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Abstract

In this paper an improved class of generalized dual estimators is proposed for
estimating the population mean considering the prevalence of non-response in two different cases
regarding the availability of population mean of the supportive variable. Expressions for the bias
and the mean square error of the advised generalized class of dual estimators in each case are
derived along with the optimum conditions which make the proposed generalized estimator more
efficient than some of the existing estimators. Empirical studies have also been provided to
establish the advantage of the advised generalized class of dual estimators. This paper illustrates
that the proposed estimators perform better in each case than the existing estimators.

Key Words: Supporting Variable, Regression Estimator, Dual Estimator, Non-Response,
Mean Squared Errors, Double Sampling.

1. Introduction

In surveys, generally this is very hard to have possible information from all the
units at the initial attempt even after some callbacks. An estimate obtained from such
missing information might be ambiguous especially when the respondents vary from
the non-respondents which results in uncontainable bias.To avoid such type of bias, it is
compulsory to interact again with those non-respondents through telephonic contact,
personal interview, or using any other method to gain maximum response. There are
different ways to tackle with non-respondents such as weighting adjustment and
imputation procedures, randomized response technique and sub-sampling the non-
respondents given by Hansen and Hurwitz (1946). Following Murthy (1964),
Srivenkataramana (1980) provided a dual to ratio estimator assuming the existence of
non-response for estimating the population mean. Kumar (2012) suggested some
estimators for population mean in simple random sampling and Sanaullah et al. (2015)
advised different improved exponential-type ratio and product estimators to estimate
population mean. Saleem et al. (2018a, b) provided some generalized ratio-type
estimators for estimating population mean in presence of the non-response. Following
Sukhatme (1962) and Cochran (1977), many authors such as Sammiudin and Hanif
(2006), and Sanaulah et al. (2014) advised an improved class of estimators for
estimating the population mean in two-phase sampling.
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2. Sampling Scheme and Notations

Let U, :(ul,uz,...,uN ) be a finite population of size /V in which y and x
are the study and auxiliary characters having the non-negative i " value of Jy;and X, on
u,.Let U, be asample of size 7 chosen fromU ,, by simple random sampling without

replacement (S, ). It is noticed that only #, units respond and remaining

wor

n,(=n—n,) units do not. In this problem, we suppose that entire population U, is
distributed into two non-overlapping assemblies in which U N, units belong to

respondents and U N units belong to non-respondents. The weights of responding and

. . 1 2 . .
non-responding assemblies are F, =— and P, =—=and their estimates are

n

respectively given by p, = M and p, = . At the second-phase as suggested by
n

By
n
Hansen & Hurwitz (1946), we take another sub-sample U ) of size r = ;;c—z, ( k> 1)

fromU &n, @Nd obtain the information through personal interviews and assumed that all

2

N
r units respond in 2" attempt. Let M, = N_IZyl. and ol =(N- 1)’1 i (yi — ,Uy)
i=l1 i=1

be the mean and variance of the study variable y from a population of sizeN. Let
2

N, N,
_ -1 2 -1 .
Uy =N, Zyl. and 0, = (N2 —1) Z(yi —,uy(z)) be respectively the
i=1 i=1
]
mean and variance from the non-respondent’s group. Let ,[ly(l) =nl_12y,. and
i=1

)

A -1 . .

My =1, E Y, denote the sample means based on 7, responding units and #, non-
i=1

B
. . . ) -1
responding units respectively. Further, let ,UW(Z) =r Zyi denote the mean of
i=1
r=k'n , sub-sampled units. Thus, following Hansen and Hurwitz (1946) an estimator

for assessing population mean of the variable of interest y 1is given by
*

A

ﬁ; = p, [jy(]) +p, ﬁyrm and the variance of 4, may be set by
% 2 2 2 . * 2\7! N
Var(,uy) =, (HCy + 7Cy(2)) or alternatively C02 = (/Jy) Var(,uy) where
-1
C; = (/62) }:Clo = (ﬂyz(2>)

Y :I’l_l(P2 (k—l)). The covariance term between ,L’\lxand ,[l;can be given by

-1

ayz(z)ﬁ:n*l (l—f),f: N 'n ,and
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cov (L, 1) = s, (0C +7C2) Yor - Cr=(paps, ) cov(fi ), where
N,
=(N-1)" ZII;V ~44)(x~44) and o, =(N; 1) ZlIy o) (% ey )

Cochran (1977) suggested a ratio estimator considering the presence of non-response
as,
l[[*
t, =R, , where R =—=
H,
Khare and Srivastava (1997) recommended the regression estimator ifpopulation mean
is known assuming non-response on both y and x as,

@.1)

=i+ B (12, 22)
6'* Zyixi-i-kzyixi_nﬁ;la: ix +k2x —ni’
whereIB A*z ,OA';C — =l i=1 l and GA:Z _ =l 1 )
n— —

x

Following Srivenkataramana’s (1980) transformation, we modify Murthy (1964)
product estimator into a dual-to-ratio estimator to the case if non-response is present as,

Nu, —nil,

L= ﬂy e , where fI_= M (2.3)
y7j N-—n

Kumar and Bhougal (2011) suggested an exponential ratio-type estimator toassess
population mean assuming the existence of non-responses,

Ak ll’l /’lx

=4, exp( - ] (2.4)
ILlX lle

Motivating from Singh et al. (2008), Kumar and Bhougal (2011) advised an estimator

when there is missing information on both y and x is as,

ty =ty =M1, aexp{ﬂX ﬂx) (1- a)exp(ﬂ" ’qu : 2.5)

X x X X

X

Taking motivation from Kumar and Bhougal (2011), Chanu and Singh (2015) suggest
dual to ratio estimator when non-response occur on both variable as,

tes = ML, a1, exp('uX ”"j (I-a, )exp(’u’“ ”Xj , (2.6)
Hy x M+ Uy

g 2 (CAEY 2yx)

g-1 (g-DR 6S’+1S;,

where &, =

As estimators expressed in (2.1)-(2.6) can achieve the mean square error as minimum
as that of the mean square error of the regression estimator. It is therefore in this paper,
we advise more effective generalized class of dual estimators than some of the existing
estimators including the regression estimator for retrieving the population mean of the
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variable of interest in the presence of non-response having non-sampled information on
auxiliary variable. Further the two different situations, (i) information about the
population mean of the auxiliary variable is available; and (ii) information about the
population mean of the auxiliary variable is not available, are considered to suggest the
class of generalized dual estimators.

3. The Suggested Class of Generalized Dual Estimators

We now suggest an improved class of generalized dual estimators for
estimating the population mean as an alternative to some existing estimators,
considering the non-response and availability of population mean of supportive variable
in prior of survey as,

- i . o My = A
Loy = ﬂy (ﬂ_{fj +ﬂ[_J +kl/'ly+k2 (/’lX _Il'lx) exp(){—wj’
H, Hy My + [
(3.1
Nu, —nil. . . .
% is based on the non-sampled units N — 7 as its denominator
—n
shows the sum over x information from those units which are actually not selected in

where 1 =

the sample. It is to note that fZ_is an unbiased estimator for £/ and the correlation
between ,[l; and /I_is negative i.e corr (,[l;, ,[lx) =—p,, - Also note that /Z, can be

easily obtained once if ,[lx is known. k, kyare the constants which need to be estimated
such that the proposed class of generalized dual estimators gives least MSE, whereas
(0!, ,B)G[O,l] are the generalizing constants and cis used to show the power

transformation on supporting variable.

3.1 The Bias and the MSE of the Proposed Class of Generalized Dual Estimators
o)

To attain the expressions for the bias and the MSE of the advised class of
generalized dual estimator we may consider,

i, =gty (148, o, = sy (146, ), such that“ E (8, ) = E(& ) =0,
E(87)=0C; +7Cly) =Cpy E(57)=0C* +7C2 = Cy.»
and E(8,6, ) =80,C.C, + 19, CerCoy =Ci-

x(2)~¥(2)

e)

where  p = and p, ) =

0,0, 0292

Now by expressing /5 in §'s we may have
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boiar =| 14y (145, a[u—X*)Jc+ﬂ{Nﬂx(nﬂX(l5l*))]( )

Hy (1 +6 Hy

iy (e (1467))

ﬂ; T Ay (1+51*))C
(3.2)

k, by (1 + 5:)"' k, (:UX —Hx (1 + 51*))j| cXp

After expanding the equation (3.2) uptothe order O(l/f1 ) , we get

(G(G) /‘Y) Y((“+ﬂ—l)+5§(a+ﬂ)—51 (ac+,[)’Pc+7+'Bzcj

e (ac(c +1)P? . Pe(c—1)P? . BPc’ N ac®  ac
1

2! 2! 2 2 4

2 2
Jpe ac pe - 3,0, (ac+ﬂPc+—+'Bcj+k(l+§*
8 8 2 2

4
cs, 8,0, ¢ 6 .o’
-—L— + + —k o, ——— 11|,
2 2 4 8 x| 4T
where P = n .
N-n

(3.3)
Or alternatively one may write (3.3) as,

£ £ £3 £ * Cé‘
(6(0) ,UY) (ﬂY(Ao+50A1_51142"'512/43_5051144 +k, [1"'5 _T

8.0 0 *6° . O’
- ;‘+41+81 —kzﬂx581—21 ,

(3.4)
where, A, =a+pf-1,4 =a+ f A4, ——ac+ﬂPc+—+—‘

2 2 2 2 2 2
:ac(c+1)P +,[)’c(c P +ﬂPc L oc +£+ﬁ+a_c pc

5 + and
2! 2! 2 2 4 4 8 8
A, —ac+,8Pc+—+ ’HC.
2 2

The expression for the bias and the MSE of l‘é(G) up to the order O(nil) may be
obtained from (3.4) respectively as,
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* 2 4% %
Bias(t(,(g)) = {,UY (AO + C;OA3 - C1*1A4 + kl (1 + Cizo + ¢ gzo - cg” ])

cV,
+hyp, —2 ] 3.5)
2
and

MSE(tG(G)) = (ﬂ? (A02 + C:;ZAIZ + C;0A22 + 2C;0A0A3 - 2C1*1A0A4 - 2C1*1A1A’2

. *C 2¢Ch 20°C, 2¢C 2eC «
+k12(1+(702+ 42°+ 42°+ . 20 _ 2”— 2”]+k22u§(?20
cC. AC, ¢ cC cC,
+2k1[A0{1+ 42°+ 820 ?J%(C&—7“}—4@%1—7”}%(?20—4@1}}

" . AcC, . 2cC,
=2y pyk, (Alcll - A4,C, - 0 5 = J_ 2y pykik, (Cll - > 2 Jj :

(3.6)
Or alternatively the MSE of f6(G) can be taken as,

MSE(ty6) = A, + KA + KA, + kA + oA, + kA, (3.7)
where,

Ay = /U; (Ag +ngAf +C;)Azz +2C;OA()A3 _quleA4 _ZCT1A1A2)
2 * * 2 * "
CCy , 2Cy  20°Cy c;j, A, = 12C,

4

A zﬂ}%(l"'cgz"'

*

cC,, 2c°C,, cC. . cC
A3=2,u§(A0(1+ 42°+ 20— 2”)+A{C02— 2“]

8

—4, [C;kl - 0(2:;0 ]+A3C2k0 —A4Cf1ja Ay =2yt (A|qk1 ~4G,

—%]and Ag =24y 1ty (Cl*l -2 J :

2

The optimum values for k1 and k2 and the least MSE( ts(c) )canbe obtained from (3.7)
respectively as,
_ AA=2AA, _ A A =2A A,

1(opt) — 4A A, _Az an 2opt) — AAA, _Az (3.9)



Generalized dual estimators for estimating mean using ... 145

and

: AA A —A A —ALAS
min MSE (t55)) = Ay —— 4A YWY (3.9)

It is to mention that for different values of cone can get different estimators directly
from (3.1), for example,

for ¢ =1, the estimator in (3.1) can be taken as,

A ¥ /U /Jx A K Ak - A:
ey =| H,| @ [A_{]"‘ﬂ(_] + klluy +k, (:uX _,ux) exp[ﬂX—{l*]’
lux luX luX +lux

(3.10)
forc—;— the estimator in (3.1) can be taken as,
ﬂx h n* A * ll'lE B /’7;?
toa) = y—X +/3(lu—j +k1,uy+k2(,uX—,ux) exp| ———+ |
. luX + IL}x
3.1

forc —?1; , the estimator in (3.1) can be taken as,

1 1

3

3

A K llj)c A ¥ A X - x
t5(3) = H, [ZX J + ﬁ(/I_J + klﬂy + kz (:u)( - /ux) eXp %
x X

forc —i , the estimator in (3.1) can be taken as,

ok y7, il e
Loy =| 4y a(%j +ﬂ(‘u_J +k1/1 +k( _:Ux) exp luf—

forc :g , the estimator in (3.1) can be taken as,

1 1

o U i, o g —f,

tos) = | A, 04[ fi] +ﬂ{—j ki) ky (g — A |exp| FE— e
Il'lx /'lX /J5 +/JY

(3.14)

o=
>
*

andfor ¢ :g , the estimator in (3.1) can be taken as,
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1

1 1

6 i 6 6 _ A~ %6
Loy = ,[l; a ('Lf_{} + ﬂ(&] + ku[l; +k, (IUX - ﬁ;) exp ﬂ)]f—ﬂx*l ’
,ux ﬂX luX + Iax()

(3.15)

Similarly, the expressions for the bias, the MSE, the optimum values and the min MSE
for the estimator (3.10) to (3.15) can be obtained directly from (3.5), (3.7), (3.8) and
(3.9) respectively.

3.2 Empirical Study of the Proposed Class of Generalized Dual t6(G) estimator:

In order to demonstrate the performance & application of the advised
generalized estimator, we are considering two different populations and their
explanation is given respectively as,

Population 1: Source [Khare and Srivastava (1993)]
Y: cultivated area (in acres); X:population of the villages

P, = 0.20,N = 70, n= 35, k= 981.29, 45 = 597.29, My = 175553 , Ly (y) =

1100.24, Cy: 0.6254, Cm): 0.4087,C.= 0.8009, C 12)= 05739, pxy = 0778, Py 2)
=0.445.
Population 2:Source [Khare and Srivastava (1995)]

Y: measurements of turbine meter (inml); X:  measurements of displacement
meter(incm’)

N = 100, n =30, My = 260.84, Ly (5= 259.96, = 3500.12, f; = 3401.08, (=

0.5941, Cm) - 0.5075,C = 0.5996 ,C 12)= 0-5168, py, = 0.985, pyy )= 0.995, P, =
0.25.

Estimators %
Yoo\ s |5 | s
/Al; 6299.48 | 6759.03 | 7218.58 | 7678.14
tl 5065.70 | 5857.07 | 6648.45 | 7439.83
- tZ:tKB:tCS 2987.80 | 3404.89 | 381491 | 4219.30
é A 4012.34 | 4277.04 | 4541.69 | 4806.39
§ l 3023.579 | 3422.50 | 3821.43 | 4220.36




Generalized dual estimators for estimating mean using ... 147
loy,c=1 | 2973.61 | 3384.78 | 3788.15 | 4184.88
1
L) Iy .c=— | 2982.10 | 3396.57 | 3803.77 | 4204.84
: .
£ t6(3),c:§ 2982.13 | 3396.83 | 3804.32 | 4205.74
= 1
5 to(a) T | 2981741339644 | 3803.94 | 4205.40
S 1
B tys) -C=— | 2981.37 | 3396.12 | 3803.50 | 4204.94
QO‘@D 5
en
j=)
A 1
L) ,c:g 2981.05 | 3395.77 | 3803.11 | 4204.52
[1; 127187.2 | 1403342 | 1534812 | 166628.2
0 0 0 0
4 3340.05 | 347834 |3616.64 |3754.93
b=ty y=tcs 3266.40 | 3397.55 | 3528.70 | 3659.85
L 42290.59 | 46537.69 | 50784.06 | 55030.42
4 32754.51 | 35988.84 | 39223.18 | 42457.51
‘g foy,c=1 | 2980.30 | 304598 | 3164.889 | 3157.09
g 1
2 L) L) €7 | 320746 | 3324556 | 3440.15 | 3554.28
[ 5 N
EE f6(3),c:§ 3243.94 | 3369.49 | 3494.40 | 3618.73
& 1
w towy-c=— | 325554 |3383.84 | 351180 | 3639.46
S 4
ks 1
° lys)»C=— | 3260.46 | 3389.96 | 3519.25 | 3648.37
2 5
g,
3 tye - C=
2 1 3262.91 | 3393.03 | 3523.06 | 3562.88
6

Table 1: The MSE of the estimator for variousoptions of &
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In this section, a comparison of the proposed class of generalized dual
A
estimators f6(G) is shown in Table 1, with some estimators such as ,uy, tl’ tz, L, t,,

typ and f.g. We have computed the MSEs of the proposed generalized class of dual

estimators considering four different values of ¢ (=1,—,—,—,—,—) and at value of c,

four different choices of k (=2, 2.5,3,3.5) are used to acquire the mean square error of
each estimator. From Table 1 it is established that by increasing the value of k the MSEs
of existing estimators are increasing sharply but this increase is small in the MSEs of
the proposed class of generalized dual estimators. Further it is noted that from the

proposed class ts(c) , some of the proposed estimators such as l‘6(1) , l‘6(2) , l‘6(3) R t6(4) s

ts(s) and l‘6(6) attain less MSEs (presented in bold) than the MSEs of the existing

A
estimators ,Uy,tl, tz, t,,typ and £ . Moreover it is perceived that the t 6(1) is the most

effective estimator from the advised class of generalized dual estimators as it is
attaining the minimum MSE than the MSEs of its own class of estimators. Therefore the

proposed generalized class of dual estimator t6( G) is found to be an improved and more

efficient class of estimators than the some other estimators.

4. Another Suggested Class of Generalized Dual Estimators
However, in certain practical conditions knowledge about the population mean

of the auxiliary variable (/. may not be readily available and due to the unavailability

of such information one cannot use the estimator t6(G) as recommended in the former

section. To tackle with such problem, the technique of two-phase sampling can be
helpful. In two-phase sampling at initial-phase, we take a large sample of size

n’(n' cN ) by SRSWOR to access £, as f{ and at second-phase a smaller sample is
taken from initial-phase sample of size n"’where, (n"' < n') by SRSWOR and it is

" "

assumed that 72, unit respond and 7, do not respond then following Hansen &

Hurwitz(1946) another sub-sample of size 7 =k—% , (k > 1)is taken from n,, and

interviewed them. It is assumed that all 7 units respond while interviewing them for
the study variable y.

Here we need to define some notations as previously we have define. Let £
be the mean estimator based on 7andf/,,, be the mean estimator from the

respondents in second-phase sample of size 7, and ‘uyr(z) be the mean estimator based
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| o)
" A wl A w1
on 7 .Let i, =n E Yy and [, =N, E Y, denote the sample means based
i=1 i=1

on#, responding units and 7, non-responding  units respectively. Further, let

A vl " w1l
,uyr(z) =r Zyi denote the mean of# =k 1, sub-sampled units.
i=1

0 7’1“ " l’l" "
An unbiased estimate of £/, is defined by 1, :—%,,uy(]) +—%,uyr..(2), and the

N

variance of A, is Var(u;“) =uj(t9“Cy2 +y Cy(z)) or Cp, = (,uy )_1 Var(,u;")
-f .on " Pz(k =)

— f =— and}) =——— .Similar expressions for any
n N n

where @' =

3l Hn
variable say x can be defined. Let the covariance term between A/ and H, be

COV(/’lx ’/’ly ) /’lxﬂy(eg +7/ xy(Z))’OrCll :(ll'lxﬂy) COV(II’lx ’/’ly )’
where ¢,y = Czo —Czo,and §11 = C11 _Cn-
Following Hansen & Hurwitz (1946), Cochran (1977) advised a ratio estimator

following two-phase sampling and assuming population mean of the supporting
variable is not available in advance as,

iy, 2

I’l

L, 21’%“/,1; , where R = 4.1)

X

Following Srivenkataramana (1980) many authors have obtained a dual-to-ratio
estimator in two-phase sampling when population mean of supporting variable is not
available. As we are dealing with non-response a dual to ratio estimator is modified as;

_ el N —ng,
tg = M, —, where #.

M, n-—n

Similarly we can define a regression estimator of Cochran (1977) in two-phase
sampling for dealing with non-response as,

ty = at, + B (1. — 1) 43)

Singh et al (2010) following two-phase sampling proposed an exponential-type ratio
estimator in the existence of non-response by,

o= 1 exp[’u" 22 J (4.4)
M+

Following Singh et al. (2008), Kumar and Bhougal (2011) suggested an estimator in
presence of non-response as,

4.2)
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ts :y;"(aexp(zx+zx j (1- a)exp[z" +Z’“D (4.5)

Taking motivation from Kumar and Bhougal (2011), Chanu and Singh (2015)
recommended an estimator utilizing information on the auxiliary variable assuming

unknown population mean £/ and existence of non-response in two-phase sampling

as,
, £, n'ft, —njl,
= —+(1- — . 4.6

Now motivating from (4.1) - (4.6) we suggest a more generalized and improved
estimator for estimating the population mean in the presence of non-response when
population mean of auxiliary variable X is unknown as,

A, i He =1
12(G) ﬂy a(lu ] +ﬂ( j +kl/,ly +k( x) eXp[Tlu*,,Cj, (47)

X X

gt
I’l' —n
that the generalized dual estimator gives the least MSE, and c is showing the power

where fi_ = .k and k, are the constants which need to be estimated so

transformation on the auxiliary variable, and (&, ﬂ )E [0,1] are the generalizing

constants.

4.1 The Bias and the MSE of the Suggested Class of Generalized Dual Estimator

tlZ(G)

To attain the expressions for the bias and the MSE of the suggested class of generalized
dual estimator we may consider,

,u;"z,uy(1+§:) W, =1y (1+5) —,uX(1+§ )suchthat E(ég)
=E(8])=E(5)=0.E(8,2)=0'C}+y'C’, =Cp,
E(87)=0'Cl+y'Cly =Cy.E(57)=E(55)=0C. =C,y,

E(6,6")=6 p,C.C,+¥ PyCCry =Cii - E(,'6,) =0 p,C.C, = C,

x(2)~¥(2) Xy x 11>

G = Cy —Cyand gy :Cll _Cu-

Now by expressing /), in terms of 0's we have,

wfted) | o)) =) |

.
%) wlod) ) [

by = ﬂy(l"'é:)k") a
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ki {148) s 15 o Ezmi EZ 8‘;;; =

After expanding the equation (4.8) upto O(I’lﬁ1 ) , We may get
( 12(G) ,uY) ( Y((a+ﬁ_l)+§:(a+ﬁ)_5: (ac+ﬂQc+%+%J
+6, (ac Pe+ ﬂQc+—+ pe j 15° (060(0+1)Q2 Be(c-1)P? ﬁQc

2 2! 2! 2 2

ac fc ac ﬂc ,[ ac(c-1)Q? ,Bc(c+1)P2 ,  BPc(c-1)
R 8}5[ 2l T

2 2 2
+ﬁ'Pc _pe Lo _%_ﬁ+ac ﬂc 55| ac® - poc? +ﬂQc
2 2 2 4 4 8 8

2 2 2 2 2 2
—’Bc +ac +ﬁQc +ac +2ac +2’BC J (ac+ﬁ’Qc+—+%J

2 2 2 2 8 8
q & 8 55,
2 2 2 2

*"2 2 2o"2 2 o2 2 o*t ! 2
S A M S ) 51j—k2ux(5*"—51'—051

+6,0, (ac— ﬂc+ﬂPc+E+ﬁ)+lq[

4 4 8 8 8 2
cs? ¢, 6 o b,
— + + , (4.9)
2 2 2
n
where P=——— andQ = —.
n-—n n-—-n

Or alternatively one can write (4.9) as,

£ £ ' *"2 '2 £l *n
( 12(G) ,uy) (ﬂy(Ao te A -6 A +ed, +e6 A+ A -8 & 4

[ roxn . ' * 1 Bl ® N
—-£&, As + &€, A6+k1(1+g; L 88 _cE CE &
2 2 2

" N " 5
_c&’ cq cgl cg cEE, g & 2cg &
4 4 8 8 2 2 8
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w  .ocgl oce g cg g cg
—Kual g —&+ - - + , (4.10)
2 2 2 2

where,
Ay=a+p-1, A =a+p.,“4, =ac- ,Bc+,BPc+7+'6;

2 2 2 2 2 2
A3:ac(c+1)Q _ Pe(e=DP +,8Pc L ac +%+&+ac +ﬂc ’
2! 2! 2 2 4 4 8 8
2 2 2 2 2 2
A4:0(c(c DO +,[7’c(c+1)P —ﬂQcZ+ﬂP c(c 1)+ﬂPc _ P Loc
2! 2! 2! 2 2 2
2 2 2 2 2 2
_ge_fe ac | pe , 5=ac2—ﬂPc2+'8Pc _pe  ac | e
4 4 8 8 2 2 2 2

2 2
+a2c + O;C Zﬂc A =ac— ,Bc+,BPc+7+’BC

One may get expression of the bias and MSE from (4.10) as,

ngo cg;; C§1*1“
Bias(t 7 A0 + A A +k 1+ -
(12(G)) Y[ gzo gll ( 1 Y 2 j)

C .
+hypty g22°, 4.11)

and
MSE(tIZ(G)) = (,Ui (Aé + gnglz + g;oAzz + 25';(;/40143 - 2§1*1A0A6 - 25'1*1“141/42

. P 2 0 2 L sen s N
e (1+C02 L850 Cjzo + ngzo _ Zczgn _ zczgll J+k22ﬂ)2(g20

0 L 0 o o
cS cgq cg % cG, o CC :
+2k1£A°[1+ s T 2”}141{ 2 2“}—142 (gn - j
Hn o o o cg*u
e = A )) 2k, (Algll — 4,65 _%]

o 20C,
=24ty pyki Ky [gn - ;20 jj (4.12)

Or alternatively we may write (4.12) as,

MSE(t16)) = A, + KA + A, + kA + kA, + kA

4.13)
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where Ay =y (Ag +Co & + oo A +2650 Ay A, =261 Ay A — 261, A4y ),

2 *n *n 2 *n £l *n
A, :’u}% 1+C;2 + £ $20 n 2¢6y n 2¢76,, _2¢6y,  2¢6;, ’
4 8 2 2

8 2
. cg, o CGop
+A1(C02_%j_’42 [gu - 22())4"439-20_‘469-11}

o e Acc o 20y
Ay =244, (Algu — A6y — ) 2 jand Ay =214, [gn _ij

- 20T el
A, =,Ll)2(g20,A3 :2/,1;% (AO {1-’- i}zo + o _ gllj

The optimum values for &, and k, maybe obtained from (4.13) as,

AA—2AA, AN —2A A,
=————= and = (4.14)
) 4A A, — Al A 4N A, — Al
and expression for the minimum mean square errors may be obtained as,
. AAA —AA, - AN
min MSE(t,, ) = Ay ———5——"—2->. (4.15)

A; —4A A,
It is to mention that for different values of cone can get different estimators directly
from (4.7), for example,

for ¢ =1, the estimator in (4.7) can be taken as,

ol [ i D w1
fagy =| Ay a[ﬁ}ﬂ(—.j oy ey (- 1)) eXp(,—*"j,
M, M, Mo+ U
(4.16)

forc :-1, the estimator in (4.7) can be taken as,
2

1 1

2 2 1
%2

o ‘u; ,[1; s . o ,u; —
loey =| My “[_ﬂ*--] +ﬂ(7] +kp, +k, (ﬂx —H, ) Xp| =T
’ o+

, 4.17)

0=

X

forc :—1, the estimator in (4.7) can be taken as,
3
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1
- 1 1

Las) = /’ly a(ﬂ,ﬁ,j +ﬂ[%j +k1,uv +k (ﬂ /’lx) exp xl_—ﬂxl ,

M+,
(4.18)

X

forc :_1 , the estimator in (4.7) can be taken as,
4

1 1

4

A K4

o =| A, a(ﬁfiij +ﬂ[%j + ki, +ky (14, — £1,) |exp ” et
! T

(4.19)

X

forc :g , the estimator in (4.7) can be taken as,

1 1
- - 1 1

5 5
A *5

lays) = ,[l; a[/ﬁj +ﬂ(ﬂfj +k1,uv+k (ﬂ ﬂx) exp u ,

ll'lx ll’lx A*S
M+
(4.20)
andfor ¢ :g, the estimator in (4.7) can be taken as,
1 1
A E -
Ny f - e M —f
baw) =| Hy 0‘{ AiJ +ﬂ£_)fJ +hL, +k, (ﬂx —ﬂx) exXp| ———
' 8 o+
4.21)

Similarly, the expressions for the bias, the MSE, the optimum values and the min MSE
for the estimator (4.16) to (4.21) can be obtained directly from (4.11), (4.12), (4.14) and
(4.15) respectively.

4.2 Empirical Study of the Proposed Class of Generalized Dual Estimator:
In order to demonstrate the performance & application of the advised generalized
estimator we consider two different populations. Explanation is given for each
population respectively as,

Population 1: Source [Khare and Srivastava (1993)]
Y: cultivated area (in acres); X: population of the villages
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P,=0.20.N =70, n'=35,n'=50, Hy= 98129, L = 59729, My = 1755.53, ty )
= 1100.24, QV: 0.6254, CY(Z): 0.4087, Cx: 0.8009, Cx(z): 05739, p,,= 0.778,

Py = 0445,

Population 2: Source [Khare and Srivastava (1995)]
Y: measurements of turbine meter (in ml); X: measurements of displacement meter
(in cm’)

N =100, 7' =30, n'=50, L= 3500.12, 5 = 3401.08, H x = 260.84, [y (5= 259.96,

C- 0.5941, Gy = 05075, C.=0.5996,C, 2= 05168, p,,= 0.985, P, )= 0.995,

P,=0.25.
y .,
Estimators 1 | k | 1
s hs | A | s
o, 6299.48 | 6759.03 | 7218.58 | 7678.14
t, 5824.67 | 6616.04 | 7407.42 | 8198.80
tg 28801.1 12660.03 (7)6518.9 20377.7
ty=trg="lrg 427750 | 4683.73 | 508229 | 5475.32
i 34729.0 67963 41 Zl 197.7 ;4432.0
faay» ©=1 4177.25 | 4560.87 | 4741.71 | 5300.79
: o]
5 t 2@ T 422831 | 4623.59 | 4813.42 | 5390.40
= 11(G) 2 . . s s
& 5
=™ < 1
£ fa» o3 42425 | 4641.04 | 483337 | 5415.29
z 3 . . . .
Gy
2 1
3 Loy T 4248.91 | 4648.89 | 4842.33 | 5426.48
o
=
% 1
& £ e 425249 | 4653.30 | 4847.36 | 5432.75
80 12(5) -
= 5
951
iage) - C:l 425477 | 4656.10 | 4850.55 | 5436.73
6
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ﬂ*" 127187. 166628.
v 17 140334 153481 | o
45267.0 45543.7 | 45682.0
t, p 454054 | o 0
59989.9 76507.8 | 85830.0
ty 3 68603.37 | ; 9
=ty = 1 4615218.8 45350 35481.2 35612.3
te 4285.44 | 4684.368 2066'35 2482'22
a B 43969.3 43671.2 | 43483.2
£ thay - c=1 p 43833.21 | p
=
§ g 1(G) t c= L 44827.8 | 44877.2
m = 2277 5 | 44714.6 | 44773.62 : '
% 5 4
E 1
z Loz == 44901.1 45102.4 | 45201.1
&3 12(3) . . .
o 3 ; 45002.48 | ¢ 0
g 1 | 44980.3 45214.6 | 45331.1
[3) t = . 0 .
B 12(4)> € 4 3 45097.66 2 5
@
& 1 | 450229 45273.2 | 45398.2
(%n Liygs) - ng p 45148.14 | 4
1 45049.2 45308.6 | 45438.2
Lage) ,ng g 45178.93 | o 5

Table 2: The MSE of the estimator for various options of &

In Table 2, proposed class of generalized dual estimators /| is compared

2(G)

tS’ t‘)’ th > t]’(B

®n

for their performance with some existing estimators such as 4, , ,

andt'CS. We have computed the MSE of the proposed class of generalized dual

estimators considering four different values of ¢ (=1,—,—,—,—,—) and at each value

23747576
of ¢, four different choices of k (=2, 2.5,3,3.5) are used to get the mean square error of
each estimator. It is to establish from Table 2 that by increasing the value of %, the
MSEs of existing estimators are increasing sharply but this increase is small in the
MSE:s of the proposed class of generalized dual estimators. Further it is noted that from

the proposed class tu(G), some estimators such as tlz(l) ’t12(2) ,t12(3), t12(4),t12(5) and

t12(6) attain less MSEs (presented in bold) than the MSEs existing estimators A/ y s b
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L, tg,tlo,t;@ and t'CS . Furthermore it is perceived that the tlz(l) is the most effective

estimator among the advised class of generalized dual estimators as it attains the
minimum MSE than the MSEs of its own class of estimators. Therefore the proposed

generalized class of dual estimator tlZ(G) is found to be an improved and more

effective than the existing estimators.

5. Conclusion

In the present study the difficulty of assessing the population mean of the
study variable has been considered assuming the existence of non-response under the
two different situations on availability of population mean of supportive variable. For
the both situations, either the population mean of the supporting variable is available or

not, we proposed an improved class of generalized dual estimators l‘é(G) and tl2(G)

respectively, and further properties of the proposed class of estimators have also been
studied. The conditions under which the suggested class of estimators attained the
min MSE have also been achieved. Furthermore it is witnessed by the empirical studies

that the suggested generalized class of dual estimators t6(G) and l‘12(G) attains the

minimum MSE in both situations and therefore it is found that the proposed
generalized estimators are more efficient than the existing estimators.
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