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Abstract

The paper deals with a stochastic model of a complex system composed of two
subsystems- A and B. The subsystem-A consists of two identical units in series configuration
whereas subsystem-B consists of only a single unit and is capable to keep the system operative
when subsystem-A is failed. System failure occurs only when at least one unit of subsystem-A
together with subsystem-B is failed. A single repairman is always available with the system to
repair a failed unit of subsystem-A and B. Priority in operation as well as in repair is given to the
unit of subsystem-A.

Key Words: Transition Probabilities, Regenerative Point, Mean Sojourn Time, Reliability,
MTSF, Discrete Parametric Markov Chain.

1. Introduction

Due to the ever increasing demands of society, the systems are becoming
complex day by day with modern technology. Several authors including [1,2,4,7] have
analyzed complex system models under different model formulation. Gupta and Ram
kishan [3] have analyzed a system model which consists of two subsystems A and B
connected in series network. Subsystem-A consists of two identical units. Initially one
is online and other is kept into cold standby. Subsystem-B consists of only one unit.
The system fails completely due to the failure of any of the subsystem-A or subsystem-
B. In analyzing the system models by the above authors, the continuous distributions of
all the random variables have been considered. Very few authors namely Gupta and
Varshney [5,6] have obtained the reliability characteristics of redundant system models
under discrete parametric Markov Chain i.e. the random variables denoting failure and
repair times follow discrete distributions.

Keeping the above fact in view, the purpose of the present paper is to analyze
a complex system model which consists of two subsystems A and B. Initially
subsystem-A is operative and subsystem-B is kept into cold standby. Subsystem-A is
further composed of two identical units in series configuration whereas subsystem-B
consists of only one unit which is dissimilar from the units of subsystem-A. The main
point in analyzing the system model under study is that the random variables denoting
time to failure and repair are taken of discrete nature having geometric distributions



144

Journal of Reliability and Statistical Studies, June 2014, Vol. 7(1)

with different parameters. The following economic related measures of system
effectiveness are obtained by using regenerative point technique:

Vi.

Vii.

viil.

i)
i)
i)

iv)

v)

Transition probabilities and mean sojourn times in various states.

Reliability and mean time to system failure.

Point-wise and steady-state availabilities of the system as well as expected up
time of the system due to subsystem A and B respectively during time (0, t-1).
Expected busy period of repairman due to subsystem A and B respectively
during time (0, t-1).

Net expected profit incurred by the system during a finite interval of time and
at steady-state.

Model Description and Assumptions

The system is consisting of two subsystems A and B. Initially subsystem-A is
operative and subsystem-B is kept into cold standby.

The subsystem-A has two identical units in series network whereas the
subsystem-B has only one unit alone.

Both the units of subsystem-A are identical whereas the unit of subsystem-B is
dissimilar from the unit of subsystem-A.

The system failure occurs when at least one unit of subsystem-A and
subsystem-B are failed.

The priority in operation as well as in repair is given to the unit of subsystem-
A over the subsystem-B.

A single repairman is always available with the system to repair a filed unit of
both the subsystems.

The random variables denoting the failure times and repair times of the units
of subsystem-A and subsystem-B are independent of discrete nature and
follow geometric distributions with different parameters.

After repair a unit works as good as new.

3. Notations and States of the System
a) Notations

piqit : p.m.f. of failure time of operating unit of subsystem-A and B
respectively for i=a, b; (pi +q, = 1) )
t

liS; : p.m.f. of repair time of the unit of subsystem- A and B
respectively for i=a, b; (1, +s; =1).
dij (+). Qi (+) : p.m.f. and c.d.f. of one step or direct transition time from
state S; to S;.
Pij : Steady state transition probability from state S; to S i
Py = Qi (=)
Z, (t) : Probability that the system sojourns in state Si at epochs 0,

1,2,...... , up to (t-1).
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W, : Mean sojourn time in state S, .
* h : Symbol and dummy variable used in geometric transform

@9 T, (1)]=a;(n) = X n'a, (1)

b) Symbols for the states of the systems

Ay /Ag : Unit of subsystem-A in normal (N) mode and
operative/good.
By /Bg :  Unit of subsystem-B in normal (N) mode and
operative/standby.
A TA, : Unit of subsystem-A in total failure (F) mode and under
repair/waiting for repair.
B, /B,, : Unit of subsystem-B in total failure (F) mode and under

repair/waiting for repair.
With the help of above symbols the possible states of the system along with failure and
repair rates are shown in the transition diagram (fig.1):

TRANSITION DIAGRAM

O: Up State |:| : Failed State o : Regenerative Point
Fig.1
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4. Transition Probabilities
Let Qij (t) be the probability that the system transits from state S; to S,

during time interval (0, t) i.e., if Tij is the transition time from state Si to SJ- then

Qy(t)=P|T;<t]

By using simple probabilistic arguments, we have
2paqa { 2\t
Qq (t 1-(q; :
(0160 (a2)"]
. pg _ t+1
Qozm——(l_qg){l (a2)"}
00 ()0 s e}
le(t)=Q24(t)Z%{l_(saQb)tﬂ}

Q14(t) QZS() %{1_(Saqb)tﬂ}’

5.00)
Qu () = %{1_(%%)“1}
w0288 (5}
Qa (1) =(1_pi—§sb){1_(qisb)m}
Qau (1) = %{1_(%%)”1} |
st(t>=(lfi_zb){l_(qgsb)m}

t+1
Qu3(t)=Qs (1) =15,
(1—11)
The steady state transition probabilities from state Si to Sj can be obtained

from (1—11) by taking t — 0, as follows:
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2p,4, p;
Por=77"v" Pop = — 2=~
(1-a3) (1-a2)
r.d,
Pio =Pp = 20—
10 21 (1—Saqb)
_ — I’-apb , _ _ Sapb
P13 = P24 —(1_Saqb) P14 =Pys (1—_ Saqb)
2
qarb
P3o =
(1—Q§5b)
p 2paqarb p32 — psrb
31
(1_qgsb) (1_Q§5b)
p _ 2paqasb
34 —
(1—Q§5b)
2
(1_qasb)
We observe that the following relations hold-
Pos + P2 =1, Py + P+ Py =1,
Py +Poy + P =1
P3g +Psy +Psp +Pgy +P35 =1, Psz =Pss =1

5. Mean Sojourn Times

147

(12-16)

\/; be the sojourn time in state Si (i=0,1,2,3,4,5) then mean sojourn time

in state S; is given by

\yi:ilP[th]

In particular,
qg y Saqb y
Vo =—% Wi =Wy =S =y
° p? T2 (1-s,a,)
v q2Sp
3=
(1_q§Sb)
Sa
Vs =Ws=—"=Ya

(17 -20)
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6. Methodology for Developing Equations

In order to obtain various interesting measures of system effectiveness we
develop the recurrence relations for reliability, availability, busy period of repairman as
follows :

a) Reliability of the system
Here we define R, (t) as the probability that the system does not fail up to
epochs 0, 1, 2,.., (t-1) when it is initially started from up state Si . To determine it, we

regard the failed states S4 and 55 as absorbing states. Now, the expressions for

Ri (t) ;1=0, 1, 2, 3; we have the following set of convolution equations.

Ro(t) =0 +§q01(u) Rl(t—l—u)+§q02 (U)R,(t—1—u)
=Z,(1)+0, (t—-1)©R, (t—1)+q,, (t—1)©R, (t—1)
Similarly,
Rl(t)z;(t)+qm(t—1)©Ro(t—1)+q12(t—1)©R2(t—1)+q13 (t-1)OR,(t-1)
R,(t)=Z(t)+0, (t-1)©R, (t-1)
R, (t)=Z;(t)+0, (t-1)©R, (t-1)+0, (t-1)©R, (t-1)+q,, (t-1)©R, (t 1)
(21-24)

b) Availability of the system-

Let Aia (t) and Aib (t) be the respective probabilities that the system is up at
epoch t-1 due to operation of unit of subsystem A and B, when it initially started from
stateSi. Then, by using simple probabilistic arguments as in case of reliability, the

following recurrence relations can be easily developed for A’ (t) and Al (t);i=0to
5.

AL (6)= (1-8) 2 (6)+ oy (1—1) AL (1) G (1) ©AL (1)
Al(t)=8Z(t)+0y, (t—1)©A} (t-1)+0,, (t—1)©AL (t—1)+q,, (t—1)©A} (t—1)

AL (1) =8Z(t)+0, (t—1)©A] (t—1)+0,, (t—1)©A} (t—1)+0,5 (t—1)©AL (t-1)
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AL (1) = (1-8) Z, + Oy (£ -1) ©A (1) i (£ -1) ©A (t-1) + 0, (t-1) @A} (t 1)

034 (t _1)©A£1 (t _1) +0ss (t _1)©Aé (t _1)
AL (1) =05 (t-1) ©A (1 -1)
Az (1) =0s (t-1) ©A (1)
(25-30)
Where,
= 0and 1 respectively for j=a and b. The values of Z(t) and Z, (t);i=0

and 3 are same as given in section 6(a).

c) Busy period of repairman
Let B (t)and BP (t) be the respective probabilities that the repairman is

busy at epoch (t-1) in the repair of failed unit of subsystem A and B when system
initially starts from state Si . Using simple probabilistic arguments in case of reliability

and availability analysis, the relations for Bij (t); i=0 to 5 can be easily developed as

below.
B! (t) =0y, (t—1)©B! (t—1)+q, (t—1)©B) (t—1)
Bl(t)=(1-8)Z(t)+0ay, (t-1)©B} (t—1)+qy, (t—1)©B} (t-1)+q,, (t—1)©B} (t-1)

B (t)=(1-8)Z+0, (t—1)©B] (t—1)+q,, (t—1)©OB} (t—1)+0, (t —1)©B{ (t 1)

B3 (€)= 52 (1) + G (1) ©8) (1) + 1y (t-1) OB} (t-1)+ 3 (t-1) OB} 1)
+0g, (t=1) OB} (t—1) + 0 (t—1) OB (t-1)
B (1) = Z (1) + 0 (t-1) OB} (t-1)
B! (t) = Z'(t) +0s, (t _l)©B£1 (t _1)
(31-36)
Where, & = 0and 1 respectively for j=a and b. The values of Z(l’) and Z, (t) 1i=0, 3

are same as given in section 6(a) and Z'(t) = S; .

7. Analysis of Reliability and MTSF
Taking geometric transforms of (21-24) and simplifying the resulting set of

algebraic equations for Ry (h) we get

. N (h)
R (h)=—1 @37
0 ( ) Dl (h)
Where,



150 Journal of Reliability and Statistical Studies, June 2014, Vol. 7(1)

N, (h)= |:1_ has (hqgl + hzq;2QZ1)] Z,+ [hqgl (1+ hZQng;z) +hay, (1+ hay, — hzq;q;)] z
+ha,[ ha, +h*a;,0;, | Z;
D, (h) =1—hay, (has, +h*a3,03, ) —(hay, +h*a3,a5, ) (hag, +h?ag,45,)

Collecting the coefficient of ht from expression (37), we can get the
reliability of the system Ry (t). The MTSF is given by-

L= N, (1
E(T) = lim 3 h'R(1) - 5 -
t=1 1 (38)
N, (1) = I:l_ P13 (p32p21 + p31):|‘Vo + I:l"' Po1P13P32 + Po2 (p21 - p13p31):|\u
+[P1s (Poy + PozP21) J W

D1 (l) =1- P13 (p31 + p32p21) - (plO + P13P3o )(p01 + p02p21)

8. Availability Analysis
On taking geometric transforms of (25-30) and simplifying the resulting

equations for A’ (t) and A (t) we get

ar (py_ N2 (h) be iy _ Na(h)
A= D.(h)  and A= D, (h) (39-40)
Where,

N, () =[ 1-has (has, +h°a50s, ) a0y, (hag, +h°akas, ) - (hasa;, + hay,)
(ot + 03,0 ) | Z5 +[ htg, (s + 205,05 ) + ha, (ot (hot, + h°ala,)
+ha, (s +h*as,dls )} | Z

Na () =| hai, {1 Nk (NG5, + 703505, )~ N30, (i3 + 203505, ) + hai, (hads

+h?05,0%s )| + g, {(1+ has, ) (1 hals (has, + h?a5.ds, ) )

sy (i (s + h2a3505) — (hais + hPael )} |2

D, (h) =1—hdj, (has, +ha%ds, ) —h*di,as, (has, + h*a5ds, ) — (h*a,a5, +has, ) (hai,
P00 )~ ol [ G, {1- Nas (et + 1005, )~ W0, (NG, + 703505, )}
6l { NG (1= G (MG, + 2G4 ) )+ 2, (Nt + N0y 0 )
—~ha, [ hag, (haj, +hd;,a5s) + hai, {hajs (has, + a5, )
+ha, (ha;, +h70;,0% )} |
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The steady state availabilities of the system due to the operation of unit of subsystem A
and unit B of the system are given by-

=limAg(t)= Ilm(l h) N, (h)

o D, (h)

. . N, (h)
Al =limAL (t)=lim(1-h) =2+~
0 tLrQ 0( ) h'm( )Dz(h)
But D2 (h) at h=1 is zero, therefore by applying L. Hospital rule, we get
N, (1 N, (1
o @ N
'@ ang L@ 142

Where,
N, (1) = [pw (p31 + pszpzl) + p24:|\|/o + I:l_ Pio (po1 + pozpzl)] W3
N;(1)= [1— Pas —Pas — P10 (Po1Paz — PozPa1 ) + P21 (Paz +PaoPoz )] Y
and
D} (1) =~ {Po (Pa: +Ps2P2r) + Pas | Wo + {1=Pas = Ps = Pro (PesPs —PeoPsy )+ Par (P
+P3oPoz )} W+ {1 Pig (Pos + PozPas )} W +{1—PioPor — P1sPasPas
~Po2P2 (plo + p13p30) —Pis (p31 + p30p01) + (1_ p10p01)(p35 + pszpzs)

+Poz (pzs (pso + P31P1o ) —P21P10P3s )} ‘VAJ

Now the expected uptime of the system due to the working of subsystem A and B
respectively upto epoch (t-1) are given by

uzp<t)=§Az(x) ()= AN ()
so that i )
Aa*(h) o _Ab*(h)
9. Busy Period AnaIyS|s

On taking geometric transforms of (31-36) and simplifying the resulting
equations for j=a and b we get

(43-44)

ax* N4(h) an b _ N5(h)
% (=5, m) AL N Y
(45-46)

Where,
N, () =| hdig, {1~ e (a3, + 2050, )~ 0305, (ha, +h?a5sa5 )+ has, (hasy
+h20,0s )} +hqp, {(1+ hq;l)(l_ has (hq;A +h?0350s, ))

+haz, (hqjm (hq;4 + thqu;4) - ( hqy; + thLQZa))}] z
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N5 (h)= [hqgl(hQIs +hg;,0 ) +hdg, {hqlle, (hq;4 +h%0 505 )+hq;1 (hq; +hg505 )ﬂ z,
and D, (h) is same as in availability analysis.

In the long run the respective probabilities that the repairman is busy in the
repair of failed unit of subsystem A and B are given by-

a H a H N h
Bo:!LrQBo(t)zlh'Hl‘(l_h) +(h)

D, (h)
Ns (h)
By =1imB? (t =lim(1-h
im B (¢) = tim (1-h) 5= 5
But Dz(h) at h=1 is zero, therefore by applying L. Hospital rule, we get
o= _N:‘_(l) and BY = _Nf_(l) (47-48)
D’ (1) D, (1)

Where,
N (1) =[ 1= Pas = Pss —Pao (PosPsz — PeoPs1 )+ Pas (P +PsoPoz ) W +[1=PioPor — PraPaoPs
~Po2Pa1 (Pro + P1aPso )~ Pas (Pas + PaoPor ) + (1 P1oPor ) (Pss + PaoPas )
+Pg (P25 (P30 + PsiPio ) — P21PioPss ) |Wa
N; (1) =[1-Pio (Por +PozP2) [Ws
and DY, (1) is same as in availability analysis.

Now the expected busy period of the repairman in repair of failed unit of
subsystem- A and B up to epoch (t-1) are respectlvely given by-

i ()= ZBa(X) by (1) = ZB"(X)

So that,

my' (h)=

Ba*(h) Bb*(h)

(1-h) ke )= (1-h) (49-50)

10. Profit Function Analysis

We are now in the position to obtain the net expected profit incurred up to
epoch (t-1) by considering the characteristics obtained in earlier section.

Let us consider,

K, = revenue per-unit time by the system when it is operative due to unit of
subsystem-A.

K, = revenue per-unit time by the system when it is operative due to unit of subsystem-
B.

KZ: cost per-unit time when repairman is busy in the repairing failed unit of
subsystem-A.

K3= cost per-unit time when repairman is busy in the repairing failed unit of
subsystem-B.
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Then, the net expected profit incurred up to epoch (t-1) given by

P(t) = Ko, (1) + Kahug, (1) = Kamg (1) = Kbty (1) (51)
The expected profit per unit time in steady state is given by-

P= |im@ =lim(1-h)" P (h)

t—oo

. A (h . A5 (h : o (N
K, tim(a-h) 2 )i A5 )i oy S50

(1-h) (1-h) h—1 (1-h)
. 2 By (h)
-K, Ihlm(l— h) a-n
=K A2 + K,AY — K, B2 — K, B} (52)

11. Graphical Representation
The curves for MTSF and profit function have been drawn for different values

of parameters. Fig. 2 depicts the variations in MTSF with respect to failure rate (pa)
of operative unit of subsystem-A for different values of repair rate (ra) of failed unit
of subsystem-A and failure rate (pb ) of operative unit of subsystem-B when repair rate

(rb) of unit of subsystem-B is kept fixed as I, = 0.35. The smooth curves shows the
trends for three different values 0.4, 0.6 and 0.8 of I, when P, is taken as 0.17 where

as dotted curves shows the trend for same three values of I, as above when Py is taken
as 0.30 . From the curves we observed that MTSF decreases uniformly as the value of
P, and Py, increase and increase with the increase in T, .

Similarly, Fig. 3 reveals the variation in profit (P) with respect to P, for
varying values of I, and P, as in case of MTSF, when the values of other parameters
are kept fixed as I, =0.35, K;=120, K, =80, K, =420 and K;=300.
From this figure same trends in respect of P,, I, and P, have been observed as in
MTSF. Further it is also revealed smooth curves that system is profitable only if P, is
less than 0.221, 0.290 and 0.387 respectively for I, =0.4, 0.6 and 0.8 for fixed
P, =0.17 . From dotted curves that system is profitable only if P, is less than 0.215,
0.280 and 0.365 respectively for I, =0.4, 0.6 and 0.8 for fixed p, =0.30.
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Fig. 3: Behavior of Profit (P) with respecttoP,, 'y and Pg



