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Abstract

In the present work, a multi component standby system of stress-strength model is
considered to find the reliability. Reliability has been derived when stress-strength follow
exponential distribution and mixture of two exponential distributions. The general expression for
the reliability of a multi component standby system is obtained and the system reliability is
computed numerically for different values of the stress and strength parameters. The reliability of
a multi component standby system has been developed when the initial stress distribution is
arbitrary.
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1. Introduction

Reliability of a system is the probability that a system will adequately perform
its intended purpose for a given period of time under stated environmental conditions
[3]. In some cases system failures occur due to certain type of stresses acting on them.
Thus system composed of random strengths will have its strength as random variable
and the stress applied on it will also be a random variable. A system fails whenever an
applied stress exceeds strength of the system. The reliability of an n-cascade system
with stress attenuation was proposed by Pandit and Sriwastav [5]. Raghava char et al.
[6] studied the reliability of a cascade system with normal stress and strength
distribution.

In reliability theory, there are lots of real life situations where the concept of
mixture distributions can be applied. For example, in life testing experiments, the
systems will be failed due to different causes and the times to failure due to different
reasons are likely to follow different distributions. Knowledge of these distributions is
essential to eliminate cause of failures and thereby to improve the reliability. Maya, T.
Nair [4] described the estimation of reliability based on finite mixture of pareto and
beta distributions. Detailed explanation of mixture distributions is given in [7]. Doloi
and Borah [1] have considered a cascade system when stress-strength follows mixture
of two distributions. Gogoi and Borah [2] have studied the estimation of reliability for
multi component systems using exponential, gamma and lindley stress-strength
distributions.

In the present paper, explicit expressions for n-standby system reliability are
obtained; a general recursive rule is indicated for obtaining these expressions. We
derive the reliability, when the stress-strength follows exponential and mixture of two
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exponential distributions. Numerical calculations for R(i) and R; , i=1,2,3 have been
done for the three particular cases when stresses and strengths are identically
distributed. i.e., Ay = A, =+ =4, =1 and y; = U, = =pU, = U

2. Notations

X; Strength of i"™ component

Y; Stress of i component

R(n) Marginal reliability of n™ component
R, System Reliability of n components
A Strength parameter of i component
Ui Stress parameter of i component

3. Assumptions and Model Description
The assumptions taken in this model are
(i) The random variables X and Y are independent.
(i1) The values of stress and strength are non-negative.
If X denotes the strength of the component and Y is the stress
imposed on it, then the reliability of the component is given by

R=P(X>Y)
o0 X
= [ [ s0rreavax M
00
where f(x) and g(y) are probability density functions of strength and stress

respectively.

Consider a system of n- components, out of which only one is working under
impact of stresses and the remaining (n-1) are standbys. Whenever the working
component fails, one from standby components takes the place of a failed component
and is subjected to impact of stress then the system works. The system fails when all
the components fail. Let X;, X,,...... X, be the strengths of the n components arranged
in order of activation in the system. And letY;, Y,,........ ¥, be the stresses on the n
components respectively then the system reliability R, of the system is given by

R,=R(1)+R2)+RB)+ - uccecee.. ¥R(n) 2
Where the marginal reliability R(n) is the reliability of the system by the n‘"
component and defined as
Rn)=P[X; <Y, X, <Yy oo Xy <Y1, Xp >V,

n—1
(ﬂxi < Yi> n(x, > Y,)
i=1

Let f;(x) and giEy) be the probability density functions of X;&Y; i=1,2,...... n
respectively then

R(n)="P
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A mixture of two exponential distributions with probability density function of
the form
f(x) = pAyexp(=A;x) + (1 — p)A; exp(—2A;x),
0<p<1, 24,>03(=12) (6)
The r*" moment of the mixture of two exponential distributions

0

E(x™) = f ¥ [y Arexp(—212) + (1 — p)Ayexp(—2;0)] dx

r'r+1) I'r+1)
=pih—m t A —p)h—F1 ™
M A
Whenr=1
1—
EG) =2+ —PL 0<p <1,0,>0,i=12 ®)
LA
When r=2
2p;  2(1—py)
E(x¥)=—+—-— 9
Thus the variance is given by
2— 1- 2 - 2p, (1 —
V(x) = pa( Zpl) ( P1)(2 p1) _ pa( p1) (10)
M Ay 12,

In this paper we are considering three cases. They are

(1) Stress and strength follows exponential distribution.

(2) Stress follows exponential distribution and strength follows mixture of two
exponential distributions.

(3) Stress and strength follows mixture of two exponential distributions.

4. Reliability computations

Case (i) Stress and strength follow exponential distribution:
Let f;(x) be the probability density function of exponential strength with mean

%is givenby fi(x) = Ljexp(—4ix) 4, >0,x>0,i=12,.... n

and g;(y) be the probability density function of exponential stress with mean ui is
givenby  g;(y) = piexp(—u;y) w>0y>0i=12,.... n

Then

[ee) [ee)

R(1) = f F»g1(y)dy = f exp(—A1y) py exp(—p1y) dy

_ 0 ,Lll 0
R(1) = ot ) (11)
R(2) = f F,(»)g:(»)dy f F,(y)g.(y)dy

0 0

= l f [1- exp(—hy)]ulexp(—uly)l [ f [exp(—2,y) ] exp(—p,y)

k@) = [1 B /11’:-1/11] [/12/:-2/12] (12)
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R(3) = [ f [1- eXP(—My)]uleXp(—uly)l
0

X f [1 —eXp(—Azy)]uzeXp(—uzy)l X [ f [exp(—A3y)]usexp(—uzy)
0

R3) = [1 B A+ /11] [ A, + uz] [A3 + ug] (13)
Therefore in general

R(n) = 1_[ [1 A + /xl] A Tun] s
And R =R(1)+R2)+RB)+ - ......#R(n) = X1 R(D)

Case (ii) Strength X follows exponential and stress Y follows mixture of
two exponential

Strength follows exponential distribution with probability density function
fi(x) = Ajexp(—A;x) 4;>0,x>0
Stress follows a mixture of two exponential distributions with probability density
function
9i(Y) = Pai-1b2i-1 €xp(—Hai-1Y) + (1 — P2i—1)tz; €Xp(—H2;Y)

0< D2i-1 < 1, HUri—1 > 0, Uai >0 (l = 1,2, ...... n)

Then
R(1) = f exp(—4A1y) [pps exp(—p1y) + (1 — pp, exp(—p2y)1dy

0

=piy f exp(—(A; + u)y) dy + (1 — pu, f exp(—=(4; + up)y) dy
RO = 3+ (=) (15)
R(2) = f F() g1 (") dy f F,(9)g:(7)dy

0 0

- f [1— exp(—A, )] [p1 s exp(—pry) + (1 — pyts exp(—pzy)ldy

0
x f exp(=17) [Patts exp(=t5¥) + (1 — pa)its exp(—pa)]dy
P11 P3Us3 Ug
RQ) ={1—ll —U-p) e A (6)
RG3) = f B )9, () dy f Fy(7)g2(¥)dy f Fy (1) g5 () dy
_ ° _ P1H1 _ _0 _ 0P3/4‘3 _ _

R(3)_{1 A+ a pl)Alﬂzz}{ Ay + i3 a p3)Az+u4}
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PsUs HUe
bt A= (17)
In general,
© n-1
R@—Ufﬁ@mwwjf@%@w
PZn 1112n 1
R(n) = g 1+( — Pan-— 1)m]
D2k-1H2k-1
[1_[ [1 B (1 = pak-1) m] (18)
And  Ry=R()+R@) +RB)+ . +R() = I, R(D)

Case (iii) Strength and stress follows mixture of two exponential
distributions:
Let Strength follows a mixture of two exponential distributions with probability density
function
fi(x) = pai—14zi—1 €xp(—=A3i-1%) + (1 — pyi—1)Az; exp(—Azx)

0< P2i-1 < 1, AZi—l > O, lZi >0 (l = 1,2, ...... n)
Stress follows a mixture of two exponential distributions with probability density
function
9iY) = qai—1b2i-1 €xp(—p2i-1Y) + (1 — qzi—1) Uz exp(—p2:y)

0< qzi-1 < 1, Hoi—1 > 0, HUoi >0 (l = 1,2, ...... n)
Then f; (x) = p1Aexp(—A;x) + (1 — py)Azexp(—A;x)
and the cumulative distribution function is given by

fﬂﬁ—fﬂ@“—f@ﬁww(h@+ﬂ—mﬂﬁm(M@]
Fi(y) = 1 —prexp(— /11y) — (1 —py) exp(—2,y)

Fi(y) = p1exp(=4,y) + (1 — py) exp(=2,y)

And & ) = quq exp(—pay) + (1 — q1)pz exp(—uzy)

R@=fﬁ@m@w
0

R(l)==_f[plexp(—ziy>+-(1-—p1>exp(—zqy>][qlulexp(—u1y>
. ’ + (1 — q)pz exp(—uzy) 1dy
= f [p1qiiexp(—=(A; + p1)y) + u1q: (1 — pexp(—(A; + p1)y) + p1uz(1 — qq)

x exp(—(A; + uz)y)
+u,(1 = p)(A — q)exp(—=(A; + ur)y)] dy
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Uy
=191 57— A+ +CI1(1 p1)/12 i +p1(1 Ch) 0 +/11
+(1-p)( - %)2+AZ
R(1)=p; [Ch T+ A + a- ‘h) 2]
ca- mﬂmb +-a) | (19)
R(2) = ‘f'Fa(y)gl(y)dy j’ﬁz(y>g2(y)dy

0 0

[ee]

= [ f [1 —p;sexp(=4;y) — (1 — py) exp(—2;Y) ] [q1 141 exp(—p1 )
0

+ (1 — q)pz exp(—uzy) dy

[ee]

X [ f [ps exp(=43y) + (1 — p3) exp(—44Y) | [q3u3 exp(—usy)
0

+ (1 — q3)uq exp(—uay) 1dy

R(2)={1—p1 [Chlll_ll_l +(1—-q1) -l-zuz]
B e O e
(s [o Lt TPy #4]
+ (1 —ps) [CI3 /14113 +(1-q3) l_l:m] } (20)
In general,
- Hzi-1
R(n) = ll:[{l = P2i-1 [‘hi—lm+ (1 - qzi-1) Ty ¥ ﬂZL]}
Hzi—1 Hai
—(1 = pai-1) [%i—lW + (1= qzi-1) /1—21 T ';fl]
X {pZn—l [CIZn—1 W + (1 = q2p-1) pR—— #Zn]
+ (1 —pzn-1) [an—l Tom + Homs
+ (1 = qz2n-1) m (21)
And R, =R(1)+R2)+RB)+ ... #R(n) = XL R(D)

5. When the initial stress distribution is arbitrary:
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We now consider the components strength to have exponential distribution
as in case(i), but allow the stress Y; on the first component to have a general probability
distribution function g, (y) over 0<Y;<c. The cdf of the stress Y; is

G () =[5 g (®)dt (22)
The marginal reliability functions R(i) are

RO = [ esp(-217) 9,0y 23)
R(2) = [ fm [1 - exp(—A1y)] gl(y)dyl [ f [exp(—2.y)19. () dy (24)
R(3) = [ f [1—exp(=Ay)]g: () dy | % f [1 - exp(=A;y)1g, () dy
X [ f lexp(=A3y)1g5 (¥)dy (25)
0

The quantity fgc exp(—1,y) g:(¥)dy = §,(4,) denotes laplace transform
of the function g,(y) and it exists as long as function g, (y) is sectionally continuous
and is of exponential order i.e., a constant A can be found such that

lexp(—=41y) g1 (V)| < 4, vy € (0,0) (26)
Hence the marginal reliability functions R(1), R(2), R(3) can be easily expressed in
terms of Laplace transform §;(A) of the stress probability distribution function g;(y)
In fact

R(1) = g:(4,) (27)
R(2) = [6:(0)—g1(A1)][g.(15)] (28)
R(3) = [§1(0) — §1(A][§2(0) — §2(22)1[5(23)] (29)
Hence, we have

Ry = §1(A1) + [41(0) — §1(A)]1[g2(15)] (30)

R3; = g1 (A1) + [§1(0) — g1 (4,)] [gz(/lz) +[g,(0) — gz(lz)][§3(/13)]] (31)

A R(1) RQ2) R(3) R, R,
0.01 0.909091 0.082645 0.007513 0.991736 0.999249
0.02 0.833333 0.138889 0.023148 0.972222 0.99537
0.03 0.769231 0.177515 0.040965 0.946746 0.987711
0.04 0.714286 0.204082 0.058309 0.918367 0.976676
0.05 0.666667 0.222222 0.074074 0.888889 0.962963
0.06 0.625 0.234375 0.087891 0.859375 0.947266
0.07 0.588235 0.242215 0.099735 0.83045 0.930185
0.08 0.555556 0.246914 0.109739 0.802469 0.912209
0.09 0.526316 0.249307 0.118093 0.775623 0.893716

Tablel: Marginal reliabilities R(1), R(2), R(3) and system reliabilities R, , R;
when stress and strength follow exponential distribution for u; = 0.1, i =
1,2,.... n:
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i R(1) R(Q2) R(3) R, R,
0.1 0.5 0.25 0.125 0.75 0.875
0.2 0.666667 0.222222 0.074074 0.888889 0.962963
0.3 0.75 0.1875 0.046875 0.9375 0.984375
0.4 0.8 0.16 0.032 0.96 0.992
0.5 0.833333 0.138889 0.023148 0.972222 0.99537
0.6 0.857143 0.122449 0.017493 0.979592 0.997085
0.7 0.875 0.109375 0.013672 0.984375 0.998047
0.8 0.888889 0.098765 0.010974 0.987654 0.998628
0.9 0.9 0.09 0.009 0.99 0.999

Table2. Marginal reliabilities R(1), R(2), R(3) and system reliabilities R, , R; when

stress and strength follow exponential distribution for 4; = 0.1, i=

1,2 ... n:

Figure 1

Reliability

Strenath Parameter

Fig.1: System reliabilities R;, R,, R; for different strength parameters

Figue 2

Reliabilty

Stress Parameter

Fig.2: System reliabilities R;, R,, R; for different stress parameters
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6. Conclusion

In the present work, numerical calculations for R(i) and R; , i=1,2,3 have
been done for the three particular cases when stresses and strengths are identically
distributed. It has been observed by the computations and figures that if the strength
parameter increases then the value of reliability decreases and if the stress parameter
increases then the value of reliability increases. Tables 1 and 2 illustrate the variations
of R(n) and R, , for n<4 for some values of stress and strength parameters. These
variations are very instructive with a careful scrutiny. Thus for instance it is noticed that
for a given u; = 0.1,4; = 0.05 in tables R;=0.66667, R,=0.88889, R;=0.96296. This
indicates that by addition of one standby component to a 2-standby system, the system
reliability is improved by about 33%, whereas, for 3-standby system the reliability
improvement is 8%.
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