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Abstract

For a Family of lifetime distributions proposed by Chaturvedi and Singh
(2008) [6]. The problem of estimating R(t) = P(X > t), which is defined as
the probability that a system survives until time tand R = P(Y > X)), which
represents the stress-strength model are revisited. In order to obtain the maxi-
mum likelihood estimators (MLE’S), uniformly minimum variance unbiased
estimators (UMVUS’S), interval estimators and the Bayes estimators for the
considered model. The technique of transformation method is used.

Keywords: Family of lifetime distributions, uniformly minimum vari-
ance unbiased estimator, maximum likelihood estimator, confidence interval,
bayes estimator.

1 Introduction

The reliability of an item or system can be defined as a function of
time ‘t’ i.e, R(t) = P(X > t), which defines the failure free opera-
tion of items/components until time ‘t’. One another important measure of
reliability under the stress-strength model is R = P.(Y > X), which
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represents the reliability of an item or system for the random strength Y and
random stress X.

A lot of work has been done in the literature on the point estiamtion of
R. For a brief review literature one may refer to Pugh (1963) [12], Basu
(1964) [3], Church and Harris (1970) [8], Enis and Geisser (1971) [10],
Downton (1973) [9], Tong (1974) [19], Kelly et al. (1976) [11], Sinha
and Kale (1980) [15], Sathe and Shah (1981) [14], Chao (1982) [4],
Awad and Gharraf (1986) [2], Chaturvedi and Surinder (1999) [7], Rezaei
et al. (2010) [13], Chaturvedi and Pathak (2012) [5], Surinder and
Mayank(2014) [18], Surinder and Mukesh (2015) [16] and Surinder and
Mukesh (2016) [17].

2 The Family of Lifetime Distributions

Chaturvedi and Singh (2008) [6] derived a family of lifetime distributions
with the help of Weibull distribution. Let the random variable X follows a
family of lifetime distributions, then the pdf is presented as

G'(z;a,0) —G(z;a,0)
)\ exp < 3

f(z;a,7,0) = >; r>a>0, A>0

(D

Here, G(x; a, 0) is a function of x and may also depend on the parameters
a and 6. 6 may be vector valued. G'(x;a,8) represents the derivative of
G(z;a, ) with respect to x.

The presented model (1) covers the following lifetime distributions as
specific cases:

1. For G(z;a,0) = x and a=0, we get the one-parameter exponential
distribution.

2. For G(z;a,0) = 2P, (p > 0) and a=0, we get the Weibull distribution.

3. For G(x; a,0) = 2? and a=0, we get the Rayleigh distribution.

4. For G(x;a,0) = log(1 + 2°),b > 0 and a=0, we get the Burr

distribution.

. For G(z;a,0) = log(% ), we get the Pareto distribution.

6. For G(z;a,0) = log(1 + Z),v > 0 and a=0, we get the Lomax
distribution.

7. For G(x;a,0) = log (1 + %b) ,b > 0,v > 0 and a=0, we get the Burr
distribution with scale parameter v(> 0).

8. For G(z;a,0) = x7exp(vx),v > 0,v > 0 and a=0, we get the modified
Weibull distribution.

9]
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9. For G(z;a,0) = (v — a) + Xlog (%) ,v > 0,A > 0, we get the
generalised Pareto distribution.
10. For G(z;a,0) = bx + gazQ,Q > 0,b > 0 and a=0, we get the linear
exponential distribution.
11. For G(z;a,0) = (1 + %)% — 1,0 > 0,b > 0 and a=0, we get the
generalised power Weibull distribution.
12. For G(z;a,0) = %(ebz—l),ﬁ > 0,b > 0 and a=0, we get the Gompertz

distribution.
13. For G(z;a,0) = (exb —1),b > 0 and a=0, we get the Chen distribution.
14. For G(z;a,8) = (x — a), we get the two-parameter exponential
distribution.

3 MLE of R = P,(Y > X)

In the following theorem, MLE of R is derived through the transformation
method

Theorem 1: The MLE of R is

T(y)

= T) + T(@) @

_ 1 ., = |-
where, T'(y) = s > 521 H(yjia2,02) and T'(x) = P > ity G(zisa1,6h)

Proof: Let the random variable X follows a Family of lifetime distribution
with pdf

)

! . . .
Flasar, h, 0,) = S oLt o <G<ﬂfa191>>

)\1 )\1
z>a1 >0, M >0 3)

For the given equation (3), let us consider the transformation
G(z;a1,01) = t. Then the distribution become

flt;a) = éexp <_at) C))

where, o = \1.
Now, let us consider Y be a random variable with pdf

H'(y; az,62) —H(y; az,02)
— = Zegp | ———=4

)\2 )\2
y>as >0, >0 5)

I

f(y; a2, Ao, 60) =
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Similarly, let us take the transformation z = H(y;ag,602) and 8 = Ag,
we get

1 z
f(259) = geap (—5> ©)

Let t and z be two independent random variable which follows expo-
nential distribution (4) and (6) with parameters « and (3, respectively, where
t = G(z;a1,61) and z = H(y; ag, 02). The relaibility model is

R=Pi(z>1)= / [ sty

& zZ\1 1 z
= 1—exp (——)} —exp <—> dz
/zo [ o/l p B
After solving, we get

B
8+ «a

On replacing the « and (3 by their MLE’S i.e, v = ¢ and 8 = %Z. The MLE
of R=P.(z >t)is

R:

(N

z
zZ+1
where, 7 = - 37" #;and Z = - Y"2 z;. Finally, MLE of R is

Ty
T(y) +T(x)

where, T'(y) = n% > 521 H(yj; az,09) and T(z) = n% Yot Gz ar, 01).
Hence, the theorem follows.
1. Implication

Here, we consider the different cases for the distributions to obtain the MLE
of R=P.(Y > X) given in (2)

Values of parameters for The MLE of R = P.(Y > X)
Distributions Values of Parameter

The one-parameter T(y) = n% >52 yjand T(x) = n% Yo @
exponential
distribution



Weibull distribution

Rayleigh distribution

Burr distribution

Pareto distribution

Lomax distribution

Burr distribution with
scale parameter
v(>0)

The modified Weibull
distribution

The generalised

Pareto distribution

The linear
exponential

Estimation R = P,.(Y > X) for a Family of Lifetime Distributions
T(y) = £ 572, o7 and
T(z) = 5; Y32y @7 forp > 0
T(y) = =202 v and T(z) = ;= 31 o
T(y) = 5; 32721 log(1 + y;) and
T(x) = 7% S log(1 + a?)
forb >0
T(y) = & 3252, log () and
T(x) = i Y log ()
T(y) = 15 5202, log (1+ %) and
T(x) = %Z?:lllog(l—k%)
forv >0
_ b
T(y) = n% > 052 log (1 + ylf> and
T(z) =13 log <1 + ﬁ)
ni =1 v
forb > 0,v >0
T(y) = 7; X321 yj exp(vy;) and
T(x) = - Yo, @] exp(va;)
fory>0,v >0
— r v v
T(y) = £ 5020 [ — a2) + Blog (L5
T(x) = % Z;‘:ll (ml —ay) + /\%ZOQ (a?:ijl
for A{, A2 >0, v>0
T(y) = & 552, [bus + %02
T(x) = n% >y _bxi + %11:12]

distribution

for 1,00 > 0and b > 0

397
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The generalised T(y) = n% > [(1 + y?)ei’} — 1 and
power Weibull T(z) = LS [(1 42007 — 1
distribution (2) = 5 Bt [ +2D)]

91,02>0andb>0

The Gompertz T(y) = %%(ebnrlyﬁ 1) and
e _ o
distribution T(y) = n% % (ebliti@i — 1)
5,6>0

Chen distribution

The two-parameter T(y) = L3 (y; — az) and
exponential T(z) = 1 S
distribution B

4 UMVUE of R = P,(Y > X)

In the following theorem, UMVUE of R is derived through the transformation
method

Theorem 2: The UMVUE of R is

na—1 ;. T'(n)T(ng) T (x) i.
2, (=1) ['(ng —)'(n1 +14) ( > ’ flay <1

R=

1=0
me2 I'(n)T(n2) T(y)
Z; (=1) F(ng+i+ 1)'(ng —i—1) <

where, T'(y) = 322, H(yj; az,02) and T'(x) = 3°" ) G(xi;a1,01).

Proof: Considering the transfomation G(x; a;,61) = tand z = H(y; az, 02),
we have the transform Equations (4) and (6). To obtain the measure of
reliabillty estimate P,.(z > t), we required to obtain the UMVUE of f(¢; «)
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and f(z; ) i.e, f(t;a) and f(z; 3) respectively, which is given by

_ !(t. . ny—2
fisoy = =N o) [ Gl )]
nyt nit
G(t;a1,01) < nit 9)
and
f(z; ) _ (n2 — l)H’EZ;CLQ,HQ) [1 B }I(ZSCL%HI)]M_Q;
na2z ngz

H(z;ag,Hl) < n9z (10)
Now to obtain UMVUE of R we have,
R=P(2>1)
o0 o0 , ,
=[] )z
t=0 J z=t

using (9) and (10)

b= mi /nzz (n1 —1)(n2 — 1)H'(2; a2, 02)G'(t; a1, 01)
t=0 Jz=t ninatz
. ni—2 . ng—2
[1 _ G<ta191>} {1 _ H(M?@l)} dodt

nit noz

let {1 _ H(Z;a2791):| —w

noez

B /mz‘n(mt,mz) (1 — 1)(no — 1)G'(t; ay, 601) - G(t;ai1,01) np—2
N t=0 nlf nlf
_ H(t;a9,61)

wnz—l]l Thar
dt
[”2 — 1o

B /min(mt,nzz) (nl _ 1)G’(t; ai, 91) . G(t; ai, (91) ny—2
N t=0 mf nlf

H(t: no—1
[1 _ Hltia2.61) 01)} dt
noz
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B /mz‘n(mt,mz) (n, — DG (t; a1, 61) - G(t;ar,61) ny—2
B t nit t

-0 nit

no—1 i
- —1\ [H(t;a2,0
Z(—l)’<n2. > {( 92, 1)} dt
: 1 naz
1=0
Now consider the case n1t < noz. Let 1 — G(tnaillgel)
integral assuming G(t; a1,601) = H(t; az,60s2) i.e., ay = ag and 67 = 5.

R T(n)T(ng) nit\’
- Z(_l) L(ng —i)T'(ng +14) <n2z>

1=0

= u, for solving the

In a same manner, we tackle the case when nt > noZ:

, ni—2 . F(nl)F(ng) noZ i+1
R= ; (—1) T(ne+i+1D(ny—i—1) <n1t>

The UMVUE of R = P.(Y > X) is obtained by substituting noz =
T(y) =32, H(yj; a,02) and nit = T'(x) = > 1%, G(xi;a1,01).
Hence, the theorem follows.

2. Implication
Here, we consider the different cases for the distributions to obtain the
UMVUE of R = P,.(Y > X) given in (8)

Values of parameters for The UMVUE of R = P,.(Y > X)

Distributions Values of Parameter
The one-parameter exponential T(y)=>_72,yj and
distribution T(x)=> "
Weibull distribution T(y) =372, yf and

T(x)=> " 2" forp>0
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Rayleigh distribution

Burr distribution

Pareto distribution

Lomax distribution

Burr distribution with scale
parameter v(> 0)

The modified Weibull distribution

The generalised Pareto distribution

The linear exponential distribution

401

T(y) = > j2,y; and
T(x) =312 a7

T(y) = Z;Lil
T(m) = 221
forb > 0

log(1+ yé’) and
log(1 + x%)

T(y) =3 j2, log (1 + %) and
T(z) =31 log (1+
forv >0

T() = Y3, log (1

forb > 0,v >0

T(y)=>72 1y]exp( vy;) and
T(x) =321 o) exp(va;)
fory > 0,v > 0

T(y) =
> [( | — as) + L log (algr)l\;)]
T(x) =
Sy [ - ) + flog (25|
fOI‘)\l,/\2>0, v>0

T(y) = Y72 [byj +%y; ]

T() = Y, [bwi + a2
for 61,02 > 0and b >0
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The generalised power T(y) =372 [(1 + yé’)e2 —1and
T(z) =32, [(1+29)"] -1

Weibull distribution 01,00 >0and b >0

The Gompertz distribution T(y) = %(ebnrlyﬁ' 1) and
T(x) = & (Mt — 1)
5,6>0

Chen distribution T(y)=>_72,(e% — 1) and
T(x) = 1 (e — 1)
b>0

The two-parameter exponential T(y) =>232,(y; — az) and

distribution T(x)=>"(z —ar)

5 Confidence Interval of R = P,(Y > X)

In the following theorem, confidence interval of R is derived through the
transformation method

Theorem 3: The confidence interval of R = P,.(Y > X) is

ngéc ngﬁd
— — <R< = —|=1—-0
ni1(l — R)(1 —¢) + naRe ni1(l — R)(1 —d) + naRd

1D

where,}.?zf —and 0 < c < d.
zZ+1t

Proof: From the Theorem 1, the MLE of R is 54% or % As we know
nit and nyz follows Gamma distribution with parameters (a,n1) and
(8, n2), respectively. For Confidence Interval of R, we must obtain the exact
distribution of the variable
t
§=— (12)
anit + Bngz
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Let p = anit and ¢ = [nsZ and observe that p and ¢ have gamma
distribution with the parameters (1,n;) and (1, ny) respectively. New set of
varible is § = T‘

On taking v = p and expressing the old variable in terms of new ones
P = =g o 5" The Jacobian of transformation is J = (1 — &) ~2%. The joint pdf
of ¢ and ¢
5 e—(%)wnl—&-ng—lénl—l
F(0,9) = ['(ny)T(ng)(1 — §)mtl

Intergrating out 1), we have the maginal distribution of ¢

(13)

P,(0) = [B(n1,n2)] oM 1 -6 0<d<1

Here, d has a beta distribution with the known parameters n; and ns. So
we have, forany 0 < ¢ < d

P.(c <6 <d) = I4(n1,n2) — I.(ny1,n2) (14)

where, I,(n1,n2) = [B(n1,n2)] fx m—l( )"2~1dz is the incomplete
beta function. After calculatlon for the conectlon of ¢ and R, we have the
pivotal quantity

.. —1

ngR(l - R)

6= -
ngR(l — R)

1+

where, R = 5% and R = %
If c and d in (14) are such that for a given o

Ij(ny,ne) — I.(ny,ne) =1—o0

then,
51 _ -
Ple<|ipBA=B01 ) _4_, (15)
noR(1 — R)
After solving the equation (15) for R.
p ~nch _ _pe< ~TL2Rd L
ni(l1— R)(1 —c¢)+n2Re ni(1 —R)(1 —d)+ naRd

The above equation is valid for any values of n; and ng, large or small.
Hence the theorem follows.
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3. Implication
Here, we consider the different cases for the distributions to obtain the
Confidence Interval of R = P.(Y > X) givenin (11)

Values of parameters for The Confidence Integral of R = P, (Y > X)

Distributions Values of Parameter
The one-parameter R= %
ol distributi o

exponential distribution i T(y) = n% ?3 Ly and
T(z)= LY

Weibull distribution R= T(yf iy% )
v T(y) =L 32, and
T(z) = 57 S0ty o7,

p>0

Rayleigh distribution R== AT
v T(y) = 7= >32, y} and
T(z) = nll >ty af

Burr distribution TGiTE

R
v T(y) = 5; 272, log(1 +y?) and
T(x) = n% S log(1+ab), b>0

Pareto distribution R = _ Ty
W

e n__ Tk
Lomax distribution R _7T(y)+f(;f) _
vV T(y) = = ;131 log (1 + yjj)
and
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Burr distribution with scale R = AT
parameter v(> 0) B "
vV T(y) = n% > 21 log (1 + lj) and

T 1 n1 xli’
T(x) = ;7 22y log <1 + 7) , V>

Oandb >0

The modified Weibull R= %

distribution z T(y) = n% Z?i X y}ea:p (vy;) and
T(z) = n% “xlexp(va;), v>0
and vy > 0

The generalised Pareto R= % vV T(y) = % Z;‘i )

distribution O ~ Y+
|:(yj o az) + TQZOg (a2+/\2>:| and
T(z) = n% Z?:ll
[(mz ar) + slog (af”l’:):)] , v>0
and vy > 0

i i 5__ T

The linear exponential R== BT

distribution —
vV T(y) = % Z?L [byj + %Qyﬂ and
T(z) =
Lo b+ Ga2], 61,62> 0
andb >0

The generalised power R= 7 (y;iy% B
v T(y) = 5 X5 [+ -1
and

Weibull distribution T(x) =

g3~
a
S
V
=)
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The Gompertz distribution R=_- "W

T(y)+T(x)
vV T(y) = % PRyt [%(ebyﬂ' - 1)} and
T() = & 50, [fe= -], 8>
Oandb >0
Chen distribution R= T(y?—(&-y%(z)
V. T(y) = =372 (€% — 1) and
T(z) =L 5" (% —1), b>0

The two-parameter

R

exponential distribution V T(y)=L3" (y; —as) and
v = gy 22j=1\Yj

T

() = ,712?:11(%' —a1), ai,az >0

6 Bayes Estimator of R = P,.(Y > X)

In the following theorem, Bayes estimator of R is derived through the
Transformation method

Theorem 4: The Bayes estimator of R is

*
*

*\ TH
e (B) DR € L €+ 1B), for B<1

w*
R =
* * _6*
o () 2R+ €&+ €+ LiBy), for B< -1
(16)
where 2 F1(a, b, ¢; z) is the hypergeometric series and B = - < 1.

Proof: Let us consider ¢ and z be the independent samples from the pdfs (4)
and (6). Here considering the conjugate prior, inverse gamma distributions
for a and S with the parameters p, 77, and &, w, respectively. Prior is

r(0,B) oc a8 g1 C5) unepso am
The likelihood is

Lo, Blt,z) = a”™pB™"  exp [— (Zillti L zj)] (18)

o B
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Applying Bayes formula and using (17) and (18). The posterior density
of (a, B) is

(ntn1t) _ (wtngz)
m(a, Blt, 2) o a PTM Tl e grémemlem g (19)

Evidently the posterior risk is also the product of gamma pdfs with the
updated parameters

,U,* :_(n1+u)7 77* :77+TL1%, f* :_(£+n2)7 w* =w + N2z
where, t and 7 are the sample means.
For posterior pdf of R, we consider a one-to-one transformation F' : R =

mia’ﬁR = « + [ with the inverse Q : « = RYp,f = R(1 — Jg). The

Jacobian of transformation is ¥r. The joint posterior density of R and ¥
becomes

T (R, Oplt,2) oc R TH(1L = R)S1 gttt om0 B,
0<R<1,9r >0 (20)
where B = “’2;’7* < 1.
Intergrating the (20) for ¥

Tr(R|t,z) = CRR* "' (1 - R ~'(1— BR)" W), 0<R<1
(21)

where, C'g is the normalizing coefficient. For the Baye estimator we have
R= /RWR(R|t, 2)dR (22)

Using the (21) and solving (22), we obtain the bayes estimator of R

* * _M*
ﬁ(%) DFi (0 + €+ 1, + €+ 1;B), for B<1
.

* * _5*
i (2) T R e e e+ 118, for B< -1

where, 3 F1(a, b, ¢;2) = 3272, a(aH)"'é?:fl_).%?(ljc(i;i)ii‘(b+j_1) j—], is the hyper-
geometric series.
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For the Bayes estimator R, replacing the parameters as
pr=—(mtp), nt=ntmT(z), & =—(E+n), w'=wtnoT(y)

Hence, the theorem follows.

4. Implication
Here, we consider the different cases for the distributions to obtain the Bayes
estimators of R = P,(Y > X) given in (16)

Values of parameters for The Bayes estimators of R = P.(Y > X)

Distributions Values of Parameter

The one-parameter exponential pr=—(ni+pn), n*=n+mz,
distribution & =—((+n2), w'=w+noy
Weibull distribution p=—(ni+p), n*=n+y0tak,

=—(+n2), w'=
w+d 2y, p>0

Rayleigh distribution pr=—(natp), 0t =n+300 g,
5*:_(§+n2)7 w* =

Burr distribution pe=—(ny+up), n*=
N+ ity log(1+ xb),
5* = _(‘S +n2)7 w* =
w+ Y2 log(1+ y;?), b>0

*

Pareto distribution pr=—(n1+np), n*=
n+ X log (),
5* = _(‘S +n2)7 w* =
w2 log (%) , a1,a2 >0

Lomax distribution p=—(n1+p), n*
n+> i log (1+ %),
5* = _(‘S +n2)7 w* =
w3 log(1+%), 1v,b>0



Estimation R = P,.(Y > X) for a Family of Lifetime Distributions

Burr distribution with scale
parameter (> 0)

The modified Weibull distribution

The generalised Pareto distribution

The linear exponential distribution

The generalised power

Weibull distribution

The Gompertz distribution

Chen distribution

409

pr=—(n+p), nt=
n+ym log(l—l—
£ = —(§ +n2), W* =

b
w—l—z J

NGRS

log(l—l—i) v,b>0

pr=mtp), =

n+ Z 1y exp(va)
=—(+n2), w'=

w+ 32 ylerp(vy;), v,v >0

=—(ni+p), n"=n+

w*
Z [ —aq) lllog ( LtV }
Z

a1+
—(&+ n2) w* =w+

[ e o0 (25

v,v >0

pr=—(n1+ p),

n+ an |:bl‘z ?1 :|
&= (f + ng w*

w2 {byj + &2

FY; b>0

M*:_(nl"’_,u)v 77*:
n+ X [(L+a))™ — 1],
=—((+n2), w'=

w4 > [(1 + y?)% -1,

pr=—(m+p), n*=
n+ X |G - 1),
5_ (5"‘”2)’ w* =
wH X [ -], b0
pr=—(ni+p), n*=
7]+Zz 1[61_1]7
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6*:—(54-712), w* =
w2 [ 1], b0
The two-parameter exponential pr=—(n1+p), nt=
distribution n+ym (i —ar),
6*:—(54-712), w* =
w2 (Y —a2), ai,az >0

7 Discussion

The Family of lifetime distribution is used in order to obtained the MLES,
UMVUES, Confidence intervals and Bayes estimators of R for the various
distributions. Initially, the generalized expressions for obtaining the MLES,
UMVUES, Confidence intervals and Bayes estimators of R are obtained, then
the estimator of the corresponding distributions are simply obtained by just
replacing their respective parameters. For example, consider the following
examples:-

Example 1 — Consider the Weibull distribution

Let X1, Xo,... X, be a random sample from WE(a, A1) and Y7, Y5, ... Y,
be a random sample from WE(a, \2). Amiri et al. (2013) [1] obtained the
MLE and UMVUE of R for Weibull distribution, which is given as

_m
R
2imim® L T Y
and the UMVUE of R is
m—1 ;
; F(n)F(m) tl !
1-— —-1) ;o <t
g( ) T(n+9)T(m—i) \t te
= n—1 i
. I'(n)T t2)’
Z(—l)] (n) (m) - (2> ; t1 >t
= L(n—j)T'(m+j) \t

where, t1 = Y ;" 2;% and tp = ZT:1 y;* are the sufficient statistics for the
A1 and \s.
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Example 2 — Consider the Burr distribution

Let X be a Burr random variable with parameters (p, b) and Y is another
Burr random variable with parameters (a, b). Awad and Gharraf (1986) [2]
obtained the MLE and UMVUE of R for Burr distribution, which is given as

1

R =
14_22;":1109(1%;'”)
my log(l-‘,—a:jb)
and the UMVUE of R is
(m—1 m n
- (m—1)!(n—1)!
—1)’ i < i
JZ;( )(m—1+j)!(n—1—j)! ;“—;“’
(2;’;1%-)]}
, i wi)
R = .
~ S (m =D (n—1)! - -
1—- -1y ; i
D T e e D DL D
(2?:1%)]‘
St vi)

where, Y wi = Y7 log (1 + ;%) and Y7 vi = Y07 log (14 y;%)
Example 3 — Consider the generalized Pareto distribution

Suppose X1, Xo,...X,, be a random sample from GP(a,)\) and
Y1,Ys,...Y, be a random sample from GP(53, \). Rezaei et al. (2010) [13]
obtained the MLE and UMVUE of R for generalized Pareto distribution,
which is given as

m
B 2oty In(1+Xy;)
n n —"_ m m
Zi:l In(1+Az;) Zj:l (1+>‘yj)
and the UMVUE of R is

- . (m=1)(n—1)! T\’
1= () (m(—z‘—1;!gn+z’)—1)! (Tl) st

e ; m—1)!(n—1)! To\"*
Zi:ol(_l) (m—(l—i—lg!gn—i)—l)! <Ti> ; To <1y

where, T = Y1 | In(1+ X;) and Th = )" In(1 + ;)
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Remarks: All the above Example 1-3 are the specific cases of our gen-
eralized expressions. Thus, in this study we have suggested a very simple
and approved method i.e, transformation method for obtaining the MLES,
UMVUES, Confidence intervals and Bayes estimators of R for the different
distributions.
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