilera et al. 26 4.0543 Yes

Leaf Perez-Vidal0 13 55.88 No
Perez-VidalN 13 38.32 Yes
Salotti0 13 55.88 No
SalottiN 13 38.32 Yes
Masood 13 64.85 No
Aguilera et al. 13 38.32 Yes
Carmona et al. 23 10.68 No
Aguilera et al. 23 7.4661 Yes
Perez-Vidal0 32 4.45 No
Perez-VidalN 32 3.45 Yes
Salotti0 32 4.45 No
SalottiN 32 3.45 Yes
Masood 32 4.45 No
Aguilera et al. 32 3.45 Yes
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Carmona et al.’s [8] approach detects a sequence of dominant points on
the boundaries of the contour to acquire a polygonal approximation of the
shape from the original break points of the initial boundary of the contour,
where the integral square is found to be zero. The breakpoints are deleted
when the perpendicular distance to an approximating straight line is found to
be less than the threshold value. By this approach, the redundant breakpoints
are suppressed until the expected approximation is reached. The demerit
of this approach is high computational complexity. Based on the results in
Table 4, Perez-VidalN [30], SalottiN [38] and the MIP method of Aguilera
et al. [2] obtain the optimal solution.

Table 5 shows that the computation time taken by various optimal approx-
imation methods. The demerit of Perez-Vidal [30] is the high computational
time when there is increase in the number of points (N) of PA. Aguilera
et al.’s [2] MIP method shows no changes with increase in number of points
(N) of the PA. Salotti [38] use A* search algorithm to perform searching in
a graph which is made up of the points of the curve. Based on the Salotti’s
experiment the initial point of the curve is considered to be the root node. In
this experiment, all points are considered as initial node to fetch the optimal
solution. The analysis shows that the MIP algorithm is six times faster than
the Salotti’s mechanism. The MIP method by Aguilera et al. [2] provides
an optimal solution with less computation time compared to other existing
dynamic programing methods [30, 39] for different number of segments (N)
ranging from 10 to 50.

The computational complexity of the Mixed Integer programming
method is found to be NP. An iterative approach by Carmona et al. [9] is
proposed to get the optimal polygonal approximations. This method uses
the Pikaz’s suboptimal approach [31] and a modified form of the optimal
approach of Salotti [39]. It is found that the results shows considerable
changes in computation time compared to other existing techniques. Another
improved version of this Carmona et al.’s [10] approach is introduced by an
additional iteration in order to reduce its computational time further and its
computational complexity is found to be NP.

Ramaiah and Ray [32] proposed a local integration based approximation
technique to approximate the digital planar curve. Initially a group of break-
points has been computed based on the method formulated by Freeman [15].
To approximate the polygon, the sum of squares of error is used as an
indicator to compute the dominant points. This method produces better results
compared with other familiar iterative based dominant point elimination
techniques.
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Table 5 Computation time between some of the available dynamic algorithm methods [2] in
seconds

Contour Method N = 10 N = 20 N = 30 N = 40 N = 50

Tin opener Perez-VidalN 13.92 23.2 25.52 27.84 30.16

SalottiN 6.7 7.61 8.5 7.12 11.22

Aguilera et al. 5.03 4.54 4.33 4.14 6.96

Plane1 Perez-VidalN 85.26 121.8 178.64 219.25 259.87

SalottiN 37.23 30.45 39.5 42.85 43.31

Aguilera et al. 19.51 15 13.99 14.77 13.53

Hammer Perez-VidalN 291.27 525.56 740.85 918.14 1108.1

SalottiN 142.3 131.74 179.23 183.54 215.23

Aguilera et al. 47.01 40.33 38.1 43.25 59.38

Pliers Perez-VidalN 669.12 1175 1648.32 2088.96 2586.72

SalottiN 331.02 389.61 395.25 315.79 323.56

Aguilera et al. 94.89 77.72 72.32 67.55 64.21

Jung et al. [20] proposed an expanded version of Douglas Peucker
algorithm [12] which uses the concept of polygonal approximation for path-
planning of mobile robot with curvilinear hurdles. The algorithm provided
better results compared to vertical cell decomposition algorithm. But the
algorithm produce maximum error during approximation thus retains more
significant points compared to the vertical cell decomposition algorithm.

A heuristic method suggested by Kalaivani and Ray [21] detects the initial
dominant point by using a split-and-merge technique to add and remove the
vertex during the polygonal approximation. This method provides compar-
atively better results of approximation for complex contours with minimum
number of dominant points and minimum error value.

Sahin Isik [37] proposed a better approach to detect the most significant
points to retain the shape of the polygon-based on suboptimal feature selec-
tion algorithm. Turning angle curvature method is used to compute the initial
points and subsequently suboptimal feature selection is used to find out the
significant points with least error value. The results show the effectiveness
of the algorithm in removing the insignificant points and retaining the most
significant points retaining the shape compared to other familiar approaches.

Nicolas Luis Fernandez Garcia et al. [27] proposed an unsupervised algo-
rithm which provides better approximation. The algorithm uses the convex
hull based approach to compute a collection of initial points of the digital
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planar curve and subsequently a symmetric model of the Ramer [33], Douglas
and Peucker [12] algorithm is used for further computation. Further the
approximation of the polygon is computed by thresholding approach. Since
the convex hull approach computed more number of initial points, the quasi
collinear dominant points are removed by a deletion process and further the
most significant points are shifted to improve the approximation’s efficiency.
The result showed that the algorithm provided better results compared to
other familiar unsupervised algorithms.

Kalaivani and Ray [22] proposed a new approach for approximation
of polygon with irregularities. The proposed algorithm removed the least
significant points and suppressed the noise using a centroid based approach.
Incrementally, the most significant points are inserted and followed by the
removal of least significant points until the desired approximation is reached.
Thus the method efficiently detects the most significant points which helps in
determining the shape of the polygon and delete the least significant points.
It is found that the algorithm helps in holding on the original shape of the
polygon with minimum error. This approach helped in producing optimal
results for different shapes compared to various thresholding approaches.

5 Standard Metrics for Assessing Various PA Methods

The measure of data reduction and the retainment of the original shape are
the major factors which influences the quality of PA. In general, the results
are compared by visual observation. But it may vary due to difference in
the opinion of human observers. Therefore it’s important to have relative
measures and quantitative methods for various algorithms.

Therefore the shape retention of the object with the lesser break points
is expected to be the important criteria of the polygonal approximation. So
the results of different polygonal approximation algorithms can be measured
based on the minimization of redundant breakpoints and error approxima-
tion. Compression Ratio (CR) and Integral Square Error (ISE) are the most
important error measures to measure the performance of the outcome of an
algorithm [40].

Compression ratio (CR) is defined as the relationship between the number
of digital curve points, N and the number of detected dominant points, Ndp

Compression ratio can be represented by the formula as mentioned in (1).

Compression Ratio, CR =
N

Ndp
(1)



112 K. T. Raja and B. K. Ray

Integral Square Error (ISE) represents the error caused while approximat-
ing the polygon. ISE is represented as in (2).

Integral Square Error, (ISE) =
N∑
j=1

Ej (2)

Where Ej is the squared distance of the jth curve point which approx-
imates the polygon. If the compression ratio is maximum then the error
rate (ISE) will be high. Consequently lower value of ISE lead to lower
compression ratio.

Sarkar [40] formulated a new measure called figure of merit (FOM) as the
ratio of compression ratio to the integral square error. It can be represented as
given in (3).

Figure of Merit, (FOM) =
Compression Ratio(CR)

Integral Square Error (ISE)
(3)

Rosin [36] formulated two measures such as fidelity and efficiency. They
are represented as in (4) and (5).

Fidelity =
Eopt

Eappr
× 100 (4)

Where Eappr is the error of the tested algorithm and Eopt is the error
incurred by the optimal algorithm with same number of dominant or break
points.

Efficiency =
Nopt

Nappr
× 100 (5)

where Nappr is the number of dominant points of the tested algorithm and
Nopt is the number of dominant points that the optimal algorithm would
require to generate the same error as an evaluator method does.

Rosin [36] used a measure called Merit, which is the geometric mean of
fidelity and efficiency. It is represented as in (6).

Merit =
√
Fidelity × Efficiency =

√
EoptNopt

EapprNappr

× 100 (6)

The benefit of Rosin’s evaluation measure is to measure the outcomes of
polygonal approximation with different number of dominant points.
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Maximum Error, MaxErr is another error measure which is represented
as mentioned in (7).

MaxErr =
n

max
i=1
{ei} (7)

Where ei is the squared distance of the ith curve point from approximating
the polygon.

In addition to the above measures, weighted sum of square error, WE is
formulated by the ratio between Integral Square Error (ISE) and Compression
Ratio (CR). It is considered to be the modified version of figure of merit and
is represented as given in (8).

WE =
ISE

CR
(8)

Again Marji and Siy [23] used a modified version of WE measure as given
in (9).

WEx
2 =

ISE

CRx (9)

Where the term, x is used to control the contribution of the denominator
to the overall result in order to keep a balance between the two terms.

6 Conclusion

Different algorithms have been employed over several decades in fine-tuning
polygonal approximation as there has been tradeoff between the accuracy
and error. The major polygonal approximation techniques has been classified
and analyzed. This review caters significant information of the available
classification of techniques and validation measures for it. The efficiency of
an algorithm also depends on different ways of reducing the error criterion
involved. Many algorithms have been proposed and still it is a trending area
for research and focus on optimizing the solution.
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