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Abstract: A study on production and sales system is performed. A machine produces random
number of products during the operation time. After the operation time, sale time starts which
has one among two distinct distributions depending on the magnitude of production time within
or exceeding a random threshold magnitude. Two models are treated considering manpower
system exposed to a departure process; the machine has SCBZ failure pattern with repair;
manpower recruitments and sales time have general distributions. The system fails when both
manpower and machine are in failed state. In model 1, the sales are done one by one and in
model 2, when the operation time is more than a threshold, the sales are done altogether and
when it is less than the threshold, the sales are done one by one. The Joint Laplace transform of
the variables, their means and the Co-variances with numerical results are presented.
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1. Introduction

In manufacturing models to get the return on investment and to pay minimum
interest, it is natural that when the production time is more, the sale time is made short
so as to cut cost. It has been noticed that when the units produced are more, financial
supports for the customers are provided to clear products early. These are widely felt in
perishable commodity sectors where many banking institutions provide required
finance for the purchase.

Storage systems of (s, S) type has been studied by Arrow et al. [1]. Such
systems with random lead times and unit demand have been treated by Danial and
Ramanarayanan [2]. Models with bulk demands have been analyzed by
Ramanarayanan and Jacob [12]. Murthy and Ramanarayanan [8, 9, 10, 11] have
considered several (s, S) inventory systems. Kun-Shan Wu et al. [3] studied (Q, r, L)
inventory model with defective items. Usha et al. [14] have considered storage
systems with random sales time depending on production. General Manpower and
Machine system with Markovian production has been analyzed by Hari kumar.k [4].
General Production and Sales System with SCBZ Machine Time and manpower has
been studied by Madhusoodhanan at al. [5,6]. Snehalatha et al. [13] have analyzed
general manpower and general recruitment system. Madhusoodhanan [7] have
analyzed general production and sales by Markovian manpower and machine system.
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In this paper, two models are treated. Manpower system is exposed to a departure
process, the machine has SCBZ failure pattern with repair, recruitments and sales have
general distributions. The system fails when both manpower and machine are in failed
state. In model 1, the sales are done one by one and in model 2, when the operation
time is more than a threshold, the sales are done altogether and when it is less than the
threshold, the sales are done one by one. The Joint Laplace transform of the variables,
their means and the co-variances with numerical results are presented.

2. Model 1

2.1 Assumptions

1. The inter production time of products are i.i.d. random variables with Cdf F(x) and
pdf f(x). The products are produced by a manpower machine system.

2. The sales times of products are i.i.d random variables with Cdf G(w) and pdf g(w)
and the products are sold one by one.

3. The manpower system in-charge of production fails with probability ‘p’ when an
employee leaves and survives with probability ‘q’ at the departure. The inter-departure
times of employees are i.i.d. random variables having exponential distribution with
parameter .

4. The machine used for production has SCBZ failure pattern. Its life time has
exponential distribution with parameter ‘a’ in phase 1. If the machine does not fail in a
random exponential time with parameter ‘c’, it goes to phase 2. In phase 2, the machine
has exponential life time distribution with parameter ‘b’.

5. The man power machine system fails, when both are in failed state, when either man
power or machine alone is in failed state, the failed one is hired till the other one also
fails.

6. When the man power machine system fails, sales begin and man power recruitments
are done one by one with recruitment time (R) a random variable with Cdf R(y) and pdf
r(y). When the machine fails in phase 1 its repair time R; has Cdf R,(z) and pdf r,(z).
When it fails in phase 2 its repair time R, has Cdf R,(z) and pdf ry(z).

2.2 Analysis

Since the parameter ‘a’ changes to ‘b’ in an exponential time with parameter
‘c’ if the machine does not fail in phase 1, the life time pdf of machine satisfies the
following equation,

h(x)=ae “e " + Ice_we_””be_b("_”)du )]
0
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The first term of (1) of R.H.S is the pdf part that the machine fails in phase 1 before the
change of parameter. The second term is the pdf part that the machine moves to phase
2 at time u, no failure occurs in phase 1 and the machine fails at x in phase 2.

On simplification the pdf of failure time of the machine is

—x(are cb Shx _—(cta)x
h(x)=ae ™" + (e —e v, (2)
c+a->b
Here the first term is phase 1 failure density and the second term is phase 2 failure
density.

The survival probability function s(x) of the machine that it does not fail in phase 1 or
in phase 2 satisfies the following equation

X
s(x) = e’X”+C)+-Ie’““ce’c”e’b“;“Hiu. 3)
0

The first term of right side of equation (2) is the probability that the machine survives in
phase 1 and second term is the probability that the machine survives in phase 2. On
simplification it may be obtained with two probabilities of phase 1 and phase 2 as
follows.

_ C _ _
S(X) —e x(a+c) + (e bx e (a+c)x). (4)
c+ta-b

Simplifying equations (2) and (4), it can be seen as

h(x)=a(c+a)e ™ + Bbe™ (5)

and s(x)=ae " + pe . (6)
a—>b c

Here a = , P = and a+ f =1. (7)
c+a-b c+a->b

The structure of equations (2) and (4) present the failure and survival functions in
phasel and phase 2 explicitly for repair and maintenance study.
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To study the Model- 1 the joint probability density function of the four variables

namely (X,R,Ié, S) where

i) X is the operation time which is the maximum of life times of machine and
manpower

i) R is the sum of recruitment times of employees
iii) B is R, or R, respectively when the machine fails in phase 1 or phase 2

iv) § is the total sales time.

The joint pdf may be seen as

—x(a+c)r1 (Z) + Cb (efbx _ e—(c+a)X)r2 (Z):l

ae
c+a-b

00

P )™
! e g _1),61 pr(y)a’u}+
SO py,z,w)=4¢
u(a+c) —bu _ —u(a+c)
q(z)jae du4—g(z) T bj( e )du}

0

zam%quupwﬂ

imu%aJm&wﬂ ®)

| k=0

There are two terms inside the flower bracket. The first term presents the pdf part that
machine fails when the manpower system is in collapsed state, the repairs and
recruitments are taken up. The second term of the flower bracket is the part of the pdf
that the man power collapses when the machine is already in failed state. Since hiring
is permitted the production continues till the manpower- machine system fails. The last
square bracket indicates that k products are produced and sold one by one. Here ri(y),
(gw(w)) indicates the i- fold, (k fold) convolution of r(y), (g(w)) respectively. Fi(w)
indicates the k fold Stieltjes convolution of Cdf F(x) with itself.

We now find the quadruple Laplace transform of the pdf as follows.

f*(f,ﬁagﬂ é‘) — II e—éx—IW—sz—b‘Wf(x, V,Zz, W)dxddedW (9)
00

S ey 8
O —y 8

substituting (8) in (9),
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[ (&.n,6,6)=

00 00 00
[[feee
000

Sw

—-x(a+c)

n(z)+

77D i

(i—1)!

c+a->b

33

Cb —bx —(c+a)x
(e —e ™ )6(2)}

qi‘lpn(y)du} -

_n(z)jae ”“*”d”'+’3(Z)27;%?:?;£(e"“-—e‘””+”)du}
< uz o
Ze Ty ? )
Z (F, (x)- Fk+1(x))gk(w)j| dxdydzdw
| k=0
Integrating with respectto zand w,
f*(gﬁnagaé‘):
ae_X(a+C)l"l*(8) + L(e—bx _ e—(c+a)x)r2*(8)j|
L c+ta->b
[ e (,Ll )1 1
u
_I Z (i —1)'q 'pr(y)du

0

&

S (F,(x)- F,, (x))g ™ (8)

|+

dxdy

2l

Tofe;x”y J —(a+c)x> (5)
" a+c
. ch l—e™ e (aros
+r, (& +
72()(a+c—bJ{( b j [ a+c
(ux)"!

_z (i-D!

Z_: (F (x) ~ Fk+l(x))g*k(5)i|

g pr(y)pe” ”"}

Integrating with respect to y and u, summing over i,
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(1- e—ux(l—qr‘w»)

pu(l=qri(n))

|:aex(a+c)rl*(g) +( Cb j(ebx _ e(c+a)X)r2*(g):|
ct+ta->b

i_ (£, (x) = Fkﬂ(x))g*"(a)} dx

= [e = upr (n)
0

. R(E) (=)
* 1-gqr" (1 a ¢
+J.€7§x/,lpl’ (n)eiﬂX( ar . ( Cb j(l_ebx l_e(c+a)x]
0 +7, (€) -
c+a->b b c+a
[i (F, (x)— Fm(x))g*k(&)} dx (10)
This simplifies as follows
. 1 1- " (xy) 1 1=/ ()
s [ s 56 = | — * * - * *
e e.0) {14 (I-g () /() 1 (-g )/ (zl))}
pr(n) « 3 ch «
el A O R G
{L - f"(xs) 1 1= f"(xy) }
2s L=g () [ (x5) 2, A=g (8)f (x,))
p’”*(*n) Cb rz*(g)+
(1-gv (7)) c+a-5>b
1 1- " (x,) . a . c 5
2 =g @) f G (”)Lwc” @)+ e (8)}
1 =) :
PR
—-a ch 1 X
Lwrcr1 (8)+(c+a—b) (c+a)r2(8)}
L 1o/ ) oy (—S—y (o) 1)

2 (=g () (1) cta-b
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Here

n=&+ul-—grié)+a+c

Xy =E+b+u(l—qri(n))and

23 =&+ ul—qri(n)

Y,=&+a+c

ys=E+D (12)

Using differentiation

E(X)= —%f"‘(f,n,e,&ari —p=e=6=0

This gives E(X) = arp + Prp + !
(a+c)c+a+up) bb+up) up

Here o and B are as given in (7).

(13)

Now E(R)=--f"(&n.e.8)at =n=5=0=0
n

== (0,7,0,0)a1 =0
on

0 e,

on 1-qr ()
After simplification

m E(R)

E(R) = (14)

The expected repair time is

E(R)=—%f*(§,n,8,5)at§ —p=e=5=0

After simplification

T ER)+ —
+ a c+a

E(R) = - E(R,) (15)
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The Laplace transform of the joint pdf of (X,S)

is given by using (11) as follows.

f7(£,0,0,8) =
a(c+a) (1—*f*(}(*4)) L (1—*f*(}(*5))
Xo 1= ) (ko) xs1-g (0)f (x5)
Ca(eta+pu) (-1 (1))
Xe l_g*(a)f*(lé)
PO+ pp) (- f (1) , pHu (-1 (%)

P . P . (16)
X, =g ) f (k) xs 1-g () f (x5)
Here y,and ys are as given in equation (12) and
Xs=6+a+c+up
X, =6 +b+up
Xs =6+ Up 17)
Now the joint moment
E(X S‘)and exp ected value of E(S‘)are given by
A 62
E(XS)= "(£,0,0,8 =6=0
(X'S) aga&f (& )&
A 62
E(S)= "(£,0,0,0 =0=0
(S) a§6§f (¢ )IE
Further
af(c+a) | I __af(c+atup)
&y -] -/ era) (=7 0N (= erarup) | (o

__Bf®+up) [ (up)
(A= f"(b+up)) (A-f (up))

and E(X 3’) as follows
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a fie+a) af (c+a)
cta(l-f(c+a) (-f(c+a)

L) BB
b (A=) (- ®)

L fwp)

E(Xg)ZE(G) ,up(l—f*(,up)) (l—f*(,up))z (19)
o« f(c+a+pup)
c+a+,up(1—f*(c+a+,up))

af (cta+up) B [ (b+up)
(- f"(c+a+up)’ b+up (- [ (b+up))
BS(b+up)

(- f"(b+up))’ |

Since Cov(X,S) = E(X 8)— E(X)E(S)equations (13),(18) and (19)

may beused for writing the Co — variance.

3. Model 2

In this section we treat the previous Model 1 with all assumptions (1), (3), (4), (5) and
(6) except the assumption (2) given for sales.

3.1 Assumption For Sales

1. When the operation time X is more than a threshold time U, the sales are done all
together. It is assigned to an agent whose sale time distribution function is G(z) and

pdf gi(z).

2. When the operation time X is less than a threshold time U, the sales are done one by
one with Cdf Gy(z) and pdf g,(z).

3. The threshold U has exponential distribution function with parameter 0.

3.2 Analysis

A

Using the arguments given for model 1, we find the joint pdf (X, R, R, S)
(Operation time, recruitment time, repair time, sales time) as follows.
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chb

7x(a+c)ri (Z) +

(e—bx _ e—(cﬂz)X)rz (Z)}

c+a->b

R y753 (;Ll )l :

!;ue (_wq 'pr, (y)}

f(x,y,z,w)y=1<_ . PR

rl(Z)J' ae—u(a+c)du +7, (Z)C—J-(e—bu _e—u(a+c))du:|
c+a->b

0

{i [Fk (x)—F,, (x)][(l - e_gx)g1 (w)+ e_gxgzk (W)}}
(20)

The same arguments are given for model 1 for all terms in the first flower bracket. The
second flower bracket presents the sales time pdf g;(w) when (X>U), the operation time
is greater than the threshold and presents the pdf g,(w) when the operation time is less
than the threshold (X<U). Here, g,(w) is k-fold convolution of g,(w) with itself
indicating sales are done one by one.

We now find the quadruple Laplace transform of the pdf as follows.

SEme8)=[[[Je s f(x,y.z wydxdydzdw — (21)
0

S =y 8
S ey 8
S ey 8

Equation (21) using equation (20) becomes the sum of two single integrals as given in
equation (10) with the replacement of the function g*k(é‘)) there by the function

[(1 —e Vg, (8)+ e_gxgz*k (5):' in the two integrals.

The quadruple Laplace transform can now be seen as
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f*(ﬁ,n,€,5)={gf(5)(L_ 1 ]+ 1 1- f (x,+0) }

Xy X4t0 7(4+0(1_g;(5)f*(7(4+9))

_g*((s)[L_ ! j_ ! L=/ (2, +0) [pv*m)J

1 X on+0) n+0 A-g,00) (1 +0) 1-gv'(n)
N ch N

{ (s)——(c+ P (e)}

g;(g)[L_ I } I 1= f (g5 +0)

N Xs Xs+0 15+0(1_g;(5)f*(7(5+9))
—g;‘w)(i— 1 ]— Lo in el
X, X, +0 X, +0 (1-g,(8)f (x,+80))

pv*(n) ch r*(g) N
1-gv () )| (c+a-b) "

{g;‘m[i— 1 j+ L 1o/ (z,+0) }
Xs X;+0 X:+0 (1-g,(0)f (x;+0))

upr*m)[[ ? Jrl*(€)+( < jr;‘(e)}
a—+c c+a

{g;(&[L_ 1 j+ | S (o) }
X xntéo X, +0 (1-g,(8)f (x,+0))

upr*m)[[ —¢ jrﬁ<e>+( cb j( 1 er(a)}
a+c c+a->b c+a

_{gl’*(é‘)[L_ 1 j 1 1—f (x,+0) :|

2 140 0 (-g.8)f (1. +0))
* % C
upr (n)r, (fﬂm- (22)

Here %1, % X3, x+and ys are as given in equation (12).

Since there is only change in the sales pattern

E(X),E(IAQ)andE (R)remain the same as that of
model 1equations (13) ,(14)and (15).Using equation (22)

the joint Laplace transform of (X,S)is given by
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f7(£,0,0,6) =
alcta) pb_alcta+pp) pO+pu) pu
gl*(5) X4 Xs X6 X7 Xs
_aleta) pb  alctatpu) pb+pu) pu
X, +0 xs+6 Xet+ 0 X, +0 X+ 0

Lale+a) (l—*f*(;(*4+9)) L (1—*f*(13+6’))
Xs+t0 1=g,(0)f (x4 +0) xs+01-g,(8)f (xs+0)
_a(c+a+pu) (-f(x,+0))
X+ 0  1=g,(8) [ (1, +6)
BB+ pu) (-f(x,+0) L _PH (A= (x+9))

- - ; - 23
X, 70 1-g,0)f (x,+0) x+01-g,(0)f (xs+0) 23
E(S’)isgivenby
A 0
E(S)——gf (£,0,0,6)[§=0=0
Further,
E(S)=
E(Gl){l s abup .\ BOup _pu } s
(a+c+0O)a+c+O0+up) B+O)b+O0+up) O+pu
[ a(c+a)  fT(a+c+0) L Fb+6)
(a+c+0) (- f(a+c+0) B+ (1-f(b+86)
pu [ (up+6)
E@G,) @+ pu) (1= f (up+0)) (24)

_alct+a+up) f(a+c+60+up)
(a+c+0+up) (- f(a+c+0+up))

L Bl+up)  f(b+0+up)
| (b+0+up) (- [ (b+0+ up))

The product moment X and S is given by
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" az £
E(XS)=- 0,0,0 =0=0
(X'S) a&%f(f»mﬂét
E(XS)=
[ +£_ a 3 p ]
(c+ta) b (c+a+up) (b+up)
EG)| + | a(c+a)2_ Bb : N
up (a+c+80) (b+80)
alctat+pp)  PBlb+up)  pu
(a+c+0+up)y (b+0+up) («9+py)2_
[ a(c+a)  fa+c+0) ]
(a+c+0) (1- f (a+c+86))
_a(c+ta) f(a+c+6)

(a+c+86) (1—f*(a+c+9))2

Bb [ (b+0) Bb S (b+6)
(b+6) (1-f (b+0) (b+0) (1~ f (b+6))’
__a(ct+a+up) f(a+c+6+up)
E(G,) (a+c+0+up)’ (1—*f*(a+c+0+yp)) (25)
N a(c+a+up) f (a+c+0+up)
(a+c+O0+up)(-f(a+c+6+ up)’
_ Pb+up)  [(b+0+up)
(b+6+pup) (1= f (b+0+up))
y Plrup) [0+ 0+up)
(b+0+pup) (1= (b+0+up))’
. DK f(up+0)  pu f(up+6)
L @+pu) (A= f(up+0)) (0+pu) (1~ f(up+0)) ]

Cov(X.S)= E(X S)— E(X)E(S)

may be given using (13), (24) and (25).

4. Numerical Examples
The usefulness of the results obtained is presented by numerical examples. The
two Models-1 and 2 are considered together. Since there is only change in sales pattern

E(X), E(R) and E(R ) are same for Models land 2.
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4.1 Numerical values for Model 1

Let a=6, b=3, c=4, p=04, ¢=0.6, E(R)=20, E(R,) =10, E(R,)=5, E(G)=10,
pn=10,20,30,40,50,60 A=2,4,6,8,10,12. Here ‘f” is assumed as an exponential density
function with parameter ‘A’.

W E(X)

10 |[0.371086 030

20 [0.282572 -

30 |0.259086 02 s
40 | 0.249269 wl

50 | 0.244197 ]

60 |0.241225 P s a4 s s

Table(i): E(X)

Graph ())E(X)

From the table and graph it is observed that, when p increases the expected operation

time E(X) decreases.

Wk

1

4

b

8

10

12

10

141714

1484343

20,6514

29.68680

37.10857

4453029

45
40
35

0

5651434

1130287

169543

2060574

28.25719

3390861

30

5.181721

1036344

1554516

2072688

2590861

3109033

40

4985385

9970769

14.95615

19.94154

249269

2991231

50

4883942

9.767884

1465183

1953577

141971

2930365

60

4824497

9648993

1447349

19.29799

241248

28.94698

30
25
20
15
10

1 2 3 4 5 6

Table (ii): £ (g' ) Graph (ii): £ (§ )

From the table and graph it is observed that, when A increases the expected sales time

A A
E (S) increases and when p increases the expected sales time E(S) decreases.

Ml T e JTe ] s ]n]un e

GG R S R M . —_—
10| ozt aaseses 5037 s s sdee| o —
0 | 1a07153] o807 8555647] 8336057 8.246568] 8.203116 1,::::::5
o[ sew] wamlas] uied ogsl g LS "
50| 2aassee| 15,4735 14.25001] 13.89303] 13.70028] 1367186 T o
o0 | 27.9005] 18.56579] 17.11129] 16.67211] 16.49303] 16.40623 i

Table(ii): £ (X, g )

Graph (iii): £( X, g)
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From the table and graph it is observed that, when A increases the expected product

moment of X and § E(X,S) decreases and when p increases £ (X, S)
increases.

w2l el s s o]l 0
10| 1903083] 241389 -541039] -823768] -11.0216] 137902
0 [ 70| 2semar] 0912958] -083037] -248697] 411287
0 | 1oes0t] 659m74] a528112] 298601] 1534007] 0.148046
0| 73| 9so17s| 7ot 6.203931] 4781006] 34817
50 [ 2.00303] 1308621] 10.68148] .12285] 7.781054] 6515983
o0 | 2677926 16.23822] 13.61993] 12.01698] 10.67419] 9423501 .

Table(iv): Cov( X, S) Graph(iv): Cov(X,S)
From the table and graph it is observed that when A increases the Covariance decreases

N
and p increases, the Cov(X,S) increases.

4.2 Numerical values for Model 2

Let p = 04, a= 6, b=3, c=4, E(G,) =10, E(Gy)=20, p=10,20,30,40,50,60,
2=2,4,6,8,10,12 and 6=10. Here ‘f* is an exponential density function with parameter
G)\‘S

RN b
1| 920839) 8698561  83659] 8.142113) 7.%85339) 7871569
41 9.891836] 9.555449] 9.273663) 8061307 8.302841) 8.7828%
b
§

1057083 1041234) 10.18143) SSa0est] Saaed| Ssodrme|
11,0983 11,2692 11.0919] 1080997 1073784 tosisss|
10| 119883 10.0611] 1199695| 1180905| 11655%¢[ 1stene
10| 1060763|  12983] 1290472] 1073853 1257085 1242801 Lo s s

Table(v): £ (S) Graph(v): E(S)
From the table and graph it is observed that, when A increases the expected sales time

A A
E(S) increases and when p increases the expected sales time £ (S) decreases.
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=
=

10

0

30

4

50

60

803.6678

553.9906

304.148

5424400

-195.69

445,602

185653

1606.858

1357.003

1107.088

857.1452

607.1869

2909.397

2659.725

2409.859

2159.932

1909.981

1660.016

o |l | = |r~

3962.261

3712.59

3462.714

m

2962816

1712844
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From the table and graph it is observed that, when A increases £ (X ,S) increases

N
and when p increases E (X ,S) decreases.
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A
From the table it is observed that when A increases, the Cov(X,S) increases and
N
when p increases the Cov(X,S) decreases.

Conclusion

Manpower system exposed to a departure process has been treated assuming
the machine producing products for sale has SCBZ failure pattern. Repair times of the
machine, recruitment times of employees and sales time of products have been assumed
to have general distributions. In model 1, the sales are done one by one. It is observed
that when the departure rate of employees increases the expected operation time and the
expected sales time decreases. The product moment of operation time and sales time
increases when the departure rate of employees increases. The covariance of operation
time and sales time increases when the inter departure rate of employees increases. In
model 2, when the operation time is more than a threshold, the sales are done altogether
and when it is less than the threshold, the sales are done one by one. It is observed that
when the inter departure rate of employees increases the expected sales time, the
product moment of operation time and sales time, covariance of operation time and
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sales time decrease. Noting the SCBZ failure pattern in phase 2 Coxian, it may be
useful if further research is taken up for Coxian with higher phases.
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