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Abstract

In this paper we have suggested a generalized class of estimators for estimat-
ing the finite population mean Y of the study variable y using information
on two auxiliary variables x and z. We have studied the properties of the
proposed generalized class of estimators in simple random sampling without
replacement scheme and in stratified random sampling up to the first order
of approximation. It is shown that the suggested class of estimators is more
efficient than the conventional unbiased estimator, ratio estimator, prod-
uct estimator, traditional difference estimator, Srivastava (1967) estimator,
Ray et al. (1979) estimator, Vos (1980) estimator, Upadhyaya et al. (1985)
estimator, Rao (1991) estimator and Gupta and Shabbir (2008) estimator.
Theoretical results are well supported through an empirical study.
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1 Introduction

In sample surveys, the use of auxiliary variable(s) at the estimation stage
played a prominent role in improving the precision of an estimate of the
population mean. Various authors have paid their attention towards the esti-
mation of population mean Y of the study variable y using information on a
single auxiliary variable x and suggested a large number of estimators along
with their properties in simple random sampling without (or with) replace-
ment schemes for instance, see Murthy (1967), Singh (1986, 2003) and the
references cited therein. In many survey situations of practical importance,
adequate information on more than one of auxiliary variables is available.
In such a situation Olkin (1958) was first to introduce multivariate ratio
estimator for population mean Y of the study variable y using information
on p(>1) auxiliary variables. Later many authors including Raj (1965), Rao
and Mudholkar (1967), Singh (1967, 1969), Shukla (1966), Srivastava (1965,
1967, 1971), Singh and Tailor (2005), Gupta and Shabbir (2008), Singh
et al. (2009), Swain (2013) and Sharma and Singh (2014, 2015) etc. have
developed estimators which utilize data from p(>1) auxiliary variables. The
properties of the estimators studied under simple random sampling with (or
without) replacement i.e. SRSWR (or SRSWOR) scheme.

It is well established fact that the simple random sampling (SRS) proce-
dure is employed when the population is homogeneous. However in practice,
the populations encountered are not homogeneous (i.e. populations are het-
erogeneous). Thus in such a situation SRS procedure does not provide a
sample which is good representative of the entire population. Hence we
can say that when the population is heterogeneous, SRS procedure does not
provide better estimate of the population mean Y. To cope up with this
situation, we use stratified random sampling for selecting a good sample
from the target population. Thus when the population is heterogeneous
stratified random sampling is more appropriate and gives better estimate
of the population mean. In a stratified random sampling design, we divide
the population into groups known as strata and samples are selected from
each group with pre-determined sample size. Several authors including Diana
(1993), Kadilar and Cingi (2003), Shabbir and Gupta (2005), Singh and
Vishwakarma (2008), Singh et al. (2008), Koyuncu and Kadilar (2009, 2010),
Koyuncu (2013), Yadav et al. (2015a, 2015b) and Koyuncu (2016) etc. have
suggested estimators for population mean Y of y using information on single
auxiliary variable x in stratified random sampling. It is further noticed that
various authors including Koyuncu and Kadilar (2009), Tailor et al. (2012),
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Singh and Kumar (2012), Olufadi (2013), Tailor and Chouhan (2014), Verma
et al. (2015), Shabbir and Gupta (2015, 2016), Muneer et al. (2016), Malik
and Singh (2017), Mishra et al. (2017) and Shabbir (2018) etc. have suggested
several estimators for population mean Y of y using two auxiliary variables x
and z in stratified random sampling.

In this paper we have made an effort to develop a generalized class of
estimators for population mean Y of y using information on two auxiliary
variables x and z. The properties of the suggested class of estimators are
studied up to the first order of approximation in SRSWOR scheme as well
as in stratified random sampling. Numerical examples are given in support of
the present study.

2 Some Existing Estimators of SRS

Consider a finite population 2 = {1, Qs,...Qx} of N units. Let y and (x,
7) be study variable and auxiliary variables respectively. Let y; and (x;, 2;) be
the values of study variable y and auxiliary variables (x, z) on the ith unit €2;
of the population (2. Suppose a sample of size n is drawn by using SRSWOR
scheme from the population € for estimating the population mean Y™ of the
study variable y. Let § = 1 3% \y;and (2 = 137 2, 2 = 1370 7))
be the unbiased estimators of the population means Y = % Ef\i 1 ¥ and
(X = % Zfil A % Zf\il z;) respectively.

It is assumed that the population means (X, Z) of (x, z) are known.
Further we denote

Cy= %: the population coefficient of variation of y,

Cy = %: the population coefficient of variation of x,

C, = %: the population coefficient of variation of z,

Pyz = Sb; “5—: the population correlation coefficient between y and x,

Pyz = Si “5—: the population correlation coefficient between y and z,
SIIJZ

Prz = 54 the population correlation coefficient between x and z,

Syz = o1 SN [(yi = Y)(x; — X): the population covariance between
y and x,

Syz = N1 25\41 (yi — Y)(z; — Z): the population covariance between
yand z,

Ser = 31 Zf\; (w; — X)(2; — Z): the population covariance between
x and z,
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Sy ;= 7_1 Zf\; (y; — Y)?: the population mean square of y,
52 = N1 T fv 1(x; — X)?: the population mean square of x,

T ZZ 1(zi — Z)?: the population mean square of z.

T z .’L‘ZCZE ZZECZ
Kya: — Pyc y Kyz — PyC y sz — PC sz — PzzLz and f
is the samphng fraction.

Now we review some existing estimators.
The usual unbiased estimator for population mean Y is given by

- 1 &
Yo=g=—2 v (1
=1

The variance/mean squared error (MSE) under SRSWOR is given by

Var(Yy) = MSE(Yy) = <1;f> V202 = (1 — f) s2 )

n

The usual ratio and product estimators for population mean Y are

respectively defined by ~
2 (X

R=Y| = 3)
z
and _
2 z

=5 (3)

To the first degree of approximation (fda), the MSEs of the estimators ?R
and Yp are respectively given by

mse(T) = (1) v+ e - 2,) )
MSE(Yp) = (1 ; f) V2CL + CH(1+ 2K )] (6)

The generalized version of the estimators Yy, Yr and Yp due to Srivastava

(1967) is given by
~ B T\ %1
Yor =7 (%) )

where o is a suitably chosen constant.
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a3

To the fda, the MSE(Y,,, ) is given by

~ 1— ) _
MSE(Y,,) = ( - /) V2[C2 4+ o1 Chon + 2Ky,)] (8)
which is minimum when
a1 = *nyal(opt)a say (9)

Substitution of (9) in (8) yields the minimum MSE of ffal as

MSEpin(Ya,) = (1 ; f)YQ[Cj - K;,.C2
1-f)- 1-
— (nf)Y?c*ju — Ple) = ( - f)Sﬁ[l ~ Pyal (10

The traditional difference estimator for Y is defined by

Yp1 =g+ do(X — 7), (11
where d is a suitably chosen constant to be determined such that the MSE of
Yp, is minimum.

The minimum MSE of Yp is given by

MSEwn(Tor) = (L) V2030 - ) = () st - a2

n

(12)

Upadhyaya et al. (1985) suggested a class of estimators for population
mean Y as

~ T\
Yusv = woy + w1y (f) (13)

where wg and wy are suitably chosen weights whose sum need not be “unity’
and o is a design parameter.

The MSE of Yysy to the fda is given by

MSE(?USV) = Y/Q[l + w(2]A0(srs) + w%Al(srs)

+ 2w0w1A3(srs) — 2wo — 2w1A6(sr5)] (14)
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where

AO(srs) =1+

d

(e
Aj(srs) = 1+< - >{C + 4 py CyCo +a1(2a11)02}]
(5

—
&H

e =Yez]

—
k._;

A3(s7"s) = |1+

{C + 2001 Py CyC +

N al(a; —1) C’%}]

1—
AG(srs) =1+ (n> {OdlpynyCx

The best values of (wg,w1) for which the MSE of ?USV is minimized,

are given by
Ap Af

wo = A’ w1 = A* (15
where
Agsrs)  As(srs
AF — AO( ) A3( ) = (A()(STS)AI(ST‘S) - A%(srs))
3(srs) 1(srs)
Ay = Blers)| = (A1(srs) = As(srs) Ab(srs))

A6(srs) Al(srs)

A 1
A¥ — 0(srs) = (A srs A srs) — A srs
F Aty Asory| — Aot Astors) = Astors)

Thus the minimum MSE of ?USV is given by

B {Al(srs) - 2A3(srs)A6(srs) + AO(srs)Ag(srs)}

% 2
MSEmm(YUSV) v (AO(srs)Al(srs) - A%(Srs))
(16)
If we set wy + w; = 1 = w1 = (1 — wp) in (13) we get an estimator for
population mean Y of y as

N

V= wop+ (1-wo)y (£) (17)

which includes the estimators due to Srivastava (1967), Ray et al. (1979) and
Vos (1980).
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Putting w; = (1 — wy) in (14) we get the MSE of Y* to the fda as

MSE(?*) = YQ[l + Al(srs) - 2A6(srs) + wg(AO(srs) + Al(srs)
- 2A3(srs)) - 2’[1)0(1 + Al(srs) - A3(s7”s) - Aﬁ(srs))]
(18)

which is minimized for

(1 + Al(srs) - A3(srs) - AG(srs)) _ (1 i Kyac
(AO(srs) + Al(srs) - 2A3(srs))

wo =

Thus the minimum MSE of Y* is given by

MSEyin(Y™)
_ (1+ Al(srs) - AS(srs) - A6(87"8))2
—=Y?|1 + Ai(srs) — 2A6(srs) —
1(srs) 6(srs) (Ao(srs) + At(srs) — 24A3(srs))
1— _ 1-
- () v -y = () ssa - 20)

Rao (1991) suggested difference-type estimator for population mean Y as
YRao = a1 + aa(X — 7), 21

where o1 and o are constants to be determined such that MSE of Yg,, is

minimum. N
The bias and MSE of Yg,, are respectively given by

B(Ygao) = Y (a1 — 1), 22)
¥ (2 2 1-f 2 o (1=f\C
wse(a) = ¥ |14 ot {1+ () eif e (1) B
_ K 2
—2a1 09 <1f> ch _ 2041] (23)
n R
where R = %
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The MSE (?Rao) at (23) is minimized for

1—f -
a = {1 + ( ) (CE - szci)} = Q(opt)> SAY

n

1— —1
g = —RKym {1 + < n f) (Cz — stcg)} = Q9(opt), SAY

Thus the minimum MSE of ?Rao is given by

()7 (- 12,09

yr~'xz

1+ (52 (€3 - K2.02)

yr~'w

MSEmin(?Rao) = (24)

Gupta and Shabbir (2008) proposed the following class of estimators for
population mean Y as

Yos = lasg + ag(X — 7)] (f) (25)

where (a3, cq) are suitably chosen constants such that the MSE of ffgs is
minimum. .
To the fda, the bias and MSE of Ygg are respectively given by

1-f

n

B(Ygs) =Y |:Oé3 {1 + ( > c2(1 - ny)} + %Cﬁ - 1] (26)

(1-1)

1rafis S0 (e 2 - a0

(1 — f) C% + 20430(4 (1 — f)

T = C2 (2 - Kyz)

+oz§
MSE(Ygs) = Y?

—2a3¢ 1+ 7<1 ; f) Cg (1 - Kyac)

. 2
_oa, - f)%}

@7)
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The MSE (ffgs) at (27) is minimum when

a5 = (agaq — azas)

(a1a2 _ ag) = Q3(opt), SAY
o, — (a5 —asas) _ say
4 (a1a2 _ a%) 4(opt)>
where
_ 1—f 2 2
ap = |1+ —— {Cy +C;(3—-4Ky.)}
2= n R?
1-f\ C;
az = ( " > E(2—Kya;)
1 _

Thus the minimum MSE of ?GS is given by

- _ 2-2 + ara?
MSE.. (YGS> vl (agaj a3a4a52 ara?) 28
(“1a2 - as)

The traditional difference estimator for population mean Y using two
auxiliary variables x and z is defined by

Yoo = {5+ (X —7) + ks (Z —2)} (29)

where k1 and ko are constants to be determined such that MSE(YDQ) is
minimum. .

It is obvious from (29) that the difference estimator Yo is unbiased for
population mean Y,
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The variance/MSE of the estimator ?Dg is given by
Var(ffpg) = MSE(}A/DQ)

1— B 2 2 K,, 2
_< f)Yz[C§+k2Cx+k2CZ+2k1k2 c

n TRz "M R2 RR*
K,,C? K,.C?
—2k; ych — 2k2§zsz] (30)
where R* = %.

The MSE(Yp2) at (30) is minimized for

RC (P x — P, zpacz)
k1 = nyx (yl _ P%yz) = kl(opt)7 say

R*Cy (pyz - Pyacpmz)
ko = C. (1 — P%Z) - k'2(opt)7 say

Thus the minimum MSE of ?Dg is given by

Y. T2

31
2 P§z+p§z*2pyzpyzpmz . . . . ( )
where R} .. = v is the multiple correlation coefficient.
xrz

MSEumin (Vi) — (1 - f) Y2021 R2,.) = (1 - f) S2(1-R2,.)

3 Suggested Generalized Class of Estimators in Simple
Random Sampling

Motivated by Upadhyaya et al. (1985) we propose a generalized class of
estimators based on two auxiliary variables x and z for population mean Y
of y as

- A A

t = woy + w1y (§> + woy (7) (32)
where (wp, w1, wsy) are weights whose sum need not be ‘unity’ and (o, a)
are design parameters. The constants (a1, a2) may take positive (4, +)
or negative (—, —) or positive-negative (+, —) or negative-positive (—,+)
values to form product-type or ratio-type or product-cum-ratio-type or ratio-
cum-product-type estimator.
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To obtain the bias and MSE of the propounded estimator ¢, we write

y=Y(1+e), Z=X(1+e1) and z=Z(1+e)

poBE) - () e

1—f
py=CyC = < ) K,.C?

n

1-— 1-—- 1-—

Expressing (32) in terms of e’s we have

t =Ywo(l+eo) +wi(l+eo)(1+e1)™ +wa(l+eo)(1+e2)™]
(33)

We suppose that |e;| < 1 so that (1 + e;), 7 = 1,2 are expandable.
Expanding the right hand side of (33), multiplying out and ignoring terms
of e’s having power greater than two, we have

(a1 —1) 2}

X/ «
t=Y [U)O(l + eo) + w1 {1 + eg + arer + ajeper + 1#61

ag (ag — 1
+wsg {1 + eg + aser + aseges + 2(;)6%}]

or
[wo (1 + ep) i
— — +wi s 1+ey+ajer +ajege; + we%
(t-Y)=2Y 2
ag (ag — 1
+wa {1 + ep + ages + azepes + 2(;)63 -1

(34)
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Taking expectation of both sides of (34) we get the bias of ¢ to the fda as

B(t)=Y [wo+w1{1+ (1_f> al(Oé1+2Kya:—1)C§}

n 2
+ we {1 + <1f> % (g + 2K, — 1) 03} - 1]
n
=Y [UJO + w2A6(srs) + w3A7(srs) - 1} (35)

where

1—
Aﬁ(srs) = |:1 + <nf> % (al + 2ny - 1) C£:|

1—
A?(srs) = |:1 + <nf> % (042 + 2Kyz - 1) C2:|

Squaring both sides of (34) and ignoring terms of e’s having power greater
than two we have

[ 1+ wd (1+ 20+ €})

1+ 2e9 + 2161
—&—w% + 6% + 40&16061

+ai(2a; — 1)e?

1+ 2eg + 2a0es
+w? + €2 + dasepes
+042(2042 — 1)6%

1+260+01161+€g }

-1
+2a1epe1 + an ) (oz; )ef

1+ 2eq + ey + eg + 2asepen
+2wows az(az —1) ,
+fe2
1+ 2ey + apeq + ages

—|—eg + 2ai1egeq

+2wowy {

+2aiepe9 + ayarereg

2 -2
+2wiwsg a (al . 1) ) Wo
- &

(65) (042 — 1) 62

2 )
ai (o —
—2w, {1 +eg + ajer + ajeper + 1216%}

(6%} (042 — 1)62
2 2

—2wo {1 + eg + ager + ageges +
(36)
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Taking expectation of both sides of (36) we get the MSE of ¢ to the fda as

1+ w(2)A0(srs) + w%Al(srs) + w%A2(s7‘s)
MSE (t) =Y? +2w0w1A3(srs) + 2w0w2A4(srs) + 2w1w2A5(srs)
—2wo — 2wy Ag(srs) — 2W2A7(srs)

(37)
where
_ -
Ag(srs) = |1+ ( - f) {C’; + 4a2p,.CyC, + an (200 — 1) C’?}]
[ 1-— -1

C’; + 2001 py Cy Cp + 2002p,.Cy C,

1—f +a1a2pzszCz
A5(srs) =1+ < n )
oy (g — 1)02 N ag (g — 1)02
L 2 z 2 z

(Ao(srs)s At(srs)s As(srs)s Ag(srsyand Az(gy.s)) are same as defined earlier.
Minimization of M SE(t) at (37) with respect to (wg, w1, ws) yields

AO(srs) A3(srs) A4(srs) Wo 1
A3(srs) Al(srs) A5(srs) wr| = A6(s7‘s) (38)
A4(s7‘s) A5(srs) A2(srs) w2 A?(srs)

After simplification of (38), we get the optimum values of (wq, w1, w2)
respectively as
Woo = =2, wip = —,  wg = —2; (39)
00 A 10 A 20 ;
where

AO(srs) AS(srs) A4(s7"s)
A= A3(srs) Al(srs) A5(S’I‘S)
A4(srs) A5(srs) A2(srs)

2
= AO(srs) (Al(srs)A2(srs) - A5(srs)) - A3(srs) (A2(srs)A3(srs)
- A4(srs) AS(STS)) + A4(srs) (A3(ST'8)A5(ST‘S) - Al(srs)A4(srs))
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1 A3(srs) A4(srs)
Ag = AG(srs) Al(srs) A5(s7"s)
A?(srs) A5(STS) AZ(STS)

2
= (Al(srs)A2(srs) - A5(srs)) - A3(37"s) (AQ(srs)Aﬁ(srs)
- A5(srs) A7(srs)) + A4(srs) (A5(STS)A6(ST’S) - Al(srs)A'?(srs))

AO(srs) 1 A4(srs)

Ay = A3(srs) AG(srs) A5(srs)

A 4(srs) A7(srs) AZ(srs)

- AO (srs) (AQ(srs Aﬁ(srs) A5(srs)A7(srs)) - (A2(srs)A3(srs)
- A4(srs) A5(srs)) + A4(srs) (AS(STS)A’?(STS) - A4(87"S)A6(S7‘8)>

AO(srs AS(srs) 1

)

Ag = A3(srs) Al(srs) AG(ST‘S)

Ay 4(srs) AS(STS) A?(srs)
(

- AO (srs) Al(srs A?(srs) A5(STS)A6(S’!’S)) - A3(srs) (A3(87‘S)A7(STS)
- A4(srs)A6(srs)) + (A3(ST‘S)A5(S7'S) - Al(srs)A4(srs))
Substitution of (39) in (37) yields the minimum MSE of t as

A A A A A
) 2 820 6(srs)—1 . T(srs)—2
MSEpin(t) =Y [1 A A A ]

(40)

Now we state the following theorem.

Theorem-3.1 — The minimum MSE of ¢ is greater than or equal to MSE(?) i.e.

(AO + AG(S’I‘S)AI + A7(ST5)A2)

MSE(t) > MSEmn(t) = Y2 A

(4D)

with equality holding if
A
wo,:KZ, i=0,1,2.

Remark-3.1 — It is to be mentioned that the class of estimators ‘¢’ at
(32) will attained its minimum MSE at (40) only when the optimum
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values (wgg, wig,wop) at (39) of the weights (wo, w1, w2) are known
exactly, but in practice the exact values of the population parameters
(Cy, Cs, Cy, pyz, pyz, px-) are rarely available. However in repeated sur-
veys or studies based on multiphase sampling, where information regard-
ing the same variates is gathered on several occasions, it is possible to
guess quite precisely the values of certain population parameters such as
(Cy, Cy, Cs, pyz, Pyz, Pa=)- Further we mention that the good guess values
of these population parameters can also be obtained from the past data or
the experience gathered in due course of time or through a pilot sample
survey. This problem has been discussed among others by Murthy (1967,
pp- 96-99), Searls (1964), Srivastava (1966), Gleser and Healy (1976), Das
and Tripathi (1978), Reddy (1978), Tripathi et al. (1983) and Srivenkatara-
mana and Tracy (1984). Thus the values of such population parameters
(Cy, Cz, Cs, pya, Pyz, Pz=) can be known exactly. We recall that the scalars
(a1, ag) are real. The values of the scalars (v, 2) are known (or can be
known by the experimental practitioner) as the values of (aq, o) yield the
form of the estimator. Thus the optimum values (wgg, w19, wa2g) of the cor-
responding constants (wg, w1, w2) can be obtained quite accurately. Hence
we conclude that in practice, an operational estimator can be derived from
the suggested class of estimators ‘#* with mean squared error smaller than the
conventional estimators.

On the other hand if the values of the population parameters such as
(Cy, Cr, Cs, pyz, Pyz, Pa=) are not known (or cannot be made known) at all.
In such situations, the practical utility of such estimators is limited. So in
such circumstances one can estimate the value of these population parameters
by their corresponding sample statistics. Hence the estimates (wp, W10, W20)
say, of the corresponding optimum values (wg, w1g, w2o) can be obtained.
Thus this also suggests that one can also obtain the operational (feasible)
estimator from the proposed class of estimators ‘t’ having mean squared error
fewer than the usual estimators.

4 Efficiency Comparison

It is observed ffom glO), (122 and (20) that the common minimum MSESs of
the estimators Yal ,Yp; and Y* is same, i.e.

N

MSEmin (Y(;n) = MSEmin (?Dl)

n Yy yr -z

= MSEin (Y) = <1 — f) V2 (C2 - K2,C2)  (42)
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Now we compare the efficiency of traditional difference estimator with
usual unbiased estimator Yy = ¢, ratio estimator YR and product estima-

tor Yp.
From (2), (5), (6) and (12), we have,

MSE (YO - g) — MSEwin (f/Dl) - (1 f) VIK2 C2>0  (43)

yr-'cz =

n
MSE (?R) — MSE (?m) - ( > V202 (1 - Kyp)? >0 (44)

—f

n

A 2~ 1 _
MSE (Yp) — MSEmin (Ym) - ( ) V202(1+ Kpp)? >0 (45)
It follows from (42), (43), (44) and (45) that the estimators Ya1 , YD1 and
Y* are more efﬁ01ent than usual unbiased estimator ¢, ratio estimator YR and

product estimator Yp.
From (23) and (42), we have,

[MSEmm (?al) — MSEqin (Ym) = MSEmin (Y)] — MSEmin (Y/Rao)

:<1—f>2y2 (Cy — KjuCa)
" {1+ (%) (@ - K09

>0 (46)
It follows from (42), (43), (44), (45) and (46) that the estlmator YRaO due

to Rao (1991) is more efficient than 7, Yz, Yp, Ya1 , YDl, Yoé1 and Y*

The minimum MSE of the difference estimator YD1 given by (12) can be
expressed as

MSE min (YD1>

(1 + Al(srs) - AS(srs) - AG(srs))2
(AO(STS) + Al(srs) - 2A3(s7"3))
47)

=Y?|1 + Al(srs) - 2A1(srs) -
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From (16) and (47), we have
MSEnin (Vi1 ) = MSEmin (Yusv )

2
Al(srs) (1 - AO(S’!‘S)) + A3(srs) (A3(srs) - 1)

+A6(srs) (AO(ST‘S) - A3(srs))
(AO(S’I’S)A].(ST‘S) - Ag(srs)> (AO(srs) + Al(srs) - 2A3(srs))

=Y? >0

(48)
From (12) and (31) we have

2 ~ 1 _ 3 . 2
MSEmin (YD1> - MSEmin (YD2> = < - f> YQC§ (pyzl pyzp:pz)
- pa:z)

which shows that the traditional estimator ?Dg is better than ?Dl.
From (16) and (40) we have

MSEwin (Yosy ) = MSEnin (1)

y?2 A?(srs) (AO(ST‘S)Al(ST‘S) - Ag(sr5)>
- AN, + (A3(ST‘S)A5(STS) - Al(srs)A4(srs)) >0
+A6(srs) (A3(srs)A4(srs) - AO(srs)AB(srs))

(50)

It shows that the proposed class of estimators ¢ is more efficient than the

Upadhyaya et al. (1985) estimator Yy .
Hence from (42), (43), (44), (45), (46), (48) and (49) it is observed that
the suggested generalized class of estimators ¢ is better than the estimators ¢,

Y, Yp, Ya,, Yp1, Y* and Yygv.
From (24) and (40) we have that MSE i (t) < MSEmin(Yrao) if

() (2 - w2.c2)

yx T

{1+ () (- Kc)}
(5D

From (28) and (40) it is observed that MSEmin () < MSEmin (YGS> if

(AO + Aﬁ(srs)Al + A?(srs) AQ)
A

a2a421 — 2azasas + am% (AO + A6(s7‘s)A1 + A?(srs) A2)
(CL1(L2 - a%) A

(52)
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Further from (31) and (40) we note that MSE i, (t) < MSEmin(?Dg) if

1—
< <nf> CXl1-R2,.)

(53)

(AO + AG(STS)Al + A?(srs)AQ)
A

Thus from (51), (52) and (53) it is observed that the proposed generalized

class of estimators ¢ is more efficient than Yp,,, Ygg and Ypo as long as the
conditions (51), (52) and (53) are satisfied respectively.

5 Empirical Study

For numerical comparisons of different estimators, we use the following data
sets.

Data I: [Source: Singh and Chaudhary (1986), page 177]
Data II: [Source: Abu-Dayyeh et al. (2003)]

Data III: [Source: Steel and Torrie (1960)]

Data I'V: [Source: Cochran (1977)]

Data V: [Source: Ahmed (1997)]

Data VI: [Source: PCR (1998)]

Data I I I v v VI

N 34 332 30 34 376 424

N 20 80 6 15 159 169

Y 856.41 1093.1 0.6860 4.92 316.65  646.215
X 208.88 181.57 4.6537 2.59 141.13  4533.981
Z 199.44 143.37 0.8077 291 1075.31 325.0325
Cy 0.86 0.7626 0.4803 1.01232 0.7721 1.509
Cy 0.72 0.7684 0.2295 1.23187  0.845 1.342
C, 0.75 0.7616 0.7493 1.05351 0.7746 1.335
Pyz 0.45 0973 0.7194 0.7326  0.9106 0.623
Pyz 0.45 0.862 0.04996  0.643 0.9094 0.907
Pz 0.98 0.842 0.4074 0.6837 0.8614 0.682

Table 1 gives the PRE’s of Yz, Yp, YD1, YRrao, Yas and Yo estimators
with respect to y for six data sets respectively.

Table 2 gives the PRE of Y5y with respect to  for a1 = (—1, 1), for
six data sets.
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Table 1 PRE’s of different estimators of population mean Y with respect to 3
Estimator ~ Data I Datall Datalll DatalV DataV  Data VI

Yr 105.55 183592 94.62 143.30  488.77 146.46
?p 40.74 25.15 71.44 23.45 23.86 34.49
?Dl 125.39  1877.19  103.33 215.84  585.45 163.43
):/Rao 126.92  1877.75 106.40 219.66  585.67 164.24
f’GS 126.93  1877.75 106.42 219.89  585.67 164.25
XQ/D2 125.71  2127.83 174.04 235.09 907.16  563.97

Table 2 PRE’s of ?Usv with respect to g
Data I Data IT Data IIT Data IV Data V Data VI
aq PRE aq PRE aq PRE aq PRE a1 PRE a1 PRE
—1 12766 —1 1878.66 —1 10676 —1 22799 —1 58630 —1 164.74
1 12624 1 204928 1 10620 1 21595 1 58870 1 163.54

Table 3(a) depicts the PRESs of proposed class of estimators ¢ with respect
to ¢ at different values of (o, ag) for data sets I, 11, II1.

Table 3(a) PRE’s of proposed class of estimators ¢ for population mean Y with respect to 4
(for data sets I, II, III)

Datal Data II Data III

a1 [ PRE a1 a9 PRE a1 [ PRE

—16.56 —16.56 1765439 —6.5 —6.9 772384 —4 -4 128697
—16.55 —16.55 1143421 —6.5 —6.8 2345042 -3 -3 240.98
—16.54 —16.54 8469.43 —6.5 —6.7 1393575 -2 =2 194.41
—16.53 —16.53 6734.46 —65 —6.6 99699.33 —1 —1 180.01
—16.52 —16.52 5595.56 —6.5 —6.5 77951.88 1 1 174.25
—16.51 —16.51 4790.57 —64 —64 34176.73 2 2 177.14
—16.5 —16.5 4191.43 —63 —6.3  22046.63 3 3 183.83
—16 —16 657.28 —6.2 —6.2 16359.33 4 4 196.20
—10 —10 153.84 —6.1 —6.1 13060.19 5 5 219.66
-5 -5 133.88 —6 —6 10906.9 6 6 273.01
—4 —4 131.95 -5 -5 4435.19 7 7 484.92
-3 -3 130.37 —4 —4 3039.74 —4 6 9201.75
-2 -2 129.08 -3 -3 2477.50 -3 5 341.57
—1 —1 128.03 -2 -2 2220.59 -2 4 230.89
1 1 126.56 —1 —1 2130.16 —1 3 195.37
2 2 126.10 1 1 2358.74 1 2 178.42
3 3 125.82 2 2 2796.94 2 1 174.06
4 4 125.72 3 3 3848.96 —4 5 386.31
5 5 125.81 4 4 7795.28 —4 4 253.76
8 8 127.58 4.5 4.5 20478.73 —4 3 209.95

(Continued)
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Table 3(a) Continued

Datal Data II Data IIT

[e %1 (%) PRE [e%1 (e D) PRE [e%1 a9 PRE

10 10 130.80 46 4.6 3146235 —4 2 189.32
12 12 137.87 47 47 6972923 —4 1 178.73
15 15 187.23 1 2 2404.66 -3 6 1354.17
16 16 328.47 2 3 2902.67 -3 5 341.57
16.1 16.1 378.07 4 5 9706.82 -3 4 241.09
162 16.2 456.93 -1 =2 2135.10 -3 3 204.27
163 163 601.84 -3 -4 2539.23 -3 2 186.40
164 164 955.32 -4 =5 3182.99 -2 6 788.06
165 165 312277 -5 —6 4877.70 -2 5 310.28
* * * —6 =7 1545326 -2 4 230.89

Table 3(b) indicates the PREs of proposed class of estimators ¢ with
respect to ¢ at different values of (a1, ag) for data sets IV, V, VL.

Table 3(b) PRE’s of proposed class of estimators # with respect to ¢ (for data sets IV, V, VI)

Data IV Data V Data VI
(e %1 a2 PRE a1 [ PRE a1 [ PRE
-55 —5.6 18686.57 —13.8 —13.8 146480.3 —11.3 —11.3 56544.35
-55 =55 9127.82 —13.5 —135 16447.9 —11 —11 7475.86
-5 -5 1011.91 —13 —13 6808.17 —10 —10 2084.82
—4 —4 443.93 —12 —12 3275.97 —8 —8 986.33
-3 -3 323.39 —10 —10 1749.71 -5 -5 659.03
-2 -2 273.50 —8 -8 1285.83 —4 —4 616.64
—1 —1 248.82 -5 -5 1012.38 -3 -3 588.91
1 1 235.59 —4 —4 967.68 -2 -2 572.19
2 2 244.97 -3 -3 936.87 —1 —1 564.63
3 3 274.84 -2 -2 917.52 1 1 575.12
4 4 372.70 —1 —1 908.24 2 2 594.85
5 5 2084.42 1 1 918.17 3 3 627.61
5.1 5.1 8806.16 2 2 938.25 4 4 679.08
—55 =54 6136.23 3 3 970.32 5 5 760.58
-55 =52 3812.23 4 4 1017.20 6 6 897.22
-55 =51 3242.17 5 5 1083.64 7 7 1156.67
—5.5 -5 2838.5 6 6 1177.62 8 8 1802.22
—55 —45 1851.49 7 7 1313.39 9 9 5816.34
—5.5 —4 1470.75 8 8 1518.41 9.3 9.3 24933.39
—-5.5 -3 1210.17 10 10 2479.08 9 9.4 100422
—-5.5 -2 1286.14 12 12 13846.51 ® * *
—-5.5 —1 2344.68 12.1 12.1 18724.25 * * *
—54 =56 5179.15 12.2 12.2 29101.79 * * *
-53 =56 3067.52 12.3 12.3 66293.65 * * *
-52 =56 2208.87 i * * N * *
-51 =56 1743.17 * * * * * *
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We measured Percent Relative Efficiencies (PRESs) of various estimators
along with our proposed generalized class of estimators ¢ with respect toy.
It is observed that from the entries of the Tables 1, 2, 3(a) and 3(b) that the
suggested generalized class of estimators ¢ gives the largest PRE (17654.39%,
772384.00%, 9201.75%, 18686.57%, 146480.30%, and 100422.00%) for
data set I to IV respectively. Using the proposed generalized class of estima-
tors ¢ over other existing estimators, there is considerable gain in efficiency.
Thus there is ample room to pick up the scalars (a1, a) in order to obtain
estimators better than the existing estimators. Finally our recommendation
is in favor of the proposed generalized class of estimators ¢ for its use in
practice.

6 Estimation of Population Mean Under Stratified Random
Sampling

We consider a finite population Q@ = {Q1,Qs,...,Qx} of N units divided
into L strata with the hth stratum (h = 1,2,..., L) having N}, units such
that Zle Ny = N. Let yp; and (zp4, 2p:) (0 = 1,2,..., N}, respectively
be the observations of study variable y and auxiliary variables (x, z) for the
ith population unit in the hth stratum. A simple random sample of size ny, is
drawn without replacement from the hth stratum such that 25:1 ny =n.
Let sty = S pe1 Wil T(sty = Sopey Wa@h and Z(gy = S Whzn
be the sample means corresponding to the g)opulation means Y =

L WiV, X = S Wi X, and1 Z = Y= WhiZ, 1of the variables
v, x and z respectively, where i;, = . 2 Yhin T, = ar i Tpi and
zZn = % " zp; be the sample means corresponding to the population
\/ N i Y N i 7 _ N zni s
means Y, = ) . ?j\,hh, X = > ?\?h and Zp, = Y . fvih in the hth
stratum respectively with known stratum weight W}, = %
Further we denote
C., — Syh C. — Smh C., — Szh P _ Sya:h
yh Yh ) zh Xh ) zh Zh ) yxh Sth:ph7
Syzh szh

Pyzh = Sthzh’ Przh = thSzh’
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1 Al =\ 2 1 N — .2
th:Nh_liz;(yhiYh) ) Sgh:Nh_liz;(fL‘hiXh) ,
2 1 & = \2
Son = Nh_lz(zzh_zh) ;
=1

1 &

Syeh = N 1 Z (yni — Yn) (zni — Xn),
i=1

LS =2 (- 20)
Syzh = Yni — Yn) (2hi — Zn)
yz Nh -1 P 1 1
1 i _ L
Sazh = N, —1 ; (zhi — Xn) (2hi — Zn) s Vaoo = ;’th,%SEh,

L L
Voo = Y WiSa,  Vooz = > mWiS%,
h=1 h=1

L L
Vit =Y _ WiSyen, Vior = Y mWiSyen,

h=1 h=1
L
1— fn
Vour = Y Wi Sezn = .
011 h,1Vh hRPxzh Th < nn )

In the following section we have presented review of some existing
estimators with their properties.

7 Reviewing Some Existing Estimators in Stratified
Random Sampling

The conventional stratified sample mean estimator for population mean Y of
y is defined by

L
Yo(st) = U(st) = Z Whryn (54)
h=1
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whose variance/MSE is given by
2~ 2~ L
Var (YO(St)) — MSE (Y()(St)) — Voo = > wmWESZ,  (55)
h=1

The combined ratio estimator for Y is given by

- B X
Yr(st) = U(st) <3?“(st)> (56)

To the fda, the MSE of ?R( st) 18 given by

MSE (Yiuy) = (Vaoo + B Vozo — 2R1Vino) (57)
The combined product estimator for Y is defined by
ES _ j(st)
Y, = > 58
P(st) = Y(st) ( X ) (58)

The MSE of ?p( st) to the fda is given by
MSE (YP(st)> = (Vaoo + RiVo2o + 2R1Vi10) (59)

Following the approach adopted by Srivastava (1967), we define a class
of estimators for population mean Y as

~ B T(st) *
Ys(st) = Y(st) < (60)
We mention that for a; = —1, ffs(st) reduces to ?R(st) while for oy = 1it

reduces to the product estimator Yp(st). If we set a; = 0, then Ys(st) reduces
to usual unbiased estimator y(4).

The MSE of Yy to the fda is given by
MSE (Vsi)) = (Vaoo + 02 Voso + 201 BiVino) — (61)

which is minimum when

Vi
R1 V2o

oy = = Q1(opt), SAY (62)
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Thus the corresponding minimum MSE of }Afs( st) 18 given by

2 V2
MSEmin <YS(st))> = <V200 - 110) (63)
which is same as the minimum MSE of the difference estimator

f/D1(st) = sty + d (X — T(ep)) (64)

ie.
MSEmin <§/S(st)> = MSEnin <§/Dl(st)) = (V200 - “21);3) (65)

The stratified version of Upadhyaya et al. (1985) estimator is given by

~ T s a
Yusv(st)y = wolest)y + w1Y(st) < g—?) (66)

The MSE of ?U sv(st) to the fda is given by

MSE (?USV(st)) = [V + wiAo(sty + wi A1)
+ 2wowi Az sy — 2woY > — 2wy Ag(sp)] (67)

where

Ay = [Y %+ Vago + dar B Vito + a1 (21 — 1) R Voo

_ a; —1
As(sty = [Y2 + Vaoo + 21 R1Viio + an (12)R%V020]

- a; —1
Ag(sty = [YQ + a1 R Vito + ay (12)3%1/020}
The MSE(Yirgy (o)) is minimized for
AEk)(st) . AT(st) (68)

Wy = — W1 = —
Al Alst)
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Thus the corresponding minimum MSE of fo SV (st) 18 given by
MSEmin (?USV(st)>
{A1(st)374 — 24305 Ag(s) Y + AO(st)Ag(st)}

— |y2_ 5 (69)
(Ao<st>A1(st> - A3(st)>

where
* 2
(st) — <A0(st)A1(st) - AS(st))

Absty = (Arsry — AsstyAs(sr))
(Ao(st) As(st) — As(st))

For wo + w1 = 1 = w; = (1 — wyp) in (66), the class of estimators
Yy sV (st) reduces to the estimator

% — _ Tst a1
Visv(en = wolst + (1= w0)gsr (5F) (70)
To the fda, the MSE of }i/[)]kSV(st) is given by

Vioo + Ai(sty — 246(st)
MSE (fo*SV(st)> = | 4wl (Ao + Argen) — 2430 71)
—2wo (Y2 + Ay(sr) — Asg(st) — Ae(st))
which is minimized for

o (YQ + Al(st) - A3(st) - Aﬁ(st)) B (Vno + 041R1V020)
Wo(opt) = = (72)
(Aogst) + Arst) — 243(s)) a1 R1 Voo

Thus the corresponding minimum MSE of f/U* SV (st) is given by
MSEmin (YJSV(st) )

(Y2 + Aoty — Az(st) — Aﬁ(st))2
(Ao(st) + Avst) — 245(1))

V1210 Yo
= <V200 - Vi = MSEnin (YDl(st)> (73)
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Stratified version of Rao (1991) estimator for population mean Y is
given by
YRao(st) = a1Yst + 2 (X - jst) (74)

where (a1, r2) are suitably chosen constants such that MSE(Yg,o(st)) is
minimum. .

The optimum values of (aj, a2) along with minimum MSE of YRQO(St)
are respectively given by

N _ _ Y2 Va0 )
1(opt) Voo (YQ + ‘/200) _ ‘/1210
(75)
_ Y*Vi1o
“2(opt) = Vozo (Y2 4 Vano) — Vi
and
2 Y2 {Vo2oVaoo — Viio
MSEwin (Yrao(en)) = o {(W ) Véo} (76)

Gupta and Shabbir (2008) suggested the following estimator for Y as,

. _ X
Yassty = {oalst + ou (X — Tst) } () (77)

T st

The MSE of f’G S(st) to the fda is given by

MSE(Yas(sr)) = [Y2 + aday sy + aFasge + 20301034
— 203ay(st) — 20405(p) ] (78)
where
ay(st) = (Y2 + Vago + 3R Viao — 4R1 Vi
as(sty = Voo
az(st) = (2R1Vo20 — Vi1o)
aysty = (RiVoao — RiVino + Y?)

as(sty = R1Vo2o
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The MSE of }A/G S(st) 18 minimum when

(Qo(st) Ba(st) — A3(st)T5(st))

a3(o =
3( Pt) (al(st)a2(8t) - a%(st)) (79)

N _ (@a(sty @5 (st) — as(st)@a(sr))
4lopt) (@1(st) a2(st) — A5 (op))

Thus the minimum MSE of ?G S(st) 18 given by
MSEin (Y/GS(st))
(az(st)ai( 1)~ 203(st) Qa(st) O5(st) T a4(st)a§( t))
= |V2- ’ ’ (80)

(al(st) a2(st) — ag(st))

The usual difference estimator using two auxiliary variables in stratified
random sampling is defined by

ffDQ(st) = Pst + k1 (X — ZTot) + ko (Z — Zat) (1)

where k1 and ko are constants whose values are to be obtained.
The MSE of YD2(st) is given by

MSE (? ) | Vaoo + k2Voso + k2Voo2 82)
bst)) = +2k1ka2Vo11 — 2k1 V110 — 2k2 V101
which is minimized for
k _ (Voo2Vi10 — Vou1Vion)
Hort) (Vo2oVooz — Vi@1) 83)
i _ (Vo20V101 — Vo11Va10)
2(opt) —

(Vo2oVooz — Vi@1)
Thus the corresponding minimum MSE of fsz( st) 18 given by

(ViaoVoo2 — 2Vo11 Vior Vito + VozoVips )
(VozoVooz — V1)

MSEin (YDQ(st)> = Va0 —

(84)
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8 Suggested Class of Estimators for Population Mean in
Stratified Random Sampling

Motivated by Upadhyaya et al. (1985), we propose a generalized class of
estimators based on two auxiliary variables (z, z) for population mean Y'in
stratified random sampling as

o - _ AN _ Zst\ 2

b(st) = WoYst + W1Yst (?) + WaYst (7) (85)

where (wp, w1, w) are appropriately elected weights whose sum need not be

unity and (o, ce) are design parameters. The constants (aq, i) may take

positive (+, +) or negative (—, —) or positive-negative (+, —) or negative-

positive (—,+) values to form product-type or ratio-type or product-cum-
ratio-type or ratio-cum-product-type estimator.

To obtain the bias and MSE of the proposed estimator ¢y, we write,

Ust = Y (14 eq(s)), Tst = X (1 + eq(sr)) and Zse = Z(1 + ey(41)) such that
Eeost)) = Eleisty) = Eleysty) =0,

L L
1 1
B(ehon) = g3 2 WS E () = 5 2 WinSh
h=1 h=1

L

1
E (e%(st)> =73 > WS,
h=1
L
E(eO(st)el(st)) = vX Wf?VhSyxh’
h=1
1L
E(eg(stea(st) = vz ZW£7hSyzh and
h=1
L
E(el(st)QQ(st)) - ﬁ Z W]%’Yhsxzh-

h

I
—

Expressing (85) in terms of ¢’s we have

_ 1 1 1 o
. wo ( + 60(st)) + wi ( + 60(31:)22( + el(st)) (86)
+wy (14 egery) (14 €1er))
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We assume that [e;()| < 1,7 = 1,2 so that (1 + e;(s))*,7 = 1,2
are expandable. Expanding the right hand side of (85), multiplying out and
ignoring terms of e’s having power greater than two, we have

[ wo (1+ eq(st))

+w1{1 T Co(st) T Q1C1(st) T Q1CO(st) C1(st)

041(041 -1
~yv| T €1(st)

_|_w2{1 T €o(st) T Q2€2(st) T+ Q2€0(st)€2(st)

a2(a )}

wo (1 + eg(sr))

or

+w1{1 + €p(st) T Q1€1(st) T X1€0(st)€1(st)

_ _ o (a—1) ,
(t(st) - Y) =Y + 9 €1(st)

+waq 1+ eqrsr) + Q2ea(s1) + Q2€0(s1)€2(st)
2

g (g —1) o
+2€2(5t)} 1

87)

Taking expectation of both sides of (87), we get the bias of ¢y to the
fda as

_ _ ay(a;—1 Vi \%
B (t(st)) = |:Y(w0 — 1) + w1 {Y + ! ( ; )Rl 2—50 a1 ;—(10}
- o —1) _ Voo Viol
g {y+ A L (88)

Squaring both sides of (87), ignoring terms of e’s having power greater
than two and then taking expectation of both sides we get the MSE of ¢ to
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the fda as

Y2+ wiAgsty + WEA (st + W3 Ag(sp) + 2wow1 Az s
MSE (t(st)) = +2w0w2A4(5t) + 2w1w2A5(St) — 2w0Y2
—2w1 Ag (o) — 2waA7(sp)

(39)
where
Ag(sty = [Y? + Vaoo + dasRaVigr + az (202 — 1) R3 Vo]
_ ag — 1
Aysty = {YQ + Vago + 2a2Ro Vi1 + a2 (22)33%02]

As(st) = [Y2 + Vaoo + 2a1 R1Viio + 2a2R2Vier + cnaa R1Ra Vo

ap — 1 ag — 1
+0417( ! )R%Vozo-l-oqi( 22 )

5 R3 Vooz}

ag — 1)

Aq(sty = {?2 + agRa Vi1 + 042( Rgvooz]

(Ao(sty, Ai(st)> Az(st) and Ag(sy)) are same as defined earlier.
Minimization of M SE(t () at (89) with respect to (wo, w1, w2) yields

Aosty  Asgsty  Aagsty| [wo y?
Azsry Arsy Asny | [w1]| = | Ae(st) (90)
Aysty As(sty Azt w2 Az(st)

Solving (90), we get the optimum values of (wg, w1, wy) respectively as

woo = wi = ———, Wy = . ©On

where

Aoty  As(st)y  Aa(st)
Ay = |A3st)  Argst)y  As(st)
Agsty  Assry Aot

= Agy(st) (Al(st)AZ(st) - Ag(st))
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— Ag(sty (Aogs) As(st) — Augst) As(st))
+ Au(sty (Ag(sryAs(st) — Ar(styAaist))

V2 Assty  Aast
Aoesry = |A6(st)  Arsty  As(st)
Azsty  Assty Az
=Y? (Al(st)A2(st) - Aﬁ(st))
— As(sy (AagstyAs(st) — As(st) Ar(st))
+ Aysty (AsistyAest) — A Arist))
Agsty Y2 A (st)
Aqsy = [Asst)  Asst)  As(st)
Austy  Arsry Az
= Ag(st) (Ag(sty As(st) — As(st) Ar(st))
— Y2 (Ag(sty As(sty — Aasty As(st))
+ Aysty (AsistyArst) — Aaisy At
Aoisty Az Y2
Ao(sry = [As(st)y  Arst)  As(st)
Aysty As(st)y  Arst)

= Ag(st) (A1(sty Az(st) — As(st) As(st))
— As(st) (Ass) Ar(st) — Aagst) Ao(st))
+ V2 (Az(st)As(st) — Arsty Aagsny)

Thus the corresponding minimum MSE of ¢ () is given by

72 _ Ag(sp)Y? C Agen Dy ArsnBagst)
Aat) Ast) Ast)

MSEmin (t(st) ) =

92)

Thus we state the following theorem.
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Theorem-8.1 — The MSE of t; is always greater than equal to the minimum
MSE of t(st) i.e.
MSE(t(St)) Z MSEmin(t(st)

v2 Ag(e)Y? _ Agen Bty ArgsnDast)
Ast) A(st)

Ast)
with equality holding if

7

wol':K, i:O,l,Q.

*A remark similar to Remark 3.1 follows here.

9 Comparison of the Proposed Class of Estimator with
Some Existing Estimators in Stratified Random
Sampling

From (55), (57), (59) and (65), we have

MSE (§(st)) — [MSEmin (ffm(st)) = MSEmin <§/S(st)>]

Vi
=—==>90 93
Vozo — )
MSE (gR(st)) - [MSEmin (ffDl(st)) = MSEnin <?S(st)>:|
2
_ (B1Vo20 — Vino) >0 94)
Vo2o
MSE (§p(st)) — |:MSEmin (ﬁn(g)) = MSEin (?S(st)ﬂ
2
_ (R1 V20 + Vi10) >0 95)
Vo2o

Expressions (93), (94) and (95) clearly indicates that the usual difference

estimator }_/Dl(st) and Srivastava (1967) estimator }75( st) are better than the
estimators ¥g, YR(St) and Yp( st)-
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From (65) and (76), we have

[MSEmin (?Dl(st)> = MSEmin <YS(st)>] — MSEmin (?Rao(st)>

_ (Va00Vo20 — V1210)2
(Y2Vo20 + Vo2oVaoo — Vi)

>0 (96)

From (93)-(96), we have the following inequalities:

MSEnin (Viaosy ) < [MSEwin (Vo1(en) ) = MSEmin (Vs(en) |

< MSE (§st) ©7)
MSErin (?Rao(st)) < [MSEmin (f/m(st)) = MSEwin (ffs@t))]

< MSE (Vi) (98)

MSE in (?Rao(st)) < [MSEmin (ffm(st)> = MSEmin (ffsm))]
< MSE (Yp(a) (99)

It follows from (97), (98) and (99) that the Rao (1991) estimator YRaO(St)
is more pre01se than yst,YR(St) Yp(st), YDl(st) and Srivastava’s (1967)

estimator YS(St)
From (65) and (69), we have

~ ~

[MSEmin (?Dl(st)> = MSEwin (YS(st)> = MSEwin (7(}5\/(“))}

— MSEin (YUSV(st)>

Al(st) (YQ — AO(st)) + AS(st) (A3(st) — YQ) 2

B +Ag(st) (Aogst) — As(st)) -

<AO(st)A1(st) A3 )) (Aosty + Arst) — 245051))

(100)

It follows that the Upadhyaya et al. (1985) estimator f/U SV(st) 18 more

efficient than f’Dl( st) f/s(st) and YUSV(st)
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From (69) and (92), we have

MSEin (?USV(st)) — MSEnin (t(St))

9 2
72 Az(st) (Ao<st>A1<st) - Ag(st))
=N A + A s A S _A S A S
Ao (As(sty As(sr) = Ar(sn Aacs))
+Ag(st) (As(styAast) — Aoest) As(st))
>0 (101)

which shows that the proposed generalized class of estimators ¢ () is more
efficient than Upadhyaya et al. (1985) estimator Y7, sv(st)- Hence the estima-

tor ¢ () is more precise than the estimators s, YR( st)» Yp( st)s }_/Dl( st)s }_’S(St)

~

and Yoy (op)

From (73) and (84) we have
|:MSEmin (YDl(st)) = MSEnin (YVS(st)) = MSEnin (YV(;SV(St))]

 MSE,... (?Dz(st)> _ (VozoVion — V110Vb211) >0 (102)
Vozo (Vo2oVooz — V@)

which shows that the difference estimator YDQ( st) 18 more efficient than the

estimator ?Dl( st)-
From (76), (80), (84) and (92),we have

¢ MSEmin(t(st)) < MSEmin(?Rao(st)) if
Y4 Vos0
[Vo2o (Y2 + Vaoo) — Vi

(Aosn)Y? + Ag(sy Di(st) + Ar(sty Da(s))

(103)
Ast)

. MSEmin(t(st)) < MSEmin(YGS(st)) if
2 2
(aQ(St)a4(st) 2055t Ga(st) A5 (st) T a4(3t)a5(st))

(al(st)CLQ(st) - a?s(st))

(Do) Y2 + Ags) Aist) + ArsyDagsty)
Ast)

(104)
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* MSE vin (t(st)) < MSEmin(YDz(st)) if

YZ 4 (VitoVoo2 — 2Vo11Vio1Vito + VozoVioy)
(Vo2oVooz — Vi@1)

(Aot Y2 + Ag(styDist) + Arsty Dagst))
Ast)

< | Vopo + (105)

It is observed from (103), (104) and (105) that the proposed generalized
class of estimators () is more efficient than the estimators YRaO( st)s Y S(st)

and f’DQ(St) as long as the conditions (103), (104) and (105) are satisfied
respectively.

10 Numerical lllustration

To examine the performance of the proposed generalized class of estimators
i (st) OVer existing estimators, we use the data sets given below

Data I: Source: [Murthy (1967), P. 228]
N=80,n=22

Ny =19 Ny = 32 N3 = 29 ny =5 ng =9 ng =8
Y, =2967.95 Yo =4657.63 Y3 =7212.97 X; = 65.16 Xo =139.97 X3 = 589.41
Z1 = 349.68 Zy =706.59  Z3 =2098.69 Cy,1 = 0.25509 C,o = 0.14366 C,3 = 0.11848
Cp1 = 0.17158 Cpo = 0.31693 Crz = 0.38415 C,1 = 0.3130 C,o = 0.15457 C.3 = 0.30386
pyz1 = 0.81 pyz2 = 0.89 pyz3 = 0.98 py=1 = 0.94 pyz2 = 0.93 pyz3 = 0.98
pzz1 = 0.90 pxz2 = 0.85 pxz3 = 0.97

Data II: [Source: Koyuncu and Kadilar (2009)]

N =923, n =180

N, =127 Ny =117 N3 =103 Ny =170 N5 = 205 Ng = 201
ny = 31 ng = 21 ng = 29 ng = 38 ns = 22 ng = 39
Y1 = 703.74 Y, = 413.0 Y3 = 513.17 Y, = 424.66 Ys = 267.03  Yg = 393.84
X1 = 20804.59 Xo =9211.79 X3 = 14309.30 X, =9478.85 X5 = 5569.95 Xg = 12997.59
Z1 = 498.28 Zy = 318.33 Z3 = 413.36 Z4 =311.32  Z5 =227.20 Zg = 313.71

Sy1 =883.84  Syp =644.92 Sy3 =1033.46 Sy4 = 810.58 S5 = 403.65 Sy = 711.72
Sa1 = 30486.7 Syp = 15180.77 Sp3 = 27549.78 Sp4 = 18218.93 Su5 = 8497.77 Sp¢ = 2394.14
S.1 =555.58  S.p =365.46  S,3 =612.95 S,4 =458.03 S.5 =260.85 S, = 397.05
pyz1 = 0.936  pyro = 0.996  pyes =0.994  pyoa=0.983  pyas = 0.989 pyue = 0.965
Pyz1 = 0.979  pyaa = 0.976  pyo3 =0.984  pyaqa = 0.983  py.s = 0.964  p,.e = 0.983
Pzl = 0.9396  puaz = 0.9696  puy.3 = 0.977  puaa = 0.964 pa.s = 0.9676 pu. = 0.996
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Table 4 PRE’s of different estimators of population mean Y with respect to st

Estimator Datal  Datall
Yr(st) 14.42  1025.10
f/P(st) 5.89 24.22

Voien 23583 114185
Voo 23591 1143.02
f/G'S(st) 183.44 1109.11
ffDQ(st) 273.99 2621.61

Table 5 PRE’s of the estimator )Q/Usv(st) with respect to ¥st
Datal Data 11
aq PRE [e%} PRE
—1 238,07 -1 1146.96
1 235.84 1 1260.08

TAable 4 presents the PRE’s of YR(st), Yp(st), YDl(St), YRQO(SO, YGS(St)
and YDz( st) estimators with respect to ) for two data sets respectively.

Table 5 shows the PRE of Yy, sV (st) With respect to gy for ag = —1,1,
for two data sets.

Table 6 depicts the PRE of proposed estimator ¢ () wrt ) at different
values of o1 and a9, for two data sets.

Table 6 PRE’s of the proposed estimator (., with respect to ys; for different values of

(o1, 2)
Datal Data I

(e%] (6] PRE a1 a2 PRE

—1 —1 275.29 —1 —1 2626.83
-2 -2 277.33 -2 -2 2720.91
-3 -3 280.47 -3 -3 3216.10
—4 —4 284.92 —4 —4 4826.13
-5 -5 291.07 -5 -5 20279.5
-8 —8 327.57 -52 =52 96957.81
—10 —10 391.89 1 1 3590.02
—12 —12 642.36 2 2 6380.74
—13 —13 1645.27 2.1 2.1 7060.90

—13.1 —13.1  2078.85 2.2 2.2 7938.96
—132 —13.2 2887.43 2.5 2.5 13252.63
—13.3 —133  4928.01 2.8 2.8 51458.14
—13.4 —134 20017.07 -1 1 3067.82

(Continued)
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Table 6 Continued

Data I Data II

Qq (6] PRE (651 Q2 PRE
1 1 274.03 2 -1  2923.05
2 2 274.74 —1 2 1002.942
3 3 276.39 3 —1  2734.047
4 4 279.07 4 -1 2871.735
5 5 282.99 * * *
8 8 306.25 * * *
10 10 342.15 * * *
12 12 434.69 * * *
14 14 1047.46 * * *
141 14.1 1180.86 * * *
143 143 163481 * * *
145 145  2885.63 * * *
146 14.6 497754 * * *
147 147 22036.36  * * *
-1 1 274.16 * * *
-1 2 275.62 * * *
3 -1 277.21 * * *
4 -1 279.03 * * *

* %

-5 5 259.76 *

It is observed from Tables 4, 5 and 6 that for various values of (a, as) the
proposed generahzed class of estimators t(st) is more efficient than the esti-

mators y(st)YR(st)a YP(st) YDl(st)7YRao(st)’ YGS(st)’ YDQ(st) and YUSV(st)’
with considerable gain in efficiency. The proposed generalized class of esti-
mators ¢ yields the largest percent relative efficiency 22036.60% for data
set I while it is 96957.81% for data set II. It is further observed from Table 6
that there is enough scope of selecting the scalars (a1, a2) in acquiring effi-
cient estimators (from the suggested generalized class of estimators ¢4 ) than
the existing estimators. Thus we conclude that the proposed generalized class
of estimators (4 can be used in practice just by selecting the appropriate
values of (a, as).

11 Discussion and Conclusion

This article considers the problem of estimating the population mean Y of the
study variable y using information on two auxiliary variables x and z. We have
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proposed a generalized class of estimators for the population mean Y™ using
information on two supplementary variables x and z. Expressions of bias and
mean square error up to the fda have been obtained in SRSWOR as well as
in stratified random sampling. It is interesting to mention that the envisaged
class of estimators includes several existing estimators. Thus the properties
of the proposed generalized class of estimators unify results at one place. We
have proved theoretically that the proposed generalized class of estimators is
more efficient than the several existing estimators in both sampling designs
SRSWOR and stratified random sampling.

Empirical studies are carried out to throw light on the merits of the
envisaged generalized class of estimators over some existing competitors.
Larger gain in efficiency is observed by using the proposed generalized class
of estimators over some existing estimators in both the sampling designs:
SRSWOR and stratified random sampling. Results incorporated in this study
are very sound and quite illuminating. Thus it is recommended that the
proposed study is useful in practice.
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