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Abstract

This research article is concerned with the efficiency improvement of estima-
tors for finite population mean under complete and incomplete information
rising as a result of non-response. Different families of estimators for esti-
mating the mean of study variate via known population mean, proportion and
rank of auxiliary variate under different situations are proposed along with
their bias and mean square error (M SE). Optimum conditions are suggested
to attain minimum mean square error of proposed families of estimators.
Further the problem is extended for the situation of unknown parameters of
auxiliary variate and two phase sampling families of estimators are suggested
along with their properties under fixed cost and precision. Employing real
data sets, theoretical and empirical comparisons are executed to explain the
efficiency of the proposed families of estimators.
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1 Introduction

It is a well-known fact that the efficiency of the estimators often increases
by utilising the available information of the auxiliary variate [see Cochran
(1940), Tripathi et al. (1994), Khare (2003)], but there are many causes when
the required information may not be available specifically or completely,
on different variates. For instance, sometimes respondents are reluctant
to answer the questionnaire or do not provide complete information, this
circumstance is called non-response which causes the decrease in the effi-
ciency. To resolve this problem of non-response, Hansen and Hurwitz (1946)
introduced a methodology of sub-sampling from non-responding group of
population to suggest an unbiased estimator for estimating the population
mean. Several authors Rao (1986, 90), Khare and Srivastava (1993, 95,
97, 2000), Khare and Sinha (2002, 2009), Singh and Kumar (2009), Sinha
and Kumar (2011, 13, 14) suggested various type of estimators/classes of
estimators for estimating the population mean using the methodology of sub-
sampling the non-respondents with known and unknown population mean of
auxiliary variate(s).

Let us suppose that S = (S;1,S2...Sy) is a finite population consist
with A/ units. A sample S,, of size n is drawn from S using simple random
sampling without replacement (SRSWOR) method and value of study and
auxiliary variates for the i'" unit (i = 1,2,...n) of the population is
denoted by y; and x; respectively. Let the population is dichotomy in two
non-overlapping strata of responding (N7 units) and non-responding (N>
units) groups, i.e. S = Sp; + Sp,. Further, in a sample (S,,) of n units, 7y
responding (S,,) and ny non-responding units (S,,) are supposed to come
from Sp;, responding and Sy, non-responding group of population. Let a
subsample of size 7 = 52, (h > 1) units is drawn arbitrarily from S,,,, where
h denotes the sub-sampling fraction at second phase sample. If w; = “L and
Wy = % are the estimates of unknown proportions W; = % and Wy = %
respectively, therefore on the basis of available information on (n; +7) units,
Hansen and Hurwitz (1946) suggested an unbiased estimator for estimating
the population mean as

th =" = Wiy + walo(y (1)
whose variance is given by

V(th) = Y2 [ACB + MC2 )] @)
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2
where A, = 1 — L.\, = ws (hgl), C3(= ;—‘Z) and Cg(z)(: ?’?(;)) are the
coefficients of variation of complete and non-responding group of the study
variate while y; and y,(,y are sample means of the study variate depending
upon 1y and r units respectively.

Following the strategies of Rao (1986, 90), Khare and Srivastava (1993),
and Khare and Srivastava (2000), the conventional ratio, product, regression,
generalized and class of estimators for estimating the population mean with
known mean and proportion of auxiliary variate under unit non-response on

study as well as auxiliary variates may be defined as

t ) = ?h;{:h’ t1(2) = @h%,

V) =72, tn® =B,

tregt V) = 7" + 01 (X —T"), treg1® = 7" + 05 (P, — ),

t () = @%%)al, t ) = @h(%%yQ,

taV) = fi(g", 01) where 6; = % ta® = fo(y", 02) where 03 = %,

The Bias and M SE of all the above estimators up to the order of n~*
are given as:

B(t,1 M) = Y[\ (CF — 2p01CoCh) + /\h(C12(2) —2p01(2)Co2)C1(2))]

3)
M(t1 M) = V2 [\ (C3 + CF = 2001 CoCh) + M(Coay
+ 012(2) — 2p01(2)Co(2)C1(2))] 4
B(t,1 ™M) = Y[AaCoC1 + Apor(2)Cor) Ci2)] &)
Mt ™) = Y7 Aa(CF + CF 4 2p01CoCh) + M(Ciay + Chy
+ 2p01(2)Co2)C1(2))] (©6)
Bl ™) = o0 1 — 52 ™
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where 3 = SS%, pzo = E@ —X)’@" -Y)" and poy = E@" - X)°

7" -Y)
~ A{Mp015ySa + AuP01(2)Sy(2)S(2) }
{)\HS% + )\hsz(z)}

M(tregt™) = {AnSp + MnSoa }

3)
at
o) = {Anpo1Sy Sz + Anpo1(2)Sy(2)Sz2)
Hont {AnSZ + A2 ) ’
—|aj(a; —1
Bltn®) =¥ AUy ez 4 a2,y
+a1{Apo1CoC1 + Mpo12)Co2)Ci2)}] (9
(Mt )], = {A0S) + AnSyia)}
_ {Anpo1 SySe + Ahﬂ01(2)5y(2)5x(2)}2 (10)
{Ansg + /\hsi(g)}
at
(o)., = {Anpo1CoC1 + Anpo12)Co2)Ci2) }
)opt — — )
ot PG+ MCF )}
2 2
B(ta®) = {AnSy + Myt 921
C - 2 7}7/2
07" | op)
i {AHC% + Ahclz(g)} 82f1
2 8912 (gh*,gl*)
+ Y {Anpo1CoCi + A CoCra Oh
nPp1 01 rPo1(2)L0(2)1(2) 07" 06, 7 0%)
(11)
where
yh* :?+¢O(gh _?)7 01* =1 +¢1(01 - 1)5 0 < ¢0,7f)1 < ]-7
{AnP01SySa + Anpo1(2)Sy(2)Se(2) }
[M({Cl(l))]mm — {)\n‘gj + )\hs??@)} _ Y (2)Py(2)°=(2)

{)\nS% + )\hSQ%@)}
(12)
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at
AOF.1) = % =X {Anﬂmsysz + Ahﬂo;@)Sy&)Sz@)}’
B(tr1 @ )= [{A 02 + )\hC2 } {Anpg2eCoCa + )\h/>02(2)00( )02( )}]
(13)
M(fﬂ@)) = YQP\”(CS + 022 — QpOQCQCQ)
+ Ah(Cg(z) + 022(2) — 2p02(2)Co(2)Ca(2)) (14)
B(t,1?) = Y [Mp02CoCs + Anpoa2)Co@)Coo)) (15)
M(tn®) = Y \(C3 + CF + 2p02C0C2) + M(Cop)
+ C39) + 2002(2)Co(2) Ca2))] (16)
19; 15;
@y =g, (2221 17
B<t"591 ) B ( SZ Syp> ( )

where 3 = 630 = E(p" ﬁx)‘g@h — 7)0 and do1 = E(p! —Fx)Q

" -Y),

5’2’

{Anpo2SySy + AhPo2(2) Sy (2 )510(2)}2
{)\ S +)\h82(2)}

M(tregt®) = {AnS2 + AuS20)} —

(18)
at

o), = {Anp02SySp + Anpo2(2)Sy(2)Sp(2)
Do = T S

_ —1
Blin®) = (2222 =Dy 02 a2,

+ @2 {Anp02C0C2 + Anpo2(2) Co2)Ca(2) ] (19)
= {AnSE + Ay}

{025y Sp + Mpo2) Sy S}
{)\ 52 + )\h52(2)}

[M (tgl @ )]

2
(20)
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at
(an) = — {Anpo2CoCa + /\hP02(2)CO(2)C2(2)}
2) opt {MnC3 +MC2 )} ’
2 2
B(t.®?) = Sy + My} 02
c - 2 —h2
97" g+ 07)
. {IAC3 + )\h022(2)} 92 f
2 89% (@h*,02*)
T p02CoC + Mo ooy ooy} 212
nP02C002 T ApPo2(2)Lo2) L2(2) oy 00, @ 02%)

(21

where

7 =Y + 0@ V), 05 =1+ a2 —1),0 <o, ¢ < 1,
and
Anp025y S + AnPo2(2)Sy(2) (o 2
Oy gy 2 g2yt uSp (2)°(2)p(2)

(Mt ™) = Sy + S5} A2+ A%}
(22)

at

f2(7,1) = of2 _ _?m{)\HPOQSySp + Anpo2(2)Sy(2)Sp(2) }
’ 902 | (v 1) {53 + AnS) )

However, it has been observed in some cases when complete information
is available on auxiliary variate but not on study variate [see Rao (1990)], so
in this circumstance the alternative ratio, product, regression, generalized and
class of estimators using the known population mean and proportion of the
auxiliary variate may be defined as

to® =73, ta® =7 L,

t) =7"Z, t® =L,

trege™ =" + V(X — ), treg2® = 7" + b} (P — P,).
tg2(1) = ?h(% a3, tg2(2) = ?h(%)M,

f02(2) = f4(?h, 94) where 0, = %“;,
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The Bias and M SE of all the above estimators up to the order of n~*
are given as follows:

B(trz(l)) = )\n?(C’% —2pp1CoCh) (23)
M(tr2V) = V{0002 + (AnC2 + MCl)) — 20pi CoC1}  (24)
B(t,2M) = XY po1 CoCh (25)
M(t2 W) = Y H{ACE + (AC3 + MC3ia) + 20upnCoC1}  (26)
/ /
1)y — H3o _ H21
B(tregQ ) /6)\71 < S% Syx) (27)
Syz _ ==3,._ 0 _ =2, =
where 3 = SL%,,ugO =E@-X)y-Y) andpupy =ET-X) (y-Y)
2 S.
M(tregZ(l)) = {An5§ + )‘hSz(z)} - )‘nl)(Q)lsy at (bg)opt = POI§Z>
(28)
— -1
B, ™) =¥ |02 =1, 0 +a3Anp010001] 29)
(1) _ 2 2 _ 2 @2 _ @
[(M(tg2" )], i = {AnSy + )\hSy(Q)} Anpi Sy at (as)opt = —po1 C;
(30)
2 2
B = T ) 7
2 —h
07" | g 05%)
(MGt} 0
2 005 | gy
- & f3
+ Y {Apo1CoCl} —5— (€29
ot 8yh803 (yh’:eg*)
where 7' =Y + o (7" — V), 05 = 1 +13(05 — 1), 0 < ¢, 9b3 < 1,
2 —
Mtz i = (A0S} + MSpz)} = Aapfy S, at f32(Y,1)
o IS (32)

903 (Y,1) Sa



28 R. R. Sinha and Bharti

B(t2?) = MY (CF — ppaCoCs) (33)
M(trQ(Q)) = ?2{/\71022 + (Aan + )\th@)) — 2, p02CoC42}

(34)

B(t,2?) = \,Y p2CoCa (35)

M(t2®) = VA% + (A3 + MC2) + 22np02CoCa} (36)

) i (950 05
Bltyegs®) = A'A ( - ) (37)
g Sg Syp

= 3, =0 =2
where 3 = ?—g, 8o = E(p, — P)*(¥—Y) and 64 = E(p, — P:)
T-Y)

2 S,
Mtregz®) = (S + MSZ0)} = MphaS)y at () e = P02 2
D
(38)
Bt @ _ v |calaa—1) 2
(t2”) =Y f)\ncz + ag A po2CoCa (39
2 C
Mty ™) = (S + M)} = AnptiaS, at (a)op = ~poa)
(40)
2 2
Blta®) = ot Mk 214
2 =h
Y g 047
{AnCo?} 02 f4
2 8042 (@h*104*)
= 9% f4
+ Y {\npo2CoCa}t ——— 41)
ayh894 (?h*,84*)
where

77 =Y (@ =) 04" =1+ a(00—1),0 < 9o, u < 1,
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and
2 —

_ N

— S,
= = —Popoagt (42)

Sp
Further, Sinha and Kumar (2014) extended this problem to propose the
classes of estimators using population mean and proportion of auxiliary

variate when non-response occurs only on study variate and studied their
properties.

2 Proposed Estimators

Following the approach of Sinha and Kumar (2014) and using the information
of known mean, proportion and rank of auxiliary variable, two situations are
considered for wider families of estimators to estimate the population mean
of study variate.

Situation I: The families of estimators proposed for the situation when non-
response takes place on both study and auxiliary variates

=h 7h
Ti =7"91(01,m) where 6 = < M= ?3; 43)
and
—h —h
T = @hgg((%,m) where 09 = B—x,m _ Tz (44)
P, R,

such that g;(1,1) =1Vi=1,2.

Situation II: When non-response takes place only on study variate but
complete response accessible on auxiliary variate, the families of estimators
proposed for this situation are

T 7

Tz = 7" g3 (03, here 3 = —,my = — 45

3 =7"g3(03,7m2) where 03 TR (45)
and _ _
-

Ti = 7" 9404, here 0y = =% 1y = = 46

4 =1 "'94(04,m2) where 04 TR (46)

such that g;(1,1) =1V j = 3,4.
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The families of estimators [771, 72| and |73, 74] may be combine to study
their properties and they may be defined as

T =7":(0;,m);i = 1,2 (47)

and
T;=79"9;(0;,m2);5 = 3,4 (48)

such that g;(1,1) = g;(1,1) =1Vi=1,2;j = 3,4.

It is to be noted here that the continuous functions g;(6;,71) and g;(6;, n2)
assume positive values in a bounded subsets D; and D; containing the point
(1,1) on the real line. The first and second order partial derivatives of
functions g;(6;,71) and g;(0;,n2) with respect to (6;,71) and (6;,72) are
assumed to be continuous and bounded in D; and D; respectively.

To obtain Bias and MSE of 7; and T;, we assume for ease that the
population size is large enough as compared to the sample size so that the
finite population correction (f.p.c) terms may be ignored. Therefore, we
define the following terms under the large sample approximation as

_y-Y zh— X pt—P Th — R,

g ’5 = — ’S :77‘%’6 e
0 1 X 2 3

such that £(&;) =0,Vi=0,1,2,...,6.
and the following terms are obtained up to the first order of approximation

E(e§) = MG + ACi), E(e?) = MCF + M Ciy),
B(e3) = MC3 + MClay B3 = MCE 4+ MCl).
E(5) = MO, E(e2) = \C3,

E(e§) = M3, E(&é&1) = MCot + ACoi(2)s
E(082) = MCoz + MConzy. E(E03) = MCos + MCosa).
E(&&y) = MCon, E(&E5) = MCo2,

E(E0&s) = MCos, E(&1&) = M Cia + ACra2),
E(&183) = MCiz + MCiz), E(£283) = MCaz + AnCas(a)
E(&4E5) = M\Cha, E(&4&) = M Chs,

E(E5&6) = AnChas.
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where
52 2 92 2
Cg:jga C%_%v CQZ_ijv 032 %7 COI 5?3?7
Y X P >
S S r S S.Z’?"
COQ_ng Co3=Y—;, CIQZng Cls:XR’
Spr Sy@) @) @)
023 - %, 03(2) — y2 , 012(2) = YQ s 022(2) = 12 s
2
o2 r(2) Sya(2) — Syp(2)
3(2) = =2 01(2) = T 02(2) = YP,'
S r(2 S:): 2 er 2
Coz(2) = v @, Crae) = Xj;(, ) Cz2) = X};)’
S r(2
C'23(2) =" ) ) Sya: = pOISySma Syp = pOQSySpa

P.R,
Syr = p03SySr,  Szp = p125:Sp,  Szr = p13S2Sr,
Spr = p23SpSry  Sye(2) = Po1(2)Sy(2)Ox(2):

Syp(2) = P022)Sy(2)5p(2))  Syr(2) = Po3(2)Sy(2)Sr(2)

Sep(2) = P122)52(2)Sp(2)s  Sar(2) = P13(2)52(2)Sr(2)5

Spr(2) = P23(2)Sp(2)Sr(2)-

Here (po1, po2, pos; P12, p13, p23) and (po1(2), Po2(2), P03(2), P12(2)» P13(2)>
pa23(2)) denote the coefficient of correlation between (y,z), (y,p), (y,7),
(z,p), (z,7), (p,r) respectively for complete and non-responding group of
population while (po2, p12, p23) and (po2(2), P12(2), P23(2)) denote the coeffi-
cient of bi-serial correlation between (y,p), (x,p), (p,r) for complete and
non-responding group of population.

Now, expanding the functions ¢;(0;,m1);4 = 1,2 and g;(6;,7m2);j =
3,4 about the point (0;,m1) = (0;,m2) = (1,1) by Taylor’s series
up to the partial derivatives of second order and applying the condition
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gi(1,1) = g;(1,1) = 1, we have

B 2 2
Ti=Y1+&EnW 4+ Ea® + %91(11)(91*7 m*) + i391(22)(91*7 m*)

2
+ 5153g1(12)(01*7 771*) + & + 505191(1) + 505391(2)] (49)
_ 22 22
To = Y1+ Eg0V 4 E395 + 5292(11)(92*7 m”) + 5392(22)(92*7 m)
+ E2E3921D (025, m*) + Eo + EoE2go™) + E0E390 )] (50)
_ 2 22
Ta = Y1+ E1gsV + Eeg5P + 5493(11)(93*, n2*) + 5693(22)(93*, 72%)
+ £2869312 (85%,m") + Eo + E0Eugs V) + E0Eo93 Y] (51)
o 2 e2
Ta=Y[1+EgW + g + 2 ga (4% mo*) + 8 2 92D (04* 19*)]
+ E5E69412 (4%, 1) + Eo + E0E594V] + E0E694'P)] (52)
where
(1) 0gi (2) 0gi A p x . * 829i
9; = [, ) g9;, = ) 9; (015 1):77
90| (1,1) Om l1,1) 00;
0%, 0%g;
gi(22) (9Z y T ) 8 g 9 gi(12)(91 > ) aeag
(0% i) M0 m*)
0" =1+vi(6; — 1), m*=1+¢1(m — 1),
0<vi,p1 <1, Vi=1,2.
g = 99 g = 99
! 00, (1,1) ! on (1,1)
2
(11) o 0%
g] (0.7 ? ) 8932 ’
(8% m2%)
0%, 0%,
(22) (g. 995 (12) 9j
957 (0%, ) = , g5 (0%, me") =
877% (0% m2%) 90;0n: (0;%,m2%)
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0 = 10— 1), " = 1+ ol — 1),
0 <y, <1, Vj=34.

Since, it is assumed that the sample size is so large to justify the first
degree of approximation and under the regularity conditions imposed on
Ti;i = 1,2,...,4, their Bias and M SFE will always exist. Therefore, the
bias and MSFE of T;;i = 1,2,...,4 up to the first order of approximation
[O(n~1)] are as follows

AnC2 4+ MC?
( 2 12 0,00 (0%, )

A2 + A, C2
+ ( 5 32) a6, m*)

B(T1) =Y

+ {Anp13C1C5 + Anp13(2)Cr(2)Ca2) o 2 (01, mi¥)

+ {Anpo1CoC1 + )\hpo1(2)co(2)01(2)}91(1)
+ {Anp03CoC3 + )\hpo3(2)Co(2)CS(2)}91(2)] (53)

</\n012 + Ath(z)) ()’
1

2

M(Th) =Y

2

M C2 4+ A, C? A C2 4+ A\, C?
+ ( 3 3(2) {91(2)}2 + 0 0(2)

2 2
+ 2{\up13C1C3 + )\h013(2)01(2)03(2)}951)91(2)

+ 2{Aup01CoC1 + AhP01(2)00(2)Cl(2)}g£1)

+ 2{A\up03CoC3 + )\hPO3(2)CO(2)CS(2)}91(2)] (54)

B(TQ) =Y

AnC2 + MC2
( 2 2 921 (0%, m*)
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)\nC§ + )\hcg
* 2

(2)> g2(22) (92*7 771*)

+ {Anp23CaC3 + Anpaz(2) Ca2)Ca) Y9212 (02, ™)
+ {Ap02CoCa + Anpoa(2) Co) Caa) o2V

+ {Anp03CoC3 + )\hpog(2)00(2)03(2)}92(2)] (55)

(Ancg t Ah@?@)) {0}

52

M(T2) =Y

2

M C% + N\, C2 2 M C2 + N, C2
n ( 3 3(2) {92(2)} i 0 0(2)

2 2
+ 2{ A\ p23C2C3 + >\h023(2)02(2)03(2)}92(1)92(2)

+ 2{ A p02CoC2 + Ah002(2)00(2)02(2)}92(1)

+ 2{Anp03CoCs + )\hﬂ03(2)co(2)03(2)}92(2)] (56)

)‘NCQ * ok )‘HCZ * ok
<2l> 93" (03*,m5) + ( 3) 93%2) (05, m3)

B(Ts) =Y

2

+{/\nP130103}93(12)( 3 715)
+ {01 CoCh Y gz + {Anposcocs}gg<2>] (57)

A C? 2 A, C2 2
< 5 1) {gsM} + ( 5 3) {9:?}

A C2 + A, C2
- 2

M(T3) =Y

(2)> + 2{Anp13C1 C3} g3V g3

+ 2{Anp01CoC1 }g3 V) + 2{)\nPO3COC3}g3(2)] (58)



Families of Estimators for Estimating Mean Using Information 35

B(Ta) =Y 2 2

)‘HCQ * ok )‘nCQ * ok
(2> 94"V (045, %) + <3> 942 (64%,m3)

+ {Anp23CaC33g412 (0%, 15) + {Mnpo2CoCa}gs

+ {/\nPOSCOC3}g4(2)] (59)
—o| [\, C2 A C2
M) =7 | (252) () + (252) 10y’

* 2

> + 2{Aup23CaCs}gs gy

+ 2{\p02CoCotgs™M + 2{Anpogcocg}g4<2>] (60)

Using the principle of maxima and minima, partially differentiating the
MSE’s of T;;i = 1,2,...,4 with respect to the corresponding ¢;(!) and
gi(z), the optimum values of the functions can be obtained. Hence, the
minimum MSE’s of 7;;4 = 1,2, ..., 4 along with the optimum conditions
are given by

{AnP01SySe + Anpo1(2)Sy2)Se@) )
{AnSZ + AnS2 )}

{AnSE + A2 gy HAnp03 Sy Sr + Anpos(2) Sy(2)Sr(z) }
—{Anpo1SySa + Anpo1(2)Sy(2)Su(2) }
. {)\nPIBSer + )\hp13(2)5x(2)5r(2)}]2
{MnS; + )‘th(Q)}[{/\nSg% + )‘hszm)}{)z‘nsz + /\h512’(2)}
_{)\npl?)SxSr + )\hp13(2)Sx(2)ST(2)} ]

M(T) i = Sy + MSpi)} =

min

(61)
if
[{Anp03CoC3 + Anposi2)Co2)Ca2) }
{Mp13C1C3 + Mnp13(2)Cro)Ca) b — {AnC3 + ACig }
L {Anp01CoCr + Anpoi(2)Co2)Crz) ]
g = 2 2 2 2
—{Anp13C1C3 + Anp132)Cr(2)Ca2) }
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and

[{Anr01CoC1 + Anpo1(2)Co2)Criz) }
{Aup13C1C3 + Mnp13(2)Cr2)Ca2)

2 _ —{ACF + )\th(g)}{/\npozaCoC% + Anpo32)Co2)Cs(2) }

9 {AnCE + )\h012(2)}{/\nC§ + )‘th@)}

—{Anup13C1C5 + Anp13(2)Ci(2)Ca2) )

{Anpo2SySy + )\hpo2(2)5y(2)5p(2)}2
{AnSE + A7 o)}

{AnSE + Ahsi(g)}{)‘nPOBSySr + Anpo3(2)Sy(2)Sr2) }
—{Anp02SySp + Anpo22)Sy(2)Sp2) }
~ {Mp23SuSr + Anpas) Spi) Sriz) }
—{Anp23SpSi + Anpaz2)Sp2)Sr2)} |

(62)
if

[{Anp03CoCs3 + Anpo32)Cor2)Cay }
{Anp23C2C3 + Appag(2)Co(2) C3(2) }
—{\C3 + /\hC32(2)}{)\npO2SySp + Anp02(2)Sy(2)Sp(2) }

{AnC3 + AC3p) HARCE + MC3 )}
—{Anp23C2C3 + Anpaz(2)Cag2) Ca2) 1]

92(1) =

and

{Anp02CoC2 + Anpo2(2) Co2)Ca2) }
{Anp23C2C03 + Appas(2)Car2) Ca2) }
~{AC3 + M G5 HAnp03CoCs + Anpos2)Cog2) Ca2) )]

[{AnC3 + AnCF ) HACE + MC3 )} ,
—{Anp23C2C3 + Anpas(2)C22)C3(2) ]

(2 —

92

AnS2(po3 — po1p13)”
1—piy

IM(T5) ] in = {AnS2 + M2} = Anp S2 —

min

(63)
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if
(1) _ XS, (P03P13 - 001)
gs = = 5
YSx - p13
and
(2) _ _E;rsy (PO3—013001)
g3 = = 5
YS:I: - P13
AnS2(posp2s — po2)’
M(TD)] i = A0Sy + /\hSZ(Q)} — MpogSy — —2 1= 2,
(64)
if
g, = ?jsy <P03P23 - Poz)
Y5, 1 - 933
and
@ _ —RaS, <P02—,023P02>
g4 = = 5 .
YS, 1 — p3g
Since the values of gi(l) and gi(Q), 1 = 1,2,...,4 involve the unknown

parameters, therefore their values can be obtained by using the prior data or
replacing with their consistent estimate, Reddy (1978), Srivastava and Jhajj
(1983) and Koyuncu and Kadilar (2009) have shown that these estimates
do not affect the minimum mean square error of the estimators up to the

order n— 1.

3 Extension of This Problem to the Two-Phase Sampling

In this segment, the problem is extended to the two-phase sampling for
estimating the population mean Y when non-response observes only on study
variate (y) while mean X and rank R, of auxiliary variate are unknown.
In this situation, a larger sample of size n’ at first phase is chosen from
the population of size N using SRSWOR to estimate unknown population
mean X and rank R,. Let the estimates are ' and 7,/ based on complete
information available on n’ units of auxiliary variate thereafter a sample of
second phase is drawn from the sample of first phase, which is used to obtain
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the obligatory information on study variate (y). Now, the three different
families of estimators under these situations are as follows

Te1 = f(G",05) where 65 = % [Khare and Sinha (2002)] (65)
Teo = 9(",0s) where 05 = 5"”, [Sinha and Kumar (2014)] (66)
and
Tes = J'F(05,05) where 05 = % and 6 = ;;“",
[Sinha and Kumar (2014)] 67)

Following Khare and Sinha (2002) and Sinha and Kumar (2014), the pro-
posed family of two-phase sampling estimators for estimating the population
mean Y using the estimates 7’ and 7,/ is given by

Tz
and 73 = —7 (68)

Tea = 5"G(05,13) where 05 =

& =l

such that G(1,1) = 1 and the function 74 satisfy some regularity conditions
required for the its expansion by Taylor’s series.

Proceeding from the previous section, some large approximations under
SRSWOR are defined to obtain bias and M SE’s of T.;,i =1,2,...,4 as

7=X(1+&"), p,/=P,(1+&) and 7, =R, (1+&)

such that E(g;’) = 0;i = 1,2, 3,

B(EP)=NC},  E(EP)=NC3,  B(ER) =NC,

E(&E]) = NCo1, E(&E)) = NCo2, FE(E0E4) = NCos,
E(&1&) = NC2, E(&E) = NCia, FE(£E&5) = NCis,
E(E&) = NCia, E(EIE) = NCha, FE(£]&) = NCis,
E(E&L) = NCi3, E(&E)) = NC3, FE(£E&5) = NCas,
E(ELE3) = N O3, E(ELEL) = NCa3, E(E3EL) = NC5?
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Now, expanding the function G(65, n3) by Taylor’s series about the point
(05,m3) = (1,1) and using the condition G(1,1) = 1, we have

— 1
Tea = YIG(L,1) + (05 = DGY + (05 = DG + (05— 1)°GM (65, n5)

1 >*
+ 501 = 1)2G@ (05, 13) + (05 — 1)(n3 — 1)

G (02, 035G (0%, )] (69)
where
2
an _ 9¢ a» _ 9¢ Gan(ge ) = 29
905 ’ 905 ’ 5713 002 | .. .
(1,1) (1,1) 5 (95,773)
. 902G 092G
G (05,m5) = 57 . G (05, m5) = 505
3 1(63.m3) 5013 1(02.m3)
and

s =mn3+3(nz—1), 0< 3 <1

The Bias and M SE of proposed family of estimators 7.4 up to order

n~! are given as

2
B(Tes) =Y (A — )\,)[00100016?(1) + po3CoCsG? + %G(H)(95*a n3”)

42
+ p13C1C3GID (02, 75) G2 (0%, ) + ——G D (0%, )]

2
(70)
M(Tet) = {AnS2 + M52} + 77 (An = N)[C12GV” 4 052G
+ 2p01CC1GW + 2p03CoC3G P + 201501 C5G DGR
(71)

The M SE of proposed family of estimators 7¢4 will attain its minimum value
when

XSy (posp1z — po1) and @ — @Sy (po1p13 — po3)

c) = =
YS, 1-piy VS, 1—piy
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and the minimum M SE of T4 is given by

IM(Te)ppin = {AnS + MnS2y} = (A — ) 8552
(An = N)SZ(poszp13 — po1)*
A ™

min

4 Calculation of n’, n and h Under Fixed Cost C < C(¥

Let the total fixed cost apart from the overhead charge of the survey is C(?).
The cost function is
(1) M 4 0@ (3 W2

Here C")'-Cost for observing and identifying an auxiliary variate.

Cc(M-Cost of sending a questionnaire or visiting the unit at second phase.

C?)-Cost for processing and collecting information on a unit of study
variate y obtained from n; responding units and C(®)-Cost for processing and
collecting information on a sub-sampled unit of study variate y by interview

basis.
The MSE(7.),i = 1,2,3,4 can be expressed as given below:

1 1 h
M(Ts) = EAi + EBi + EDi + terms not containing n, 7’ and h. (74)

where A; = coefficient of % terms, B; = coefficient of % terms, D; = coef-
ficient of % terms.

In order to optimize M SE of the estimators and n’, n and h for the fixed
cost C' < € a function can be defined as

X = lAi + i,Bi + ﬁDi

n n n

+ 6 [C(l)/n/ +n <c<1) +COw, + c<3>w}?) - c<°>] ,
i=1,2,3,4 (75)

where 9; is a Lagrange’s multipliers.
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Differentiate the function y with respect to n/, n and h and equating them
to zero, we have

B.
! 7
"=\ schy (76)
A; + hD;
"o \/ 5:(C 4+ CW, + 3 2y 77

and

R v 7
=\ 5c@m, (78)

Solving (77) and (78), we get

A CBIWy
hopt = \/(C(l) (79)

+C@AWH)D;

Substituting the obtained values of /, n and h in (73), we get

\/5 . \/BiC(l)’ + \/Ai(C(l) + C(Q)W1) + \/C(3)W2Di
T = CO

(80)

Finally, the optimum value of M SFE(7,;) is given by:

(VBLW 4 /A€ 1 COW) + COW,D,)
a c(0)

(M(Tei)] ot

S,
aYa D)

For t;,, the expected total cost is considered as
1%
c_n<dﬂ+c@mq+c@’:> (82)

and

2
(\/AO(C(U +C@W) + ¢c<3>w290) g2

—h _ _ —J
[M(y )]opt - C(o) /i//' (83)
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5 Calculation of n, n’ and h Under Specified Variance

Suppose Vj is the fixed variance for the estimator M(7¢;), 7 = 1,2, 3,4 and

let )
h Sy
—A B D 84
V) + + N (84)

Now consider a function to optnmze the average total cost C(7;) for the fixed
variance of the estimator 7;

Y = {c<1>’n’ +n (C(l) +CPwy + C(?’)le) } + iM(Tei) = Vo (85)
where p;(1 = 1,2, 3,4) is a Lagrange’s multiplier.

In order to optimize the cost function, differentiate x’ w.r.t. n’,n and h
and equating them to zero, we have

iB;

n' = % (86)

wi(A; + hD;)
n = - ; 87)
\/(c<1> +CAOW; +CB3) U2
and

n | D
ho\c®wy (88)

Solving (87) and (88) we get,

A CBIW,
hopt - \/(C(l) + C(Q)Wl)Dz (89)
Putting the values of n,n’and h in (84) we have

VB 4+ \/A;(c) 4 C2 W1 +/COW,D;
V() +W

Vi = (90)

The optimum expected total cost incurred in attaining the fixed variance Vo'
for the families of estimators 7; is given by:

2
(\/W+ VA(CD +c@OW) + \/C(3)W2Di)

Opt: 1" SQ ’
W'+

i=1,2,3,4 1)

[C(Tei)]
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For t;,, the optimum cost for fixed variance is given by

<\/A0 T COWY) + C3)W2Do>

[C(tn)opt = (92)

'+ %

6 Efficiency Comparisons

(i) From Equations (61) and (2), we get
M(tn) — [M(Th)]

_ {Cov (7" 7"}
vV@E"}

{VE")HCou(m",72)}
—{Cov (7",7"){Cov (@", 7})}]*

N , 7'
(V@) Y{VEHV ()} — {Cov (@, 7)})
(i) From Equations (61) and (12), we get
Mt ™) i, = IMTD)] i

_ {V@EHCov (@, 7} = {Cov 7", 7" H{Cov(@", 7)})"
{(VE"H{VEHV )} —{Cov (@, h)}]

(iii)) From Equations (61) and (22), we get
Mt ™),

>0

>0

if
{Cov(y", ")}
{V(z")}
N {V (@)} {Cov (7", 72)} — {Cov(gh, ") }{Cov(z",7")})?
{VE") v EHV ()} — {Cou(z", h)}]
{Cov (3", )}
{V(ph)}
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(iv) From Equations (62) and (2), we get
M(tn) — [M(T2)]

WV EHCou )
_ {Cou(@". 71)} —{Cov(@", Pl HCov(P}, 1)}
{(V(@h)} {V(ﬁﬁ)}[{V(ﬁﬁ)}{QV(?ﬁ)}
—{Cou(p}, 75)}]
(v) From Equations (62) and (12), we get
(Mt )] i, = IM(T2)]
{Cov (7", 71}’
{(V(@h)}
{V @) HCov(y", %)} — {Cov(y", ph) HCov (B, 72)}]
(VEI{V @ HV )} — {Cov(@h, 71}

{Couv(y", ")}

>0 if

man

2

_|_

{v(@")}
(vi) From Equations (62) and (22), we get
_ V@D Cov @, 7h)} — {Cov@" B HC oL T} _
(VE)YV @E)HY ()} — {Cov(@h, 7))
(vii) From Equations (63) and (2), we get
AnS2(pos — 2
M) = M), = Mgy + 200
— P13
(viii) From Equations (63) and (12), we get
2 _ 2
M) — M), = 2P P01

1—p;
(ix) From Equations (63) and (22), we get

[M(tCQ(z))]mm - [M(E)]mm >0
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if
AnS2(pos — po1p13)”
1 - pis
(x) From Equations (72) and (2), we get

A 52(/?03 - /302023)2
23

M(th) — [M(T4)]

min
(xi) From Equations (72) and (12), we get
[M (tC2(1))]mzn [ (ﬁ)]mzn O
if
AnS2(pos — pozp23)”
1 — p3
(xii) From Equations (72) and (22), we get

AnpiaSy + — APy S >0

A S2 — 2
M)~ MTD) = R
— P23
where

V(@) = {52 + Moo 1 VDY = {nS2 + MS2
{Vip
{Cov(@", 7"} = {Mpo1SySa + Mnpo12)Sy(2)Se(2) 1

M} = D2 + A2 1
)
{Cov(@",72)} = {Mup03SySr + AnPo3(2)Sy(2)Sr2) }-
)
)
")

—h

I

( —h
{Cov(F", B)} = {Aup02SySp + Mnpoa(2) Sy(2)Sp() }-
{Cov(T Z

} = {Anp13S2Sr + Anpr132)Sz(2)Sr2) )
{Cov(®L,71)} = {Mup23SpSr + Anpaz(2)Sp2) Sr(2) }-

For the efficiency comparisons of 7.4 with respect to the relevant
estimators, the minimum M .SE of the estimators 7¢;; ¢ = 1,2,3 can
be defined as follows

M(Te)] i = {082+ MS20} = (A — X) 51 52

min
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at
_ of -~ S
@y, 1) = = = —Xpy =L,
A ) 905 0 Po1 S,
(M(Te2)]min = {AnSj + AhS§(2)} — (An — )\,)P%QSS
at
— 0 - 8
(2) -9 - _ Py
go(Y,1) = = —Pypo2os
806 (?’1) Sp
[M(Tea)min = A0S} + Sy} = A = N)pto S,
(- X)S2(pozp12 — po1)’
1 - pf
at
gy _ OF XSy (po2p12 — por)
= =3 2
805 (1,1) YS;E 1-— P12
and
g _ OF PuSy (porp12 — po2)
el wy Y5 1 — ph

(xiii) From Equations (72) and (2), we get
[M(th)]mzn - [M(%Zl)]mm

(An — /\/)SS(POBPI:% - P01)2
1—piy

= (An — )‘/)p(2)3S§ +

(xiv) From Equations (72) and (93), we get
[M(’]zl)]mzn - [M(’]z‘l)]mln >0
if

2
(Po3p13 — Po1)

2
—por >0
1 - pi;

p3 +

>0

(93)

94)

95)

(96)
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(xv) From Equations (72) and (94), we get

(M(Te2)]pin = M(Tea)l i > 0

min min

if

(posp1s — 001)2 2

2
Po3 + Poz2 >0
1 - pi;

(xvi) From Equations (72) and (96), we get
if

2 (Pospls - P01)2 2 (P02P12 - 001)2
P3t+—7—5 P73 35— >0

1—0%3 1—,0%2

7 Empirical Study

An empirical study is carried out using real data sets of 109 village wise
population of Baria (Urban) Police station Champua Tahsil, District-Orissa,
India taken from Census Handbook of Orissa, 1981 published by Government
of India. 25% villages (i.e. 27 villages) from upper part are considered
to constitute non-respondents of the population to show the efficiency of
suggested families of estimators.

Data 1: The study and auxiliary variates are as follows:

y: Agricultural labours, x: Occupied houses
P, Occupied houses more than 70, r,: Rank of

The parameters for data 1 are:

N =109 Y = 41.2385 X = 88.8624
P, =0.5229 R, = 54.6789
n =30 S, = 46.64779 S, = 58.9933

S, =0.50178 S, =3149570
Ao =0.02416 V(9 =51.7037 X (9 = 108.56

P,y = 0.7037 R, = 13.8148
Wo = 02477 Syg) = 38.42857 S, (9 = 68.07029
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Spay = 0.46532 S, () = 7.93259

po1 = 0.456 poz = 0.426 p12 =0.706
pos = —0.507  p13 = —0.899

p01(2) =0.071 p02(2) = 0.227 p12(2) =0.535
pog(g) = —0.273 p13(2) = —0.867

pas = —0.866  pgzy = —0.797

Data 2: The study and auxiliary variates are as follows:

y: Agricultural labours, x: Total population
p,.: Population greater than 500, r,: Rank of

The parameters for data 2 are:

N =109 Y = 41.2385 X = 485.92
P, =0.3761 R, = 54.9633
n =30 S, = 46.64779 S, = 320.20928

Sp = 0.48666 S, = 31.60372

An = 0.02416 Y (5) =51.7037  X(9) = 595.15
P2y =0.4815 R, = 14.0000

Wy = 0.2477 Sy2) = 38.42857 S, o) = 363.23119
Sp(Q) = 0.50918 S,y = 7.93725

po1 = 0.451 poz = 0.451 p12 = 0.786
po3 = —0.497 p13 = —0.897

p01(2) =0.126 p02(2) =0.365 P12(2) =0.751
p03(2) = —0.269 p13(2) = —0.886

p23 = —0.839 p23(2) = —0.866

Two different data sets are considered to demonstrate the efficiency of the
suggested families of estimators, their minimum mean square errors are
calculated along with relevant estimators at various levels of sub-sampling
fractions. The percentage relative efficiency (PRE) of T;; 1 = 1,2,...,4
with respect to corresponding relevant estimators is calculated by

M()
M(T)|

min.

—~

PRE = x 100.

The minimum mean square errors and PRE of (T1,T5), (73,T,) and
Teis t = 1,2, 3,4 with respect to t;, for data 1 and 2 are respectively given in
Table 1-3 while the analysis of cost functions are given in Table 4.
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Table4 PRE and expected cost of 7., ¢ = 1,2, 3,4 with respect to tj, for data 1 and 2
c"=2.9,¢W =25, =100, = 250
C™ = Rs.3700 (fixed)

Nopt. hopt. n;pt, MSE
Estimators  (Approx.) (Approx.) (Approx.) (Approx.) PRE
For Datal ¢, 27 1.75 - 69.8493 100%
Te1 25 1.51 83 63.4754 110%
Te2 25 1.55 77 65.0922 107.3%
Tes 24 1.49 88 62.0982 112.5%
Tea 24 1.45 94 60.2736  115.9%
th 27 1.75 - 69.8493 100%
Te1 25 1.51 82 63.7582 110%
ForData2 7. 25 1.52 82 63.7582 110%
Tes 24 1.49 88 62.2119 112.3%
Tea 24 1.47 92 60.9387 114.6%

cM" =29, M =25 =100,c® =250
Vi = 72 (fixed)

Nopt. hopt. N opt. Expected
Estimators (Approx.) (Approx.) (Approx.) cost in Rs.
For Data 1 th 27 1.75 - 3613.47
Te1 22 1.36 75 3357.02
Te2 23 1.49 71 3422.08
Tes 22 1.27 79 3301.62
Tea 21 1.18 82 3228.21
th, 27 1.75 - 3613.47
Te1 22 1.38 75 3368.40
For Data 2 Tea 22 1.38 75 3368.40
Tes 22 1.28 78 3306.19
Tca 21 1.21 81 3254.97

8 Conclusion

Tables 1 and 2 exhibit that the suggested families of estimators 71, 72, 73
and T4 are more efficient than the corresponding estimators at all the sub-
sampling fractions for both the data 1 and 2. The mean square errors of the
suggested families of estimators are decreasing as the sub-sampling fraction
increases for both the data 1 and 2. Similarly, in the case of two-phase
sampling estimation, 7.4 shows efficient results compared to the existing
estimators t;,, To1, T2, Te3. From Table 4, it has been observed that the
estimator 7,4 is more efficient than the existing estimators t5, 7.1, Te2, Te3 for



58 R. R. Sinha and Bharti

fixed cost while expected cost incurred for T4 is less compared to expected
cost incurred for existing estimators t5,, 7.1, Tc2, Tc3. Therefore, the suggested
families of estimators can be recommended on the account of theoretical and
empirical studies discussed in the text.
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