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Abstract

In the presence of non-response, a class of estimators of finite population mean of study
variable using the knowledge of population mean of an auxiliary variable is proposed and its bias
and mean square error are found. A sub class of optimum estimators in the sense of having
minimum mean square error is found and enhancing the practical utility, a sub class of estimators
depending on estimated optimum value based on sample observations is also investigated in the
presence of non-response.
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1. Introduction
Let y be the study variable of interest with its population mean Y and x be

the auxiliary variable with known population mean X . For the case of non-response in
sample survey, the procedure of sub sampling the non-respondents was suggested by
Hansen and Hurwitz (1946), see also Khare and Srivastava (1997). Let n be the size of
the simple random sample without replacement drawn from the population of size N
where n, of selected n units respond and 7, sample units do not respond.

From the 7, non-response units, r[zf,k > lj units are selected by making extra

efforts and thus giving n, +r observations on the y character in place ofn . For Y,
being the sample mean based on n; units and ) being the sample mean based on r
units, Hansen and Hurwitz (1946) using n, +r observations on the y character gave
the unbiased estimator of population mean given by " as

7 =Tty Ly, (1.1)

whose variance is

Var(y*)z (l_nf) S2+ ié (:_I)sz (1.2)
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N, . .
where f:l , W,=—, (i=1,2) and S%and S? are the variances for the whole
N N y Y2

population and for the non-response group of the population respectively.
With X being known and incomplete information on y and x, Rao (1986) proposed
the conventional ratio estimator given by

=% (1.3)

—* n — ny, _, . — — .
where X =-L% +-—2X%, with X, and ¥ being the sample means based on n, and r
n n

observations on X respectively. Further, when X known and incomplete information
on y and X, Khare and Srivastava (1997) proposed the transformed ratio type estimator

given by
V(X+L
4= M (1.4)
(3? +L)
where L is a positive constant.
Also, some more ratio type estimators may be considered as
v (¥ 2
ty=———"—+ 1.5
o (X+L) (12
_x\k
_x|[ X
=7 (7] (1.6)
e
B (x"-X)
ts=y 1+ kT (1.8)
t =y*+k(;—c*—)"() (1.9)
_x\Kk
_* X
=y + (7] -1 (1.10)

Seeing the forms of the estimators from (1.3) to (1.10), we define a
generalized class of estimators as a function i; = g(i*,)_c*) satisfying the validity
conditions of Taylor’s series expansion such that

(i) g(V.X)=Y

og(v'.%")

(i) & = ——=— =1
1 ay
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og(v.x")

P 1.11
ox (10

(iii) go =
P=(¥.X)
It may be mentioned here that all estimators listed from (1.3) to (1.10) belong
to the generalized class f:, of estimators; hence, their results may be easily obtained as

the special cases directly from the generalized class f; of estimators.

2. Bias and mean square error
Let us define,

€ =()7*—I7) , e =()_c*—)_() so that

Nn ° Nn a7
(V-n) . (k-)N,
Mo e

E(egel*) =

where S? and szz are the variances of x for the whole population and for the non-

response group of the population respectively, and S and Sm) are respectively the
covariances between y and x for the whole population and for the non-response
group of the population.

Expanding y; = g(y*,y_c*) about the point P = (}_’ X ) in third order Taylor’s series,
we have

5 TR)55)a (5 575 (-3 205 T

3
+%{(7—7)£* +(f*—)?)£,,} g(y.x) @.1)
b —*’—* o _*,_*
where g, = g(y*x ) =1, g, = g(;}_*x ) ’
P=(Y.X) * P=(7,%)

azg _*’_*

& = (y*z i ) =0,
y



138 Journal of Reliability and Statistical Studies, June 2015, Vol. 8(1)

P=(7.X) P=(Y.X)
i =7+9(;* -Y), x :)_(+9(f* —)_()for 0<0<1.

On substituting g (17 X ) =Y and the values of the derivatives in (2. 1), we have

(75 0+ (¥ =X gw2("-7)(¥" - X o]

Ty =17+(y* —)_’)(1)+(7c*—)_()go +2l!

I P R I R
+§{(y —Y)a)_}*-i-(x _X)a)?*} g()’*»x*)

or

y,-Y =¢+e +i{e*2 +2ene }+i (_*—7)i+(f*—)_() 0 }3 (—* f*)
e 0 Té 8o X 1 800 0€1 810 30 Yy 07* o g\ Ve Xx

(2.2)
Taking expectation on both sides of (2.2) and ignoring terms in ¢;’s (i=0,1)

greater than two, the bias of J_/; to the first degree of approximation {that is, up to

terms of order O(lj }is
n

E(J_/;)—sz(e;)ﬁ-E(e;)go +%{{E(el*2 )goo +2E(e;el*)glo}

- -1 - -1
=l{(N n) S2 +(k )N2 Szz }gOO +{(NNnn) Syx +(k )N2 Syxm }glo

2| Nn 7 Nn Nn

o _(W-n)[s? (k-1)N.
orBzas(szW 2g00+Syxg10 +T2

S2
;z g + Syx(z,glo} (23)

which shows that bias of J_/; is of order 0(lj ; hence, for sufficiently large value of n,
n
the bias is negligible.

Squaring both the sides of (2.2), taking expectation and ignoring terms in e;’s (i=0,1)
greater than two, the mean square error of )7; to the first degree of approximation {that

1
is, up to terms of order O(—) }is
n
—x = * * 2
E(y, -Yy =E|:e0 +e1g0]

:E(e;2 )+E(el*2 )gé +2E(e;ef)g0
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=(N_")S%+(k_1)Nz S+ (N_n)SijL(k_l)Nz s |g?
Nn Nn . Nn Nn :

(N—-n) (k-1)N.
+2{ Nn S ¥ Nn ZSy'““ Eo

: - k-1)N. N- k-1)N
MSE(yg)zMSE(?H[( Nnn)Sf+( )2S§}g§+2{( s, 4! )ZS,%}go

Nn Nn " Nn
2.4)
The optimum value of g, minimizing the mean square error of _)_/; is
1- k-1)N.
( f) va + ( N) : Syxm
* n ’ n
8 = =G (2.5)
’ (l_f)S2+(k_1)N2 S2
n Nn -

n .. k.
where f = N and the minimum mean square error of y, is

(-f)g (=DN o | [0=f) g (k=DM o |
MSE(Y,),, = MSE(5" )+ n T e M) ,m T N
o (1_f)Sf+(k_l)Nz sz (1_f)Sf+(k_l)Nz sz
n ’ Nn = n ’ Nn =
(l_f)S +(k_1)N2S ’
MSE(5") n Nn (2.6)
= y —_— .
(l_f)Sf+(k_l)N2 Sf
n ’ Nn 2

The optimum value of g, in (2.5) contains some unknown parameters and
lacks its practical utility to attain the minimum mean square error of )7; in (2.6); hence,

the alternative is to replace g, by its consistent estimated optimum value ¢, based on
sample observations.
From Rao (1990), the unbiased estimators of S _, S> , S ]and szz are

» x 2 Mg

respectively given by

A 1 n k_l W ’ —_ —r — —
8, = {(n1 ~1)s,, +{72(r—1)+Q}Sm +nW W, (% =%) (3% -7, )}

n

k=)W,

—{(nl -1)s? +{ﬁ(r_1)+(

}s;fmm(a—z)z}
r n
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Sy"m = S;‘)fz :( Z ('xiZ _fé)(yiz _yé)

Si=si=py 2l m)

which when substituted in g, in (2.5) gives the estimated optimum value

(-1)g (k=DM ¢

~ n Nn "o _ -~
’ (1_f) A2+(k_1)N2 Swz
n Nn ®

where x;, and y;, denote the observations on the i™ unit of the sub-sampling units

selected from 7, non-respondent units.

To attain the minimum mean square error of )7; in (2.6), the function f; = g(f*,)_c*)
should not only involve ()7*,17*) satisfying (i) to (iii) in (1.11) but also g; =G in (2.5),
but g; =G is unknown depending on parameters; hence, we should have the estimator
as a function )7; = g(f*,)_c*,é) depending on estimated optimum g; =G in (2.7) and

find the conditions which make the estimator y:,e = g(y*,f*,é) having its mean

square error to be equal to the minimum mean square error of )7; in (2.6).

Now expanding y:,e = g(y*,f*,é) about the point 7 = (Y,X,G) in Taylor’s series, we

have

5y =P Tl A7 T {6

5 (¥ ) g +{¥ X +(G_G)2g22e

2(7 -7)(F - X) g, +2(7 - 7)(G-G) g +2(F —)_()(G—G)gme}+...
(2.8)
Similar to f; from (i) to (iii) and (2.5), substituting in (2.8), we have

Voo =V +{(¥" =¥ )14(x" = X) G+(G~G) gy, + ! (5 —Y)2 0+(x" —)‘()2 Zo0e +(G—G)2 90

2

23 -F)(F - X) gy, +2(7 -7)(G-C) g, +2(¥ —)?)(G—G)gm}+...
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or
2

%k = * * * 1 * *2 * ok * ok * %
(yge _Y) =eteGteg, TG Sooe T2 8 +2e0€; Zic +2€1€28120 +2€)€2820¢ |+

(2.9)
where ¢, =(G—G , g(}_’,)_(,G)zf,
P _*,_*,G 7] P _*,_*,G
glez% zl’gOez% =G5
y 1 X .
P _*’_*’é 7 82 _*,_*, A
&2¢ = g(yanC ) > 8l1le = g(y *zx G) =0,
Ir ¥ ;
2g(7.5.6)| 2g(7.%.6
&ooe e i » &2 202 ) ,
ng(f*,f*,é)_ g (7.%.6)
&10e = 6}*85* > 812¢ = 6)7*8(} )
Ar T

Og(7".%".6)

802e = o o0

T
Taking expectation on both sides of (2.9), and ignoring terms in ¢;’s greater than two,

* T 1
the bias of y,, to the first degree of approximation is of order O(—j .
n

. _x =\2 . .
The mean square error of y,, given by E ( Ve =Y ) to the first degree of approximation
is
— * * * 2
MSE(yge) = E{eO +e1G+e2g2€}
= E{(e; +e1*G)2 + ejgi, + 2(6; + el*G)e;gzg}
For g,, =0 ,MSE (?;,) becomes
MSE(7.,)=E{e; +¢G)

= E{e;Z + Ze;efG+efZ Gz}

(00, G ]

Nn

n

(1’f)sm SIS S} ~
- .

:MSE()7*)+2{ -
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{(1 _ f)S,m L (k=DN, 5. }2

. n Nn 2 {(l—f)sxz+(k—l)N2 Si}
(1_f)S2+(k_l)N2S2 n Nn
n * Nn 2
{(lf)SWJr (k;vl)Nz Syx(z,}
= MSE(7")- " " (2.10)

(=, =DV, .
n Nn .

which is equal to MSE (f;) ~in (2.6) if g, =0. Thus, the estimator

mi

¥, :g(f*,f*,é) attains the minimum mean square error ofyin (2.6) if
ig*ezg()_/*,y_c*,é)is based on estimated optimum G satisfying at the point
T —(17 ,X,G) , the following conditions
g(V.Xx.6)=1
Lo (vixa)| |
g1e 6}7
T
og (v.%".G)
e = - =G
g0 ox
T
og (7°.%7.6) .
g9, = — =
? oG
T

@2.11)

3. Some particular estimators depending on estimated optimum
7 (¥+1) .
————= by Khare and Srivastava (1997), we have
(3? +L)

a{;*(;?n)/(x*u)} 7
g0~ x o (X+1)
¥.X)
which when substituted in (2.4), we get from the general expression for mean square

error of J_/; to be
Y jz{(l_f)Sf+(k_l)N2Sf}
+L n ’ Nn :

st s
X+L)| n " Nn MO

(a) For the estimator ¢ =

MSE(1,) = MSE()7*)+{
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which is the same result as obtained by Khare and Srivastava (1997) as a special case of
) Y
the general result in (2.4) of y, for g, =——— .
g ( ) yg &o (X + L)

Also, for the optimum value in (2.5)

LEF +(k_l)N2S”““}:G

. Y n Nn G0

8o =77+ =T :
(X+1) {(1—f)5§+(k—1)N2 Sf}
n Nn 2

gives the same optimum value of L as given by
I =X/~ GRS SRS P (32)

opt {(l—f)s (k-1)N, } G '

et Sy
n Nn @

and the same minimum mean square error of # as a special case of the general

MSE(y;) _in(2.6)to be

(l_f)S +(k_1)Nz Sym,}

MSE(1)) _MSE(J_/*)—{

n . Nn
{(l—f)sf N (k-1)N, 5 }
n ’ Nn -
as obtained by Khare and Srivastava (1997). Considering the estimated optimum value
iapt =-Z ——X , we get the estimator depending on estimated optimum value ]:opt to
be

V(X +Lyy)

satisfying the conditions of i:,e = g(f*,f*,é) in (2.11), since

t, at(Y,X,G) :17/{1—()_(—;_()@}?
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ot Y
Eie _1: :| - . — > =1
oy Iy (x-%) .,
-~ 7¢
y
T
ot G
go0e = Le :| - . — 5 =G
ox (X_ _ X) .
1-~——"7¢
y
T
ot , v . ,
8re = —% } =0; hence, the estimator ¢, :+dependmg on estimated
G Iy (x"-X)6
y

optimum value attains the minimum mean square error in (2.10) given by

1=S)g ,(k=DNy 1)N 5o 2
*):{ (1_f)S2 (k l)N }
(e ]

MSE (¥

n Nn

k[f_l]

(b) For the estimator 7, = f*e X , we have
5] )

e 7| . k{ Y ] = kR,

(7.7)
which when substituted in (2.4), we get directly the mean square error of the estimator

A
y to be

t4=ye

MSE()_/*)+k2RZ{(1_f) Sf +(k_]\1)N2 sz}-i-sz{(l_f) Syx + (k_l)Nz SW‘(Z)}'
- )

n n Nn

Minimizing value of g is

[t e )

. n - Nn
gy =kR=- =G

Dy G ]

n o Nn 2
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which when substituted in (2.6), gives the minimum mean square error of

xz}+2G{(1_nf) S, +

L(E=DN,

Nn

)

giving k = —
t,to be
=MSE(7)+G2{(1—”J")S§+(k—]\2NzSz
— " - —
= MSE (¥")- {(1_f)sf+(k—1)stf} .
n " 2

—k

Now, considering the estimated optimum value g;‘ =kR=k [J_/ *] :Ggiving
X
k= G_Y which gives the estimator depending on estimated optimum value to be
y
)
t=ye’ satisfying the conditions
(5.
(i)ye” " -7
(¥.X.G)
@*(i—l] Gl(i,lj & (5
(i) g, =|le” \* J+3%e” \F {— x2 (XT—IJ} =1
yoAX
(Y.X.G)
@(271] G _* é_*
(i) g =| 7'e T VT 2 1 e -G
y X yX
(7.X.G)
@[i,ll —k [ %
and (iv) g,, =ye” " I ~0
y | X
(7.x,
S(i ]
of (2.11); hence, the estimator t,, = 7Y ) vith estimated optimum G in (2.7)

attains the minimum mean square error in (2.10) given by

(1-5)

:

+(k—1)N

n

2
2
S,W‘m }

+ (k - I)NZ S2
Nn =

MSE(J_/*)—{

(l_f)sz

n



146 Journal of Reliability and Statistical Studies, June 2015, Vol. 8(1)

*

m X by Hansen and Hurwitz (1946), we

|‘<

(c) For the conventional ratio estimator 7} =

=

Y
have g, = B which when substituted in (2.4), we get the minimum mean square error

of T, as a special case of )7;, to be

=MSE(;*)+{(1;f)Sf+(k‘1)N2 Si}i_z{(l—f)g GRILE s}

|~

Nn X? n o Nn

:(1—f)Sj+(1‘f)R252_2(1_f)5y UL {S? +R2S2 —2RS. }

n n X n x N}’l 2 Xy YX(2)
(1- 1) (k=1)N.

— (52 +RS? —2RSyXJ+—Nn 2 [sz +RS? —2RSyme

which is the same result as obtained by Hansen and Hurwitz (1946). It may be
mentioned here that T}, of Hansen and Hurwitz (1946) cannot attain the minimum mean

square error since T, does not satisfy the conditions of G or G .

(d) All the results of the remaining estimators ¢,, ¢, and ¢ to 7, may be easily obtained

as special cases of the general results given in (2.4), (2.5), (2.6) and (2.10) as found in
(a) and (b).
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