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Abstract

It is experienced that auxiliary information when suitably incorporated yields more
efficient and precise estimates. Mishra et al. (2017) have introduced a log type estimator for
estimating unknown population mean using ancillary information in simple random sampling.
Here we propose an improved log-product type estimator for population variance under double
sampling. Properties of the estimators are studied both mathematically and numerically.
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1. Introduction

Estimating population variance in finite sampling is an important issue in
survey sampling. Also, it is known and established actuality that appropriate use of
supplementary or auxiliary information leads to considerable increase in the efficiency
of estimates of the parameters of an estimator. Ratio and regression methods are
commonly employed in improving efficiency of estimates. In order to obtain more
precise estimates researchers have utilized distinguishing forms of auxiliary
information. To measure variability within y values (study variable) the problem of
estimation of finite population variance has seized considerable importance in survey
sampling. Several authors including Das and Tripathi (1978), Srivastava and Jhajj
(1980), Misra (2016), Isaki(1983), Singh et.al (2001), Kadilar and Cingi (2006), Singh
and Malik (2014), Singh et al. (2014), Sharma and Singh (2014), Mishra and Singh
(2016), Sharma et al. (2018), Adichwal et al. (2016), Bandopadhaya and Singh (2015)
and others have suggested improved variance estimator using auxiliary information.
Consider a situation where no prior information on auxiliary variable is available, in
such situations initially we select a large sample from population for obtaining
auxiliary information only and then select a second sample from the selected large
sample in which variable of interest(y) is observed in addition to auxiliary information.
Above procedure of drawing sample is referred to as double sampling scheme. In
double sampling Singh and Singh (2003), Ahmed et al. (2003), Jhajj et al. (2005),Jhajj
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et al. (2011), Grover (2010, 2011), Jararha et al. (2002), Singh (1991), Giancarlo et al.
(2004) had proposed estimators for population variance. Here, motivated by Mishra et
al. (2017), we have suggested an improved estimator for variance and studied its
properties.

1.1 Notations
Let U be a finite population of size N from which we draw a sample of size n

using SRSWOR. Let Y, and X, denote the respective values of variable y and x on the

i" (i=1,2,....,N) unit of the population. Denoting,

1 N . 1 N .
S2=—D (Y. -Y) S =—) (X. -X)?,
Y N—l;( 1 ) X N— ;( i )

1@ - 1 —n o1& -
$?=—— =Y sl = — Y (x, —x), sl =—— > (X, —x)%,
y n—1§f% Y)©s sy n_lé(l Vs = é(l )

(-t
n N n N

2, . . 2 . .
where, Sy is an unbiased estimator of 57 and denotes the sample variance of variable

2
y based on sample of size n and X and denote

the sample variance of variable x based on second phase sample of size n and first
phase sample of size n’ respectively.

1 & =Y <\
Let, Hpa = EZ(Yi - Y) (Xi - X) where, (Y - X)) denote the population means

i=1

s? and s’ are unbiased estimator of §

of (y, x).

_ Hoq
let qu - % %
Mo Koz
and taking

BZy = }\'4O’l32x = 7"04) B;y = 7"40 _I’B;x = 7"04 _lak*zz = 7‘22 -1

Let P » be the population correlation coefficient between y and x.

Defining,

2 .
e —S—y—l e ——i—l e —i—l
O_SZ > l_sz ’ 2_SZ

Y X X

we assume that, E(e,) =E(e,) =E(e,)=0 and

Ee, ) =MBsy, E(e))=2Bs,, E(e3)=1Bsy, Elege)) =215,
E(ege,) ="y, E(ee,) =1y,
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2. Estimators in Literature

S. Estimators MSE
No.
1 ty =s, Var(s}) =S} B3,
2 ) _ 4 s At * _ *
tl — S sX Sak1(1983) MSEtl) SV(}\’BZy + (}\’ k)(BZx 2}\’22))
SX
3 G=sy+h S -1,
(s2 —s2) Isaki (1983) minMSE() =S!Af, —T
2x
4 ts=ky 8,7+ Ky (5, -8, min MSE (t,)

min. MSE (t;) =

min MSE (t,)
=
s4

Y

Shabbir and Gupta (2007)

2y
ty={ i hls ) | eaq{;;+ Sg}

minMSKt,)

. minMSHt,)
S4

(A—1)Bs, {minMSHt2 )+

A{H

minMSKt,) =

(A=1)SIBs
16

minMSEE, )
S4
Y

Table 1: Estimators considered in this paper along with respective minimum
MSE’s

3. Proposed Estimator

The use of auxiliary information in increasing precision of estimates is implied
in sampling survey. Different transformations based on auxiliary information are also
used like linear transformation, use of exponential transformation by Behl and Tuteja
(1991), transformed estimator by Sahai and Ray (1980).Recently, Mishra et al. (2017)
introduced estimators using log type transformation which was found to be more
efficient than usual mean and ratio estimator. Motivated by Mishra et al. (2017), we
propose estimators for estimating population variance under double sampling scheme.

2
Sx
(1) Pl =s;+w, log(—s,z j

X

(3.1)

Rewriting estimator Pl; in terms of relative error terms, we have

Pl, = S§(1+eo)+w0{el —-e,

2
- 4+2

2

ez
2
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For the estimator P1;, we have

Bias(Pl,) =" (B, 13, (32)
MSE(P1,) = S{AB, +w, B3, + 1B}, —20'p), |
+2w,S2 A, — AN, (3.3)

At optimum value of w, in Eq. (3.3), expression for min MSE of Pl; is given by Eq.
(3.4).

_Q2h* A _Q2h
W SR x)z( sz]

T (=B, Ba
min MSE(P1,) =S} {m’;y —(x—w)g%} (3.4)
(2) PL, =s3(w, +1)+w, 1og£s,izj (3.5)
SX

Expressing the estimator Pl, in terms of e’s, we have
2 2 2
Pl,-S{ =Sye, +w,S;(I1+¢e,)+w,(e, —¢,)

Expression for Bias and MSE of Pl, is given by Eq. (3.6) and Eq. (3.7) respectively,
Bias(Pl,) = w,S; and (3.6)
MSE(P1,) = SYAB;, +wi (8% (1+283,) + wi( - A0p3, J+

2w (SYAB,) +2W, (S5 (A =AOA,) +2w W, (ST (A =ADR5,)  (3.7)

Partially differentiating Eq. (3.7) with respect to w; and w,, we get
. (A-C)D

' D?-AB
. CB-D?
Wo =9 5
D’ - AB

Using optimum values of w; and w, in equation (3.7), we get

BC? +(A -2C)D’

min MSE(P1,) =C+ D’ AR (3.8)
where, A = S{ (1+AB5,), B=(A—1)B5,, C=S{ABS,,
D=S,(A-1)),
Now, we propose another estimator Pl; given by Eq. (3.9)
2 22
(3) Pl, =[s§(1+w3)+w41og(s+;ﬂexp(sg _s;j (3.9)
S, Sy + S,

Expressing equation (3.9) in terms of e’s, we have
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e, e, 3 el ee, e, ee
Pl,=S2(1+w,) l+e, — L +-2 4?2 _ 2071 L 7072 172
3 Y( 3) 0 2 2 8 1 8 2 2 4

e e
T+ W, € —¢, —?—74'6162

The expression for the bias and MSE are given in Eq. (3.10) and Eq. (3.11).

Bias (P1,) =S ( AR, — ll'Bzx —llk*zz +l)\.'7\.*22 —lk'Bzx)+
8 2 4
4 * 1 ] * 1 * 1 ] * 1 ] *
Syw, 1+§7“Bzx _gk Pow — Ay, +57“ Aoy _Zk B
] * 1 * 1 ] *
W4(7\‘ BZX_EA‘BZX_E}\‘ BZXJ (310)
MSE(PL,) = F+W§A1 +W42‘B1 +2w,C, +2w,D, +2w,w,E, (3.11)

Partially differentiating Eq. (3.11) with respect to w; and w,, we get
. C,B,-D,E,

wy=——t—"—Land
El _AIBI
. A,D,-CE,
V4T TE A B
1 1 1

Substituting the optimum values of w; and wy in Eq. (3.11), we obtain expression for
min. MSE given by Eq. (3.12):
B,C/ + A D; -2C,D,E,

min MSE (Pl,)=F + e (3.12)
Where
D, =Sy (A-2)| 4 P =SF(A-A'
| =Sy (A-A)| A 5 7 )y =B
_st| g o B _ e
R =S8y| 45, + (4-1) 4 A
We define another estimator Pl, as follows :
2 ) 2
2 Sx Sx _Sx
(4) P, =si(ws+ 1)+ wglog| = lexp| ——— (3.13)
Sy Sy +SX
Expressing equation (3.13) in terms of e’s, we have
el el
2 2 1 2
Pl, =8 +SyW5(1+CO)+W6(CI -e, —?—7+elezj

Expressions for Bias and MSE of estimator Pl, is given by Eq. (3.14) and Eq. (3.15)

respectively,
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Bias (P1,) =Siw, + wﬁ(x'ﬁ’;x —%m . —;—K'B’;xj (3.14)
MSE (P1,)=C,+W:A,+w.B,+2w.,C,+2w,D,+2w,wE, (3.15

partially differentiating Eq. (3.15) w. r. to ws and wg, we get optimum values given by:
C 3 B 3 - D 3 E 3

W = 5 and
E3 _A3B3
W :A3D3_C3E3
‘ Eg_AsBs

Using optimum values of ws and wg in equation (3.15), we have-
. B,C; +A,D; -2C,D,E,
2
E3 - A3B3

min MSE (P1,) = C, (3.16)

where,

Ay =Sy(I+AB5,), By =Bo, (A1), C; =SyAB5,, Dy =Sy (A-A)Ly,
B, =S2A0BY, + A0, ~Ah, — b A Pa

2 2
_ 2 (A= a, - B
- Y( ) 22 2

4. Efficiency Comparison
(i) min MSE (Pl,) < var( si) Or
Var(si)—min MSE (P1,) > 0 if
' 7\'*2
S‘y‘(k—k )—2 >0
2x
(ii) min MSE (Pl,) < var(s;) Or
Var(si)—min MSE (P1,) > 0 if
BC?> + (A -2C)D?
D’ - AB
(iii) min MSE (P1,) < Var(si) Or
var(s;)— min MSE (Pl;) > 0 if
7"*22 _ B;x (h—2A") - BICIZ +A21D12 -2C,DE, >
4 E; - A B,
(v) min MSE (Pl,) < MSE (t,) Or
MSE (t,) — min MSE (P1,) 2 0 if
sto-anBattal, g
y * -
2x
(vi) min MSE (P1,) < MSE (t,) Or
MSE (t,) — min MSE (P1,) > 0 if
r . BC’ + (A -2C)D?
ST =A)(Boy —2)" - D’ - AB

<0

0

20



Estimation of variance in log-product type estimators ...

(vil) min MSE (P1;) < MSE(t,) Or
MSE (t,) — min MSE (P1,) > 0 if

' 3B*x *
St -2 )(TZ—MZJZO

(viii) min MSE (P1,) < MSE (t,) Or
MSE (t,) — min MSE (P1,) > 0 if

. .\ B,C;+A,D;-2C,D,E
Si(k_k')(ﬁzx_z}\'zz)_ 3%~3 3 3 3 33 >

Ei_AsBs
(ix) min MSE (P1,) < MSE (t,) Or
MSE (t,) — min MSE (P1,) > 0 if
}\’*2 2 _ 2
S3(7&_7¥,)%+Bc +§A 20)D° _
B2x D _AB
(x) min MSE (Pl,) < MSE (t,) Or
MSE (t,) — min MSE (P1;) > 0 if
S4(7\. —7»') (Bzx _27\'222) + B1C12 +A1D12 _2C1D1E
Y 4B D* - AB
(xi) min MSE (P1,) < MSE (t,) Or
MSE (t,) - min MSE (P1,) > 0 if
* 2 2
S4(X—X')k222 +B3C31 +A3D3 _2C3D3E3
’ B> E,’-A,B,
(xii ) min MSE (P1,) < MSE (t,) Or
MSE (t,) - min MSE (Pl,) > 0 if
ST (A —AHA” s . s A
IR (5, 1) 830B - 1+XBZY—<x—x'>32J
2x 2x
B,C; +A;D;-2C,D,E, | 0
Ei_A3C3 -
(xiii ) min MSE (Pl,) < MSE (t,) Or
MSE (t,) - min MSE (Pl,) > 0 if

0

L<o

<0

min .MSE (t,) (A —A")B, (min .MSE (t,)+ (A — A)S*BS.

1 4 min MSE (t,) 4{1mMSE<t>}
Sy 4
.- B,C:+A,D-2C,D,E, >0
E§ _A3B3

(xiv) min .MSE (P1,) < min .MSE (Pl,) Or
min .MSE (P1,) — min MSE (P1,) > 0 if

Si(l—l')(ﬁzx _27;522)2 +(B1C12 +A1D12 _2C1D1E1J<O
4[3;)( Elz_AlBl -
(xv) min .MSE (Pl,) < min .MSE (PI,) Or
min .MSE (P1,) — min MSE (P1,) > 0 if
SY(h—A,” L[BCPr(A-20)D)
B, D? - AB -

Y

17



18 Journal of Reliability and Statistical Studies, December 2019, Vol. 12(2)

(xvi) min .MSE (Pl,) < min .MSE (P1,) Or
min .MSE (P1,) — min MSE (P1,) 2 0 if

SE (L =AY, L[BiCS+ADI-2CDE, | _ o
B;x E§—A3B3

(xvii) min .MSE (Pl,) < min .MSE (P1,) Or
min .MSE (Pl,) — min MSE (P1,) > 0 if

* 2 2
si(x—x')[ﬁix —x*22]+[Blc‘ +$£I_)‘A Bzch‘Elj
1 1 1
2 2
_(BC +(A-2C)D jzo

D? - AB

(xviii ) min .MSE (Pl,) < min .MSE (P1l,) Or
min .MSE (Pl,) - min MSE (P1,) > 0 if

* 2 2
Sé(}\._l’)(ﬁjx _}\’*22]4_ BICI +A1D1 2(:I]DIEI]

E’-A B
(BC2+(A—2C)D2] 1 o
- >0

D? - AB

5. Data description and Numerical Calculation

In this section, we consider four Populations for numerical comparison of
Percent Relative Efficiency of proposed estimators with relevant existing estimators.
Four real data sets are used for numerical illustration:

Population 1: Cochran (1977, page 325)
N=100, n=10, n’=85, S,’=214.69, S,’=56.76, L49=2.2387, X0,=2.2523, Ap,=1.5432.

Population 2: (Cochran 1977, page 152)
N=196, n=49, n’=158, S,’=1515558.83, S,’=10900.42, X14=8.5362, A¢=7.3617,
}\422:7.8780.

Population 3: (Cochran 1977, page 203)
N=200, n=29, n’=159, Sy2:99.18, S,2=85.09, A4=1.9249, 10,=2.5932, A,,=2.1149.

Population 4: (Sukhatme and Sukhatme 1970, page 185)
N=170, n=10, n’=139, S,=26456.89, S,°=22355.76, k4 =3.1842, 1,=2.2030,
)\,22:25597

Population 1 2 3 4
Estimators
to 100.00 100.00 100.00 100.00
t| 88.394 1025.763 292.561 736.2863
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t 122.923 1082.550 517.205 1134.776
t3 134.072 1094.090 519.932 1155.333
ty 138.180 1132.780 529.036 1201.728
Pl 122.923 1082.550 517.205 1134.780
P, 134.072 1094.090 519.932 1155.333
Pl; 138.939 1084.503 521.422 1145.068
Pl, 141.368 1550.532 563.085 1883.728

Table 5.1: Percent Relative Efficiencies of Estimators

From the results of Table 5.1, it is evident that the proposed estimators

Pl,,P1,,Pl, and P, are more efficient than t, and t,.It can be seen from Table 5.1

that t, and t; are equally efficient to Pl; and Pl, respectively and Pl; and Pl, are more
efficient than all the estimators considered in Table 1. Among the proposed estimators,
P15 and Pl are uniformly more efficient than Pl; and Pl, respectively.

6. Conclusion

Based on theoretical and numerical results obtained it turns out that percent

relative efficiencies of estimators Pl;, Pl,, and Pl; are found to be more than existing
estimators in literature (as defined in paper) under certain specified conditions.
Estimator Pl is found to be uniformly more efficient than other existing as well as
proposed estimators. It is therefore, suggested to use proposed estimators for estimating
population variance more efficiently when double sampling is used.
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