Journal of Reliability and Statistical Studies; ISSN (Print): 0974-8024, (Online):2229-5666
Vol. 7, Issue 2 (2014): 65-70

VARIANCE ESTIMATION IN PRESENCE OF RANDOM
NON-RESPONSE

Sunil Kumar
Assistant Professor, Alliance University, Bangalore
E Mail: sunilbhougal06@gmail.com

Received April 29, 2014
Modified November 13, 2014
Accepted November 25, 2014

Abstract

The goal of the paper is to advocate the problem of estimating the population variance
of the study variance of the study variable using information on certain known parameters of the
auxiliary variable in the presence of non-response. The proposed estimator is considered under
two situations: 1) when random non-response on study as well as auxiliary variable and
population variance of auxiliary variable is known, and ii) when random non response on study
variable and information on auxiliary variable is known with known population variance.
Asymptotic expressions for bias and mean squared error of the proposed estimator have been
obtained. Comparison of the proposed estimators with usual unbiased estimator has been carried
out.
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1. Introduction

Consider a finite population U = {U;, U, ..., Uy} of N identifiable units taking
values (Vy,¥s,...,¥Yn) on a study variable. The use of auxiliary variable x in survey
sampling has its own eminent role. The ratio, product and regression estimator are well
known examples. Following Olkin (1958), Isaki (1983) has considered the use of
auxiliary variable in building up ratio and regression estimators for estimating the
population variance.

1

Let X =% N.X; and S2 = D N .(X; — X)? be the known population mean and

variance of the auxiliary variable X. Assuming that a simple random sample of size n is

drawn from U. Defining ¥ = %Z?zlyi, sp = ﬁZ?ﬂ()’i - x= %Z?zlxi,
1

ey
simple random sample of size n is drawn without replacement. If (= 0, 1,2, ...,n — 2)
denote the number of sampling units on which information could not be obtained due to
random non-response, then the remaining (n — ) units in the sample can be treated as
simple random sampling without replacement (SRSWOR) sample from the population
U. Since, considering the problem of unbiased estimation of finite population variance,
therefore assuming that r should be less than (n — 1), i.e. 0 < r < (n — r). Assuming
that p denotes the probability of non-response among the (n — 2) possible values of
non-response, Singh and Joarder (1998) have given the following discrete distribution

given by P(r) = — (";z)prq”‘z‘r, where p+q=1;7=0,1,2,..,n—2; and

™, (x; — %)2. From a finite population of N identifiable units from which a

nq+2p
(”;2) denotes the total number of ways of r non responses out of total possible (n —
2)responses. It is interesting that under this distribution of random non-response the
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exact bias and mean square error expressions, up to first order of approximation exists
for the proposed strategies (see Singh and Joarder, 1998). Tracy and Osahan (1994),
and Singh et al. (2000), Singh and Tracy (2001), Singh (2003), Singh et al. (2003),
Ahmed et al. (2005), Misra et al. (2008), Singh and Solanki (2011), Singh et al. (2012),
Subramani and Kumarapandiyan (2012), Yadav and Kadilar (2013) and Tiwari and
Chilwal (2014) have studied the effect of random non-response on the study and
auxiliary variables on several estimators of variance. In the present study, the effect of
random non-response on estimating the population variance of the study variable
studied in two situations:

Situation I
When random non response exists on the study as well as auxiliary variable
and population variance S2 of the auxiliary variable is known.

Situation II

When information on study variable could not be obtained for r units while
information on auxiliary variable is available and population variance S? of the
auxiliary variable is known.

Notations Define
Singh and Joarder (1998) have given the distribution of r units given by
P = (55) ()P (1.1)
Let us define
s;2 =S+ €); 52 =SF(1+1n); 57 =Si(A 4 w); Sy = Sy (1 +2); 554

=S,,(1+9)
where
> oo 1
SEOXIC/ES LT YN e S o A TR VIR A S YN ot
S;z_nr 12 ()’L Y)Z *Z_nr IZ (xl_ *)2;
Syx = 7= 12 T(y; — ") (x; — x*)are conditionally unbiased estimators of S2; S2
and S,,, respectively, and where y* = L My and X* = L M x;.

Then, under model (1.1), one can obtaln the followmg expectatlons.
E(e)=E(m) =E(w) =E@) =E(6) =0

and
E(e?) = 0 (A4 — 1)165772) :1)9(/104 -1); E(w?) = Y(Aos — 1); E(%)
E(5%) = 0(1as — 1t ECen) = B1sz — 1); E(ew) = (hyy — 1 E(e)
=y(4z — 1);
E(€6) = 0(A32 — 1); EMw) = y(Aoa — 1); EMA) = ¥ (A2, — 1); EMS)
= 9(/122 - 1);
E(wl) =y(d2; — 1); E(w8) =y(A2; — 1), E(A8) =y (A, — 1);
where B = Syx/Sf; B = S;x/s;z; Kyx = 2= A5 = £

2¢27 /2 s/2 ;
SxSy B30)" (B30
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A % 1 — =% ¥ * —S* ! :
fie = =TI O = 7 G = B ey = =55 0= ( W)ir=
X 2y

n-r-—1 nq+2p _-N
1 1 1 S S .
(— - —) s s = psrand ps = — X, (Y — DIX; — X)have their usual
L H20 Koz N-1
meanings.

It is to be noted if p = 0 i.e. if there is no non-response, the above expected values
coincide with the usual results.

2. Suggested Estimators

Strategy I

When random non-response exists on both study variable y and auxiliary
variable x and population variance S? of the auxiliary variable x is known. Under this
situation, proposed estimator of finite population variance as

N * A * * S)%
I = {532 +B7(53 — ) (35) @.1)
Thus the following theorems are stated as

Theorem 2.1: The bias in the proposed estimator Vg to the first degree of
approximation, is given by
B(Vg) = 053 (1 + Ky ) (Ags — A32) (2.2)

Proof: Expressing the proposed estimator Vg, in terms of €, nand §, we have

(ﬁsk - Sf) = Sf{e —-n—en+n®—K,Mm-2n*+ nS)S,?}. (2.3)
Taking expectations of both sides of (2.3) and using the results on the expectations
from section 2, we get (2.2). Hence the theorem holds.

Theorem 2.2: The mean square error (MSE) of the proposed estimator Vg, to the first
degree of approximation, is given by
MSE(Vg) = 0S3[(1 + Ky S2){ (o — D(1 + Ky S2) — 252 — D} + (Ago — 1]
(2.4)

Proof: Squaring both sides of equation (2.3) and taking expectations to the first degree
of approximation, one obtains

A~ A 2 2
MSE(Vg) = E(Vg. — S2)” = SpE(e — 1 — K, SZ)
MSE(Vg.) = SyE(€? + n? + n*K2.Sx — 2ne — 2neK,, S + 21K, S2)
MSE (Vg = 0S3[(1 + Ky S2){ (Ao — D(1 + Ky S2) — 2(Ag2 — D} + (g — 1]
Hence the theorem holds.

Theorem 2.3: An estimator of the MSE (V) is given by
MSE (950) = (== %) 55 [(1 + kyasi?) {(Bos — 1) (1 + kysi?) — 2(A3, — 1)} +

ng+2p

(T30 = 1)] 2.5)
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Strategy 11

When information on study variable y could not be obtained from r units
while information on auxiliary variable x is available and population variance S2 of the
auxiliary variable is known. The proposed estimator under such situation is as follows:

. 2 p sz
I = {552 + B2 = 5D} (3). (2:6)
Thus, the following theorems with proofs are obvious:

Theorem 2.4: To the first degree of approximation, the bias in the estimator Vg, is
given by
B(Vgyq) = _ngg{(lzz -1+ ny(lzz — 2404 + 1)5;?} (2.7)

Theorem 2.5: The mean square error, up to terms of order 0(n™1), is given by
MSE (V1) = V{(/104 — DK SZ =2y, — 1)}5; +0(A40 — DSy (2.8)

Theorem 2.6: An estimator of mean square error of Vg4 is given by
MSE (Vs1) = vy {(Aos — 1)k2ys32 — 205, — D} + 0(A50 — 1)s5*. (2.9)

When information on study variable y could not be obtained for r units but
information on auxiliary variable x is available and the population variance S2 of the
auxiliary variable is known. One can collect information on auxiliary variable while
collecting information on study variable y. Using this information, another proposed
estimator is given as

~ * A* * S)% )*cz @
Vsk2 = {Sy +p (59? - sz)} (5;2) (1_%) > (2.10)
wherea is any suitable constant.

Thus the following theorems are stated as

Theorem 2.7: To the first degree of approximation, the bias in the proposed estimator
Vsiz 18 given by

B(Pa2) = S2 [¥{os = 1) = Uz = DA + )} + 8 {a(Re = 1) + (Roa —
1) (“(‘“1) +(1- a)s,f)}] @.11)

2

Theorem 2.8: The minimum mean square error of the proposed estimator Vg, is given
by
(6-)2(1-223)?

min. MSE (V) = S& [9(/140 = 1) +y oy = 2z + 1) = T 2.12)
Proof: We have
MSE (V) = E(ﬁskz — Sj)2 =SyE(e — w + an —nS;)?
= Sy[0{As0 — 1+ (Aoa — D(@ = S9)*} + y(Ags — 225 + 1) +
2(0 = Y) (A2, — D(a — $7)] (2.13)

which is minimum when

_ (0-1)(1-222) 2 _
a= TG D + 57 = ap(say) (2.14)

Substituting (2.14) in (2.13), one can easily obtain (2.12).
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Theorem 2.9: An estimator of min. MSE (Vy,,) is given by

i A * Ak % % s )2 1-2% 2
min. MSE(Dg;) = s3* [9 (B — 1) +y(Asy — 245, +1) — W} 2.15)

3. Efficiency comparisons

It is well known

Var(s;?) = 0S5 (Ago — 1) (3.1
From (2.4), (2.8), (2.12) and (3.1), we have

Var(s;?) — MSE(Vg) = 0

ifz; = ~{(1 + Aoa) — (1 + A40)K,,SZ} (3.2)
Var(sy?) — MSE(Vgq) = 0

55 = >+ (los — 1)K, S (3.3)
Var(s;?) — min. MSE (D) = 0

itz < 1= (55) 0Cos = Doy = 222 + D}'/2, (3:4)

MSE (V) — min. MSE (D3) = 0
(0= [0(Roa—222)2~Y(Az2—1)?
if( ) {Hhor=tek a2 h 4 (2 (Ao — 2225 + 1) + (Aos — 1K, SZ}KySZ 2 0

0 (Roa—D )
(3.5
MSE(f)Skl) - mln MSE(f)Skz) 2 0
. 1 ((0-p)(1=222))2
ify (K252 — 1) + g{ﬁ} >0 (3.6)

It follows from the above expressions that the proposed estimators Vg, Vg, and Vg,
are more efficient than the usual unbiased estimator s;z. It is further observed that the
proposed estimator Vg, at its optimum is more efficient than V5and V44, only if (3.5)
and (3.6) holds, respectively.

4. Conclusion

Auxiliary information is used in estimating finite population parameters is a
cliché. In this article, I studied a well-known problem of improving estimation of the
population mean under the account of random non response. The proposed estimator
performs efficient in terms of MSE and should perform very well in practical surveys.
Future studies should focus on developing more efficient estimators for the situations in
which random non response occurs also in random non response sample, a situation that
is quite possible in survey practice.
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