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Abstract 
 The present article considers the problem of finite population mean estimation, when the non- 

response and measurement errors are present simultaneously utilizing known information on coefficient 

of variation of study variable.  We have developed an estimator of population mean which is improved 

and efficient, using Hansen and Hurwitz (1946) technique. Asymptotic expressions of the bias and 

variance of suggested estimator have been found correct up to approximation of degree one.The 

optimum value of characterizing scalar for which variance of proposed estimator is minimum has also 

been calculated. We have made a theoretical efficiency comparison of proposed estimator with usual 

Hansen Hurwitz estimator. To amply corroborate the theoretical findings, a simulation study has 

also been carried out using R software. 

 

Key Words: Estimation, Coefficient of Variation, Non- response, Measurement Errors, 

Double Sampling, Simulation. 

 

1. Introduction 
 In sampling theory it is a very common assumption that the observations taken over 

the units under consideration are measured correctly on characteristics under study. But in 

practice, it has been seen that this assumption is hardly satisfied in various real world 

applications and data get contaminated with many errors namely frame errors, non- response, 

and measurement errors. The errors of measurement also referred to as response errors 

usually occur at the time of data collection due to discrepancy between observed value and 

true value of the characteristic under study. These measurement errors make the result invalid 

and the estimates thus obtained are not reliable. If measurement shows very small variations 

in errors of measurement so that it can be neglected, the statistical inferences drawn, based on 

observed data will still be valid. On the other hand, when the measurement errors are not so 

small that can be neglected, the inferences drawn on the parameters under consideration may 

be some how accurate and valid but they may often approaches to unexpected, undesirable 

and unfortunate consequences [Srivastava and Shalabh (2001)]. 
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 Cochran (1968), Shalabh (1997), Sud and Srivastva (2000) and Singh and Karpe 

(2008, 2009, 2010) are some main authors who discussed about various measurement errors. 

Misra and Yadav (2015) proposed regression type estimator using known coefficient of 

variation under measurement errors. Misra et al (2016, 2017) have discussed the impact of 

committing errors in measurement for estimating population mean and population variance in 

presence of measurement errors in the data obtained from survey sampling. 

 

Consider a finite population  of N units. Let Y be the study variable. 

Suppose that we have selected a sample of n units by using the technique of simple random 

sampling without replacement (SRSWOR) on the study variable Y. Further it is assumed 

that , i=1, 2,…, n is the observed sampling unit having measurement error in place of the 

true value Yi of  the study variable Y. Let 

 
Where, ui is the measurement error associated with the ith unit of the observation which is 

random in nature with zero mean and fixed variance
2
uσ . 

 

 Non-response results when respondents do not provide the desired information to 

the interviewers.  Non response rate is represented by the proportion of non-respondents in 

the sample. It is worth notable that one should take into consideration the maximum response 

rate as non-respondents may be of different characteristics to respondents. Non-response 

may lead to the biased and inefficient results of the survey. In surveys sampling, non-

response is a very common phenomenon and it is more likely in mail surveys rather than 

the personal interviews. 

 

 Much research work is devoted to consider the problem of non-response in 

survey sampling. Foradori (1961) studied the sub-sampling of the non-respondents 

technique for estimating the population total of the study variable in two stages using 

unequal probability sampling. Tripathi and Khare (1997) generalized the approach of 

the problem of the sub sampling of non-respondents up to the case of extend of 

multivariate. Okafor (2001, 2005) further lead this method in element sampling and 

two-stage sampling respectively for different two successive occasions. Singh and 

Kumar (2011), Kumar (2014), Singh and Naqvi (2015) and Khare et al (2015) are some 

remarkable developments in the context of non-response. Devi et al. (2016) suggested 

the estimation of population mean for two stage sampling under the mechanism of 

random response in case of non-response. 

 

 Hansen and Hurwitz (1946) first took into account the case of non-response in 

mail surveys, which are commonly used for data collection in advanced countries due to 

their low cost. The Hansen and Hurwitz (1946) technique consists in selecting sub-sample 

of initial non-respondents of subsequent data collection with a more expensive method. 

The technique is, generally, applicable to mail surveys. The problem of non-response is 

very often in mail surveys. The approach consists in taking a random sub-sample of the 

persons wh o have not been reached and make a major effort to interview everyone in the 

sub-sample. It was shown that unbiased estimation is possible despite the non-observation 
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of certain units in the initial sample. The summery of the proposed technique is given 

below: 

1. The questionnaire is mailed to all the selected respondents into the sample.  

2. When the time of response is over, the non-respondents are identified and sub-

sample of   the non- respondents is selected. 

3. Data is collected from the non-respondents found in the subsample through 

conducting the interview. 

4. The data so obtained from two parts of the survey is combined for estimating the 

population parameters. 

 

It is important to mention that the approach used by Hansen and Hurwitz (1946) was based 

on a deterministic response mechanism. Thus, the population under consideration was 

supposed to be divided in two different parts, i.e. responding part and non-responding part. 

Units belonging to the responding part respond with probability one while those in the 

other part respond with probability zero. Let the population under consideration of size N is 

divided in two different classes, i.e. the persons responding at the first attempt belong to the 

response class and the persons not responding at first attempt will be termed as the non-

response classes having subpopulation sizes N1 and N2  respectively, such that N1+N2=N. 

Let  be the value of the i-th response variable. The population mean  of the study 

variable can be expressed as, 

2211
2211 YWYW

N

YNYN
Y +=

+
=

 

Where  and  are the proportions of units in the response and non-response classes 

such that  and and  are the population means in these classes. Thus 
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Let n be the size of the simple random sample drawn from the population having N units 

by simple random sampling without replacement (SRSWOR) technique. Let  out of n 

denotes the number of units responding in the sample and  units denote the non-

responding units. Let  be the size of subsample from the  non-respondents to be 

interviewed so that . The unbiased estimators of  and  are given by, 
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The estimator  wy  is an unbiased estimator of  Y with variance 

( ) 222

2

111
yyw S

N

N

n

f
S

Nn
yV

−
+







 −=
 

where, = population mean square for the non-response class. 

For improved estimation of the population mean of the study variable, the important 

concepts namely measurement error and non-response are merged together. In the present 

work we have considered that sub sampled part  of non-responding class  contains 

measurement errors i.e.
2 2 2ih ih ihu y Y= − where 2ihu  are measurement errors associated 

with study variable in subsample of non-response class and 
2ihy and

2ihY  are observed 

values and true values respectively. 

 

2. Proposed Estimator for Estimating Population Mean 
 Misra et al (2017) suggested the given below regression type estimator of 

population mean of the study variable in presence of measurement errors as,   

 

 

 
 

 
 

 Motivated by the work of Misra et al (2017), we have proposed the following 

Modified Hansen Hurwitz estimator of finite population mean in the simultaneous 

presence of both non- response as well as measurement error. 

2
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2
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Here we have considered that sub sampled part 2h  of non-responding class 2n  contains 

measurement errors. 

We have used the following approximations for calculation of Bias and Variance of 

proposed estimator. 
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The proposed estimator under the aforesaid approximation can be expressed as  
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Taking expectations on both sides, where ,  and   represents the following 

expectations- 

3E  represents the expectation of total possible samples having their size 2h  taken 

from a samples of size 2m , 2E  represents expectation of all possible samples of size 

2n  drawn from 2N ,  

1E stands for the expectation of total possible samples having their sizes 1n  taken 

from 1N . 
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After putting the value of Kopt theBias is 

( )

( )

( )

2

3 2 2
2

22 2 2

2 2 2 2
3 22 2 2 2

2

22 2

22 4 2

4 2
2

8 2
2

1

YN N

YNYN N N

N N
Y Y NN N N N

Y NN YN

CY

u u

HM N Y uopt C A Y Y Y
N

Y

Bias y Y

µ

θσ

µ

θ σ

σ σ
γ γ

σ σ

−

 
 + − 
 
 

    = + + +       

 



58                                            Journal of Reliability and Statistical Studies, June 2018, Vol. 11(1) 

( )

( )

( )

2

3 2 2
2

22

2 2 2
3 22 2

2
22 2

2

2
8 2

2

YN N

YNYN

N
Y Y NN N

Y NN YN

CY

HM N Yopt C A Y
N

Y

Bias y Y A

µ

θσ

µ

θ σ

−

 
 + − 
 
 

=  

( )

( )

( )

2 2
3 2 2 2 2

2

22

2 2 2 2 2
32 2 22 2 22 2 2

2

2 22

2

4 4

8
2

N Y Y YN N N

YY NN

N
N Y N Y N YY Y YN N NN N N

N YY NN

Y C

HM N Yopt C Y A Y Y

N
Y

Bias y Y A

µ θ σ

σ θ

σ σ θ µ θ

σ θ

−

 + −
 
 
 
 

=

 

( )
( )

( )
2 2 2 2

2 2

2 2 22 2 22 2 2

2 2
3

2

2 2 2
3

2

4 4 4

N N N

N

N N NN N N

N Y Y Y

HM N Yopt

N Y N Y N YY Y Y

Y C

Bias y Y A

N C Y A Y Y

µ θ σ

σ σ θ µ θ

−
=

 + − 
 

 

 

3. Variance of Proposed Estimator 
 The variance of proposed estimator can be partitioned into two parts. We will 

find the variance for both parts separately and then combined both variance together. 
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The variance of first part can be obtained as 
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Now taking expectation  
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Now second term of variance  
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E stands for the expectation of total possible samples having their sizes 2h  taken from 

the sample having size 2n . 
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Nowthe variance can be written as 
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Ignoring 
2nyA due to higher order terms: 
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The optimum value of k for which MSE of proposed estimator minimum is given as  

( )

( )

2 2

2
2

22 2

2 2
2

2

3

2

2

3

2

2

,

2
2

2

N

N
N

N N

N
N

YN

YY

opt

Y Y N

Y NY

CY

k
C A Y

Y

µ

θσ

µ

θ σ

−

=

+ −

 

After putting the optimum value of the characterizing scalar k, the minimum mean 

squared error of proposed estimator is calculated as, 
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4. Constraint Problem 
 We have assumed that population coefficient of variation is known to us from the 

pilot surveys and we using this information in our estimation procedure. 

 

The MSE of proposed estimator is given as   
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The population coefficient of variation 2
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So our problem is to minimize V( HMy ), provided that population coefficient of 

variation CY is known. 

Now the optimization problem is 
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whereλ is a Lagrange multiplier. 
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Equating to zero 
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Using the value of k in constraint 
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Putting the value of 2
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5. Theoretical Efficiency Comparison 
  We have made a theoretical efficiency comparison between the proposed 

estimator and usual Hansen Hurvitz estimator. 

Variance of usual Hansen Hurvitz estimator is given as ` 
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MSE of proposed estimator is given by 
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The suggested estimator will perform better than the usual Hansen- Hurvitz estimator if, 

 
which gives optimality condition 

 

6. A simulation Study 
 We demonstrate the performances of both estimators through simulation study 

by generating a sample from Normal distribution using R software.  The considered 

population is very much relevant in various socio-economic situations. 

 

Description of data is given as follows 

N = 5000, N1 = 4000, N2 = 1000, n = 500, n1 = 300, n2 = 200, h 2= 50. 

Y=N (5000, 2, 4) 

 

Variance (MSE) of Hansen Hurwitz estimator and proposed estimator for the situation, 

when the non-response as well as the measurement errors both are present 

simultaneously.  

Hansen Hurwitz estimator ( ) 0.05880166HHV y =  

Proposed estimator ( ) 0.03270853HM opt
MSE y =
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7. Conclusion 
 From the simulation study, it is evident that the proposed estimator performs 

better than the usual Hansen Hurvitz estimator in the simultaneous presence of non-

response and measurement errors as it is more efficient than it. Therefore proposed 

estimator is recommended to survey practitioners to estimate population mean in the 

case when survey data is contaminated with non-response as well as measurement 

errors. 
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