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Abstract

The variance estimators have been recommended in sampling literature by many
authors. It is highly popular to use auxiliary variable information to achieve more effective
estimators. Moreover, the variance estimators have been studied using the information of two
auxiliary variables in recent years. In this paper, we suggest three families of estimators using the
information of two auxiliary variables for the estimation of the population variance in the simple
random sampling method. The asymptotic expressions for the mean squared error (MSE) of the
suggested family of estimators have been derived up to the first order of approximation. We show
that the suggested estimators are more efficient than the classical estimators and the existing
estimators in Literature under the determined conditions obtained in theory. We also support the
performances of the suggested estimators with the aid of two real population data sets.
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1. Introduction

In various sampling designs, the auxiliary information has a significant role to
estimate the parameters of the population. If the auxiliary variable x has a high
correlation with the study variabley, its use can enhance the precision of the estimators.
In recent years, studies have purposed to obtain more efficiency estimators by
increasing the number of the auxiliary variables. Many authors make important
contributions to the estimation of the population parameters in the literature, such as
Shabbir and Gupta (2017) and Muneer et al. (2017). Moreover, several authors,
including Singh et al. (2011), Sidelel et al. (2014), Singh and Singh (2015a, 2015b),
Shabbir and Gupta (2014), Adichwal et al. (2017) and Lone et al. (2017), have a
number of estimators using two auxiliary variables for the population variance of the
study variable.

To know or estimate the variation is always preferred in all areas. For
example; a physician wants to know the degree of variation in the human blood
pressure, an agriculturist needs the knowledge of variation in climate, a manufacture
wants to know the level of variation in sales amount, etc. Hence, the variance of the
study variable is a parameter that is always desired to be estimated. Many authors,
including Kadilar and Cingi (2006), Gupta and Shabbir (2008), Singh and Solanki
(2013), Yadav et al. (2015a, 2015b), Singh and Pal (2016, 2017) and Sanaullah et al.
(2017), work on variance estimation in accordance with this purpose.
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2. Estimators in Literature

Let y and (x, z) be the study variable and two auxiliary variables, respectively.
They take the values y;andx;, z;, respectively. Consider a finite populationP =
{P,, P,, ..., Py}consisting of N units. Let the sample of size n be drawn from the
population of size P using the simple random sample without replacement (SRSWOR).
Assume that the population variances of the auxiliary variablesSZ and S? are known to
estimate the population variance wahere

1

S = N IiV=1(xi -X)?%,5; = % §V=1(Zi —7Z)? ands}% Z =1 (i — Y)2

We use the following error terms for obtaining the first order of approximation
of the proposed estimators:
2 2
sy s

X
Uy = UV =5 U2
Szl szl 521

E(y) = E(v) = E(vy) =0,

E(U(Zl) = 0400/7, E(Uf) = 0340/n,E(v§) = 0504/M,
E(ov1) = 0350/, E(Ugv,) = 6302/1, E(v1V;) = 0,2/,

where

Orse = um/ Wil psi2ptlz gr =g, — 1,

rst= i= 1(}7 _Y) (x -X)° (Z -7)/N.

When there are two auxiliary variables, the ratio estimator of the population
variance is defined by

2 25252

Sratio = Sy $2 2" (21)
X °Z

Up to the first order of approximation, the Mean Squared Error (MSE) of the
estimator, given in (2.1), is

Sy * * * * * *
MSE(s‘rz‘at'iO) = %{0400 + 004-0 + 0004- - 2(9220 + 9202 - 9022)} . (22)

The regression estimator with two auxiliary variables for the population
variance of the study variable can be written as

Sreg = Sy + b1(Sx = 53) + by(S; = 57) (23)
and the MSE of the estimator sreg is obtained as follows:

SV fgr 4 BEgs L BE g B B2 g
MSE (skeq) =2 {Bi00 + 55 040 + o3 6504 — 2 (72 6320 + 20302 — 752 0022 . (24)

whereb, and b, indicate the estimators of the regression coefficients defined by
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Singh and Singh (2015) developed two different modified classes of

exponential estimators with the help of two auxiliary variables xand z. The estimator
s&gy is first defined and the MSE of s is, respectively, given by

T §2_g2 2
] exp[Z Z] (2.5)

53 +s§

5 5 G2_2
X X
Sce1 = Stex
ss1 y p[S,ZC+s,2C
and
MSE(s351) = 2{6300 + 2 (20540 + 1360504) — (11030 + 120307) + TL2%622
(sss1) = o F200 T 7 U1 0040 T 20004 T11U220 T 20302 P

},(2.6)

wherem; and m, are real constants. The optimum values of ; and m, are obtained as

opt  2(05020522—05040520) opt  2(05500022—05406502)
n.lp — 2027022 0049220 and T[ZP — 2207022 0407202

*2 * * *2 * *
0022—0040%004 0022—0040%004

Later, the second estimator sZ, is proposed and the MSE of the estimator is
found as:

2 2 522 1 5252 2 2 2 2 2
S5s7 = S)exp [52+52] exp [52+52] + b, (S5 —s2) + b,(S2 — s2) 2.7
and
MSE(s%5,) = 5% (6500 + = (126; 2078 04 + 201 12007)
(sss2) = ~1°y | Pa00 5 (K10040 + k20004 + 2K1K2002; 2.8)

wherex; and k, are suitably chosen constants and
M; = 559320 - :815;%9840 - 32559322'
M, = 559;02 - :31559822 - 3255930@ 55559322'
M; = BiSi00s0 + B3S5000s — 255 (B,S20%20 + B,S:0302) + 2B, B,

The optimum values of k; and k, are obtained by

opt _ 2(6504M1—6022M>) d k%Pt = 2(6540M2—6022M1)
=200 o 2 =2 o oy
! 55(05400004—902 2 55(05400004—0032)

Singh et al. (2011) suggest an improved exponential estimator for the
population variance of the study variable y as follows:

2

) Si—si
ss1 = sy | kexp o
X X

} + (1 - k)exp {2_52}] (2.9)

s% +S§

wherek is the weight that makes the MSE minimum.
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The MSE expression of the estimator, given in (2.9), up to the first degree of
approximation is

2 S; * 1 2n* 2 * * *
MSE(S_S'l) = ?{0400 + Z(k 9040 + (1 - k )9004) - k0220 + (1 - k)9202
— k(1 - 1)852)}  (2.10)
The optimum value of k is derived as

KOPt — 0004+2(6320+6202)+6022—6
804016004 +20022—4

3. Improved Estimators

Motivated by the estimators, mentioned in Section 2, we propose three classes
of variance estimators in the simple random sampling as follows:

2. = [a52+b] [c52+d]“2 G.D)
K1 as2+b csz+d ! ’
2 ag 2 az
2 2 a5x+b] |:C52+d:|
Stk2 = Soiwq |——| +w 32
CKk2 y{ 1[ 275 2| 22ral I (3.2)
) [a52+b] [cs +d] [as§*+b]“7 [c52+d]"‘8 (33)
Stg3 = s w .
CK3 3 as2+b cS2+d a5,2(+b csZ*+d ’

where a # 0,c # 0,b and d are the values of the known parameters of the auxiliary
variables or real numbers, aq,a,, asz a4, a5, &g, a7, and ag are constants and
Wy, Wy, W3, and w, are weights that make the MSE minimum. Here, we also use the
population variance transformations as s2* = §% + f(S2 — s2),s%* = §% + f(S2 — s2).
Here, f = ﬁ.lt should be noted that the proposed classes of estimators are ratio type
estimators whena; =1 and product type estimators when a; =-1,i = 1,2, ...,8.

We expand (3.1), up to the first order approximation, by usingd’s and obtain

sty = S2[1+ 9y — @AY, — ayBY, — a; 49,0, — a, B0, + afA*9]
+a3B*9% + a,a,ABY,9,], (3.4)

as? cS?
where A = —*— and B = —*—.
asZ+b cSZ+d

After subtracting the population variance from both sides of (3.4),we square
and take the expectation of the expression. Then, we obtain the MSE of the first

proposed estimator s%; as

54
MSE(SLZ‘M) = %{9100 + a12A29540 + a%320504 — 2(a1 4055 + a; B0,

—a1a,AB05,,)}. (3.5)
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The second proposed class of estimators s%,is considered in two different
cases: w; + w, = 1 and wy; + w, # 1. Therefore, we calculate the MSE expressions of
sty for two different conditions:

Case 1:w; + w, = 1 (Sum of the weights is 1).
Up to the first order approximation, using 9’s, we expand (3.2) by

(3.6)
+a,BY, — a;A9y9; + a,B9y9, + a?A*9% + aiB*95)].

The MSE of S%Kz(l) is derived by subtracting Si from both sides of(3.6),
squaring and taking expectation as

54
MSE (¢xz1)) = %{len + 2w, A + Y13, (3.7)
where

Yy = G0 + @3B* 0004 — 20,B030, Ty = a{A?0p40 + a5B* 004 — 201 2,ABOG;,
and

We get the optimum values of w; and w,by

opt __

opt
wq .

A

= andwgpt =1-w;
I

When we put the optimum values of w; and w, in (3.7), we get the minimum

MSE of the second proposed estimator S%Kz(l) as follows:

Sy A2
MSEmin(siay) = 2 {Y = 1} (3.8)

Case 2:w; + w, # 1(Sum of the weights is not 1).

Expanding (3.2) with regards to 9’s, up to the first order approximation, we
have

S%KZ(Z) = Sf,[wl(l + 9y — a1 AV, — @ A9, + a%Azﬁﬁ)

(3.9
+W2(1 + 190 - azBl92 - (123190192 + (1532195)] )

The MSE of S%Kz(z) is derived by subtracting Si from both sides of (3.9),
squaring and taking expectation as

MSE(SCZ‘KZ(Z)) = S;{leXl + W1Y1 + WZZZ]_ + Wle + W1W2U1 + 1}, (3.10)
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where
Xy =1+ (6300 + 2a§A4%0540 — 32140350) /7,
Y, = =2+ (—afA*644 + a146350) /n,
Z; =1+ (9200 + 20»'5320604 - 3“230202)/%
Ty = =2+ (—a;B*0p4 + a,B050,) /1
and
Uy =2+ (0}, + @14 0540 — 20140350 + a5B* 004 — 2a;,B03, + a1 2,ABOG;,) /.

We get the optimum values of wy and w, as

gpt _ 2Y121—U1T1 d gpt _ U1Y1—2T1X1
1 vi-ax,7, 2 vi-axyzy

When we put the optimum values of w; and w,in (3.10), we get the minimum
MSE of the second proposed estimator as follows:

MSEmin(Stk2(2) = 5;{ (TZUEX, + 12T X7 Z) — T UPY,

(U12 — 4X,Z,)?
_12T1U1X1Y121 + Uf - 8U12X121 + 5U12Y1221
+16X272 — 4X,Y2Z2)). (3.11)

Similarly, we obtain the MSE equation of the third proposed class of
estimatorss2y, for two different conditions:

Case 1: w3 + w, = 1 (Sum of the weights is 1).
Expanding (3.3) with respect to 9’s, up to the first order approximation, we
have

ar(a;, —1 ag(ag +1
7(; ) pargr 4 8(; )f232ﬁ22>

+ws((a;f — as)Ad; — (agf — ag)BY, +2 (a;a5f? — asas)ABY, 0,
a(a;, —1 ac(as +1
+((17f—a5)A190191—< 7( 7 )f _ 5( 5 )>A21912

_a7a8f2AB'l91192 +

2 2

(ag+1)? (a—1)
—(@sf — ag)BID, — (DL _ 2eleml) pag2y), (3.12)

The MSE of S%K3(1) is derived by subtracting Sf, from both sides of(3.12),
squaring and taking expectation as

MSE(SCZ‘K?)(I)) = S;{Wzgzrz + 2W3A2 + Yz}, (3.13)
where

Y, =2+ [0300 + a3 A%0040 + abf*B?050, — 2a;f A% + 205 BO3;
—2aza5f?ABOgy,1/n,
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T, = [(a7f — as)*A%0040 + (asf — ag)*B* 050,
—=2(a;f — as)(agf — “6)‘439822]/”
and

A, = [(a7f — a5)AB5;0 — (agf — ag)BO5g, + (2“7“8f2 — asagf — asa; f)ABOy;
_(“7f - as)a7fA29640 - (asf - “6)“8f329604]/n-

We get the optimum values of w; and w, by

opt A opt opt
w3p =——andw4p =1—w3p .
Iz

When we put the optimum values of w; and w,in (3.13), we get the minimum
MSE of the third proposed estimator as follows:

MSEpmin(s3s1)) = Si{¥ —A—g} (3.14)
min\°CK3(1) y 2 r)- .

Case 2: w3 + w, # 1(Sum of the weights is not 1).

Expanding (3.3) according to 9’s, up to the first order approximation, we have

S%K?’(Z) = S§[W3(1 + 190 - a5A191 + aéB'ﬁz - (15A190191 + (163190192
as(as +1 aglag —1
—asagABY 9, + #Azﬁf + %B%ﬁ)
+W4(1 + 190 - a7fA191 + anBl92 - a7fA190191 + angﬁO'ﬁz
—a; 0o f *AB9,0; + T f2 4297 4 22D p2p292y) (3.15)

The MSE of 5%1<3(2) is derived by subtracting S§ from both sides of (3.15),
squaring and taking expectation as

MSE(SCZ‘K?)(Z)) = S;(W%XZ - 2W3Y2 + WZZZ - 2W4_T2 + 2W3W4U2 + 1) (3.16)
where

Xz = 1 + [6200 + (15(26(5 + 1)A20640 + a6(2a6 - 1)326604
—4(asA0350 — agBO30; + asasABOg;2)]1/n,

. . . as(as +1) ,
ag(ag —1) .
3 B?8504|/1,

Z; = 1+ 0300 + a7 (2a; — 1)f2A4%60340 + ag(2a5 + 1) f2B* 050,
_‘tf(a’w‘w)z*zo — agB03; ‘E 0-’70-’8f§139522)]/n,

a;(a; —1 . ag(ag +1 . .
[————f?A%05, + f2B*0504 — a7 fAB320

+agfBO5, — a,agf2ABb6g,,]/n

T,=1+

and
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Up =1+ [0390 — 2(as + a7 ) AB%;0 + 2(ag + agf)BB3,
+(as + a;f)(ag + agf)ABOg,, + ((“5 +a;f)* + (as — ayf ))

B 9004]/n

A29040

+((0-’6 + agf)? + (agf? — as))

We reach the optimum values of w; and w, as

opt _ Y22~ T2Up and WOpt _ UaVp—ToX,

3 U3-Xp2Z, 4 Us-XpZy

When we put the optimum values of w3 and w, in (3.16), we get the minimum
MSE of the third proposed estimator as follows:

TE Xy —2To Uy Yo +Z,YF
MSEmin(siszy) = S5 {1 = gt (3.17)

4. Efficiency Comparisons
Comparing the MSE equations of the proposed estimators with the mentioned

estimators in Section 2, we get the efficiency conditions of the proposed classes of
estimators in Subsections 4.1 —4.3.

4.1 Efficiency Conditions of the First Proposed Estimator s%,

i) MSE(Sfqrio) — MSE(ségy) = {(1 — afA*)0540 + (1 — a5 B*)B5,
=2((1 = 440550 + (1 — a,B) 05, — (1 — a;a,4B)65,)} > 0, (4.1)

ii) MSE(Sreg) MSE(SCKl) = {(B_l AZ) 0pa0 + (_ - az 2) 004

6
1
a3B

1 2\ 2\ g«
iii)y MSE(s§s1) — MSE(ségy) = {(2”12_0‘214 ) 0040 + ( ) 0504
- ((n1 — 20, 4)0350 + (1, — 20,B)050, + (P22 — ZalazAB) 0522 )} >0, (4.3)

) 1 2\ as 1 2\ Ax
iv)  MSE(ss;) — MSE (séxq) = {(Zk%_a%A )9040 + (Zk%_a%B )9004

klkZ M3
+ ( 2 - ZalazAB) 6522 + 2(“1146;20 + anggoz) + F
y

_ (k1M1+k2M2)} >0,

2
Sy

4.4)

2

2
V) MSE(sé) — MSE(séx1) = {( —afA )9340 + (1——0!23 ) 004
i i k(1 —k) i
(k= 2,4)0550 + (1 = k+ 20,B)030, — | ———+ 2,048 ) 65 > 0,
4.5)
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When the proposed class of estimators of s, is evaluated based on the
conditions in(4.1)-(4.5), it is concluded that the proposed estimators are more efficient
than the related estimators.

4.2 Efficiency Conditions of the Second Proposed Estimator s2,

i) MSE(S%ui0) — MSE(Scz‘Kz(l)) = {0400 + 0540 + 0504
—2(6320 + 0202 — 0522) — (Wil + 2w, A1 + Y1)} >0, (4.6)

i) MSE(Sfaio) = MSE (SEk2(2)) = {0400 — 2(8320 + 0302 — 0522)
+0540 + Op0a — n(W2X, + W Yy + WiZ, + Wy, Ty + wyw, Uy + 1)} >0, (4.7)

x B1 p« B2« B1B2 f«
111) MSE(Srzeg) — MSE (5¢k21) = {9400 -2 (R_i 0320 + 59202 - ﬁeozz)

9040 +2 9004 (W3 + 2w,y + YD} > 0, (4.8)

iv) MSE(Srzeg) MSE(SEKZ(Z))_{HIOO

B B By B, _Bibs
+ 200 + g 0304 = 2 (00 + 1 Oion = ' Oiza)

_n(W%X1 + W1Y1 + WZZI + W2T1 + W1W2U1 + 1)} > 0, (49)

V) MSE (s351) — MSE(SCI(Z(l)) = {9400 +- (7T Bo40 + 56504)
(8320 + T30307) + 2202 — (W2T, + 2wy, +Y,) > 0, (4.10)
. * 1 * *
vi)  MSE(sds1) — MSE(5¢kz2) = {9400 +3 ($0540 + ™50504)

. . 1720022
— (10320 + 20302) + 2

_n(Wle + W1Y1 + WZZZI + W2T1 + W1W2U1 + 1) > O, (4.11)

vi)  MSE(s&s;) — MSE (séka(1)) = {(0400 — WET; + 2wi Ay +Y3))

1
2 (k30540 + k30504 + 20y 16,055) — LD 54} >0, (4.12)
y

1 " ¥ %
viil)  MSE(sés;) — MSE (séiz2)) = {Z (k{8540 + 150504 + 211 K26525)
—(Tl(Wl Xl + lel + szzl + W2T1 + W1W2U1 + 1))

_ laMitiMz) > 0, (4.13)

0
400 2
Sy

ix)  MSE(sé) — MSE(s&gy1y) = {0400 — WiTy + 2wiA; + ;)
+i(k29540 + (1= k*)0504) — kO350 + (1 = k)O302 — k(1 — k)Bg,, > 0, (4.14)

* 1 * *
X)  MSE(s§) — MSE(Scz‘Kz(z)) = {0400 + % (k?8540 + (1 — k?)8504)
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—TL(W12X1 + lel + szzl + W2T1 + W1W2U1 + 1) - kegzo
+(1 = k)80, — k(1 — k)8, > 0. (4.15)

It is inferred that when the conditions from (4.6) to (4.15) are satisfied, the

proposed class of estimators of s2g,has smaller MSE values than the mentioned
estimators for both of two cases discussed in Section 3.

4.3 Efficiency Conditions of the Third Proposed Estimator s2,;

i) MSE(S%ui0) — MSE(SLZ‘K3(1)) = {0400 + 0540 + 0504
—2(0320 + 0302 — 0022) — n(W3T, + 2w3h, +Y,)} > 0, (4.16)

i) MSE(Sfqti0) — MSE (S¢k3(2)) = {0400 + 0540 — 2(0320 + 0302 — 0522)
+050s — n(W3X, — 2w3Y, + WiZ, — 2w, Ty + 2w w, U, + 1)} > 0, (4.17)

X B1Bz «
111) MSE(SrZeg) - MSE(53K3(1)) = {9400 -2 ( 0220 + 9202 Rle 9022)

9040 + 9004 n(WaT, + 2w;A, + Yz)} >0, (4.18)

iv) MSE(SrZeg) MSE(SCZ‘KS(Z)):{QZOO

B B Bio L Br, b
+ 8Om0+ 5z 0301 = 2 (- Oiz0 + - Oion ~ g Oiza)

_n(W3X2 - 2W3Y2 + W4Zz - 2W4T2 + 2W1W2U2 + 1)} > 0, (419)

* 1 * *
V) MSE(sés)) — MSE(sisqy) = {9400 +3 (76540 + M56504)
(110320 + 30305) + 222 — n(WET, + 2wy, +Y,) > 0, (4.20)
vi) MSE (s§s1) — MSE(ng(z)) = { (170540 + 56504) — (110520 + T26502)
m n(W%XZ - 2W3Y2 + W4ZZ - 2W4T2 + 2W1W2U2 + 1) > 0,
4.21)

+0400 +

vi)  MSE(sds;) — MSE (stg3(1)) = {Sy (0500 — n(W3T, + 2w34, +1,))
54 * * *
+2 (k10040 + K50004 + 2K1K20052) — S3(1es My + M) + M3} >0, (422

(k1M1 +K2M2) + (16540 +K36504+2K1K260522)
3 4

viil)  MSE(s2) = MSE(seay) = |-

+0500 + % —n(W2X, + wY, + WiZ, + w,T, + wyw,U, + 1)} >0, (4.23)
y

ix) MSE (s&) — MSE (ség31y) = {0300 — n(W3T, + 2w34, +Y3)
+5 (60540 + (1 = k2)0504) — k320 + (1 = K)B30; — k(1 — k)B552 > 0, (4.24)
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X)  MSE(s3) — MSE(Sts) = {Bio0 + 5 (K204 + (1 = k*)804)
—k0350 + (1 — k)B302 — k(1 — k)b;,,
—Tl(W??XZ + W3Y2 + W??Zz + W4T2 + W3W4U2 + 1)} > 0. (4.25)

It is inferred that when the conditions (4.16) -(4.25) are satisfied, the proposed
class of estimators s2g3has smaller MSE values than the mentioned estimators for both
of two cases.

5. Numerical Illustrations
We aim to support that the findings in theory are also valid in applications
with the help of the following two data sets.

The values of the percent relative efficiency (PRE) are computed in order to
compare the efficiency of estimators. Using the data of Populations I and II, we
calculate the PRE of the proposed estimators according to the mentioned estimators in
Section 2 as follows:

MSE(S)

PRE = y
MSE(S2)

x 100, t = ratio,reg, SSi,51,CKi,i = 1,2,3.

5.1 Numerical Study for Population I
We use the data set previously considered in Singh and Mangat (1996) for the
Population I defined by

y: Irrigated area, x: Number of tubewells and z: Number of tractors.

N = 69,7’1 = 15, 6;00 = 9.4’77, 0640 = 7.94’5, 0604 = 6.319, 0;20 = 8.091,
0302 = 7.104, 05, = 6.707, S, = 85938.89, S5 = 12975.90, S = 286.27,
C, = 0.8477,C, = 0.8422,C, = 0.7969,p = 0.922,p = 0.901.
yx vz

The correlation coefficients between the study variable and the auxiliary
variables are positive. For this reason, it is taken as @y = a, = a3 = a4, = a5 = ag =
land ag = a; = —1. In other words, only ratio estimators are used for this data set.
Moreover, the PRE values of the proposed estimators are derived for some values of
a,b,c and d given in Table 1. It is sure that one can have various new estimators by
taking different values for a, b, cand d.

In Table 1, the PRE values of the estimators are demonstrated for the
Population 1. The PRE values of both the second and the third proposed classes of
estimators for the second case are bigger than the PRE values of the estimators in
Literature. Therefore, it is inferred that the proposed classes of estimators having the
weights whose sum is not 1 are the most efficient estimators.
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The proposed The
estimators a b c d PRE mentioned PRE
estimators
S2x1 1 X 1 VA 377.55 sj 100.00
Cy 0540 C, 6504 142.31 SZtio 109.60
Cy X c, VA 497.77 Srzeg 138.73
8440 X G504 VA 263.01 s, 843.70
Pyx X Pyz VA 400.87 s, 505.48
ngz(l) 1 0 1 0 812.86 s& 791.22
X 8440 Z 6502  812.85
X Cy Z C, 812.86
X Pyx Z Pyz 812.86
Pyx Cy Pyz C, 812.25
SéKZ(Z) C 8440 c, O50a 1442.14
X Cy A C, 1412.88
C, Pyx c, Py,  1427.76

pyx  Cx Py, C, 142265

pyx 654-0 pyz 9604 1436.75
Stra() 1 X 1 Z 50417
Cy X C, Z 504.42
Cx 040 C, 95_04 503.62

S, X s, 7 503.05
Pyx X Pyz Z 504.28
St Cy 0 ¢, 0 252967
S, X s, 7 252111

1 Pyx 1 Py 2371.99
Pyx Ce Py C, 2519.99
6640 Pyx 6604 Pyz 2124.61

Table 1: The PRE values of estimators for Population I

5.2 Numerical Study for Population II
We use the data set previously considered in Ahmed (1995) for the Population
IT defined by

y: Number of literate persons, x: Number of households and z: Total
population in the village.

N = 340,n = 50,60,,, = 10.903, 85,0 = 8.054, 8594 = 9.255,0;,, = 7.313,

0502 = 9.129, 65,, = 7.136, Si = 71593.30,52 = 19427.26, Py, = 0.909,

S2 = 693780.90, C, = 0.8450,C, = 0.7805,C, = 0.7746,p. = 0.892.
VX
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The proposed The mentioned
estimators a b c d PRE estimators PRE
st 1 X 1 Z 115.56 s 100.00
C, O C, 6ppy 113.68 2o 113.58
C, X C, Z 161.13 S7Z“eg 135.59
Oos0 X  Oo0s Z 113.82 sie 583.33
P X p,, Z 115.80 sk, 796.91
ngz(l) 1 0 1 0 583.03 s3, 333.88
X 60 Z 654 583.04
X C, A C, 583.04
X Jo VA Py, 583.04
Py C, P, C, 583.03
S%KZ(Z) Cc 6oao C, Opos 82029
X C, A C, 821.61
C, Py C, Py, 821.47
C, C, 821.50

P p
Py 6o P, Ooos 820.45

S%K?,(l) 1 X 1 7Z  12675.31
c, X ¢, Z 1267532
C, Oho C, 0h, 1267533
050 S, Ohos S, 1267532
. S. b, S, 1267530

Stk3@) C, 0O C, 0o 96627
s, X S, Z 96627
Pyx X Py, Z 966.04
P Si b, S, 96576
060 Py, o4 P, 96625

Table 2: The PRE values of estimators for Population II

In Table 2, the PRE values of the estimators are demonstrated for the
Population II. Similarly with the Population I, the correlation coefficients between the
study variable and the auxiliary variables are also positive in Population II. For this
reason, it is taken as a; = a, = a3 = a4, = a5 = ag = 1l and a4 = a; = —1,i.e, only
ratio estimators are used for this data set.

From Table 2, it is clearly observed that the third proposed class of estimators
for both two cases and the second proposed class of estimators for the second case are
more efficient than the estimators in Literature.
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6. Conclusion

In this article, we have proposed three new classes of estimators using two
auxiliary variables for estimating the population variance. For the second and the third
proposed classes of estimators, we derive minimum MSE equations for each case.
Theoretical efficiency comparisons are obtained for the proposed estimators with the
estimators in Literature and then these comparisons are supported by numerical
illustrations. Using two data sets, we see that the second proposed class of estimators

S%K3(2) is the best estimators for Population I and the third proposed class of estimators

S%m(l) is the best estimators for Population II. We would like to point out that many
more estimators could also be developed by the second and the third proposed classes
of estimators using various parameters fora, b, c and d.

We utilize the weights as wy, w,, w3 and w,for the second and the third
proposed classes of estimators. We obtain the MSE equations for different states of
these weights .It can be seen from the application section that the use of weight gives
effective results on the proposed estimators. The new estimators should be developed
using the multi auxiliary variables with the help of weights for the different sample
techniques in the forthcoming study.
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