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Abstract

In this paper a method for reliability analysis of restorable items is considered. We
present the model describing a variation of reliability characteristics of objects and taking into
account incomplete repair of operability after failure. The asymptotic solution for the intensity of
the geometric process model is obtained. Reliability characteristics of the geometric process
model for various distribution laws and various parameters are cal cul ated.
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1. Introduction

In the present report we consider a method for reliability analysis of restorable
objects. Suppose that the restorable object is repaired after failure. During the repair its
operability is recovered. It is important to note that the ageing can take place even at
initial stages of the object functioning and leads to degradation of reliability
characteristics. This in turn affects the repair and leads to incomplete repair of the
object’s operability.

Let us consider some generalized object structuraly consisting of details,
elements, subcells etc. Operability recovery is performed as follows. The failed element
isreplaced by a new one. It isimportant to note that operable details of the failed object
have already spent a part of resource. Therefore we can assume that the restored object
cannot have the same reliability characteristics as the ones before the functioning start-
up. It isimportant to note that complete recovery of operability does not occur when a
scheduled preventive maintenance is carried out.

We define the following concept. The repair is caled incomplete if after a
complex of regenerative actions, the objects’ reliability characteristics are essentially
above the ones at the moment of failure but lower than the reliability characteristics of a
new element.

The outline of the paper is as follows. In the next section we describe the model of
geometric process. In Section 3 we present the renewal equations for intensity and
renewal function. Section 4 is devoted to the study of the limiting distribution of z.
The correlation coefficients of the instances of the "™ and m" failure times (z,, & y,)
are obtained and investigated. In Section 5 we consider the asymptotic behavior of the
renewa function and intensity. In Section 6 we introduce and describe new

characteristics, namely the geometric of renewal function (GRF) and the geometric of
intensity function (GIF). Section 7 summarizes our findings.
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2. Geometric Process

Let us consider the model describing the variation of object reliability
characteristics and taking into account incomplete repair of operability after failure. The
behavior of complex systems is well described by this model. We assume that the
system consists of components, subsystems, system parts.

Consider the functioning process of the system. A failed element is found and
is replaced by a new one. The system passes again in operating state. We should take
into consideration that all elements and system parts (except the replaced element) had
a certain operating time and have already spent a part of the resource. Thus we should
take into account incomplete recovery considering the system functioning process as a
whole.

Definition 1. Let {&},i >1 be a sequence of independent random variables. Each &

corresponds to operating time between failures of the object with the distribution
function F, (t) generated by the distribution F(t) asfollows

F () = F(Ll]| ~12., 1)
y

where y is a positive constant. Then, the sequence {&},i >1 is called geometric

process.
Further we denote by y the common ratio of the geometric process (or the process
ratio).

Geometric processes in a reliability context were introduced by Lam (1988).
Saenko (1994) considered an application of the geometric process to the model of
alternating renewal process. Finkelstein (1993) considered some generalizations by
applying geometric processes to a nonlinear scale of transformation. Antonov et. al.
(2007) described the maximum likelihood method for the estimation of parameters for
the geometric process model. Estimations of the index y were obtained for various
distribution laws of the first operating time.

Consider the following functioning strategy of an object. The object operates
during a random time. After failure the object is restored and we consider that the
restoration is incomplete. The degradation coefficient y characterizes the

incompleteness of repair. We suppose that the repair time of the object is negligible in
comparison with the operating time between failures, i.e. the repair time isimmediate.

3. Renewal Equation
As a result of incomplete repair the operating time of the renewal object is
reduced (by probability) by y timesin comparison with the previous operation phase:

d d
So=Vs b= 7n—1§1’0< y<1.
Mathematical dependence between distribution functions of the operating time
between failures of the restored object (taking into account incomplete repair) can be

expressed as
t t
05 [ 0-n )
3 & y n & 7 1
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where F, (t) is the distribution function of the operating time between failures of (i —1)

times restored object and y is the coefficient of incomplete restoration (degradation
coefficient). Then, distribution densities are related through the following equation

1 t
fo)=—51 [Tj
én y 14 y 1

The degradation coefficient y is an average value that reflects the accumulated

process of damages and defects and indirectly characterizes the process of gradual
material weariness, physical ageing, wear ability, corrosion, etc.

Let us define the expression that establishes the relationship between the failure
rate at the initial stage of operation and the failure rate after the(n—1)" failure. By

definition the failure rate can be defined by
f(t)

Alt) = .
® 1-F(t)
Then the expression of the failure rate of (n—1) times restored object can be written as

2 -l 7 )1 51[ ‘ j

= n-1

1RO 1-F (&) %7

Thus, after each restoration the failure rate becomes 1/ y times more than the

failure rate during the previous time interval. The time scale of the process also
changes. Such model allows the evaluation of the reliability characteristics for each
operability interval such as the object survival function after the i restoration.

Note that the given model can be used to estimate object reliability
characteristics at the stage of infant mortality when effects of a rejuvenation system are
observed. At the stage of infant mortality the degradation coefficient has to be more
than 1 unit. Then, the degradation coefficient represents the average of times each
sequential operation time is greater than the preceding one.

In this paper, we consider calculation methods of reliability characteristics for
restored objects, like the intensity and cumulative intensity functions.

The Renewal (cumulative intensity) function (RF) is defined by

QM =X F 0 =3 .0, @

where F”(t) = F("?(t) * F. (t) isthe n" order convolution of the distribution functions

of the operating times between failures, F, (t)=F" (t)=Pr(z, <t)is the cumulative

distribution function of 7, = > & whichistheinstant of the n" failure (F () =1).
i=1
The intensity function (IF) is defined by

0 0

o)== 100 -3 1,0, ®

n=1
where féf”) (t) is the convolution of densities of the operating times between failures,

f.(t)= 7@ =%Pr(rn <t) isthe density function of 7, = > & .

i=1
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Unfortunately for the given model analytical solutions for RF and I F cannot be
obtained even for standard distributions like the exponential. The solution can be
obtained only by numerical methods.

We find now the asymptotic solution for given measures. Recall that

d
the (n+1)" and the n™ operating times between failures satisfy the condition &, ,,— &, ,

where y isapositive constant and &,,&,, ... are independent random variables.
Perform some intermediate calculation and obtain

f.()=2<F (t),n=23,.., f,(t)=2F(t)=f(1),

Fo(t)= I F(“Tu] f (u)du :j f..(r)F (t-y7)dr,

Finally we get the expression for the density convolution
t/y

1 t—u
fo(t)=—| f. | —|f(u)du=| f _,(7)f(t—yr)dz. 4
O-2 0S| @)
Using (2) and (3) we obtain the formulas for IF and RF:

(t) = F(t)+ji F“(t‘TU] f (u)du = F(t)+ig(t‘7“j f (u)du

0 n=2

tly ly

—F(t)+ j S £, (2)F(t-yr)dr = F(t)+ j o()F (t-yr)dr

and

ot) = f(t)+j§2 f“(t‘_“j f(u)dY = f(t)+1ja)[t‘—“j f (u)du =

on Y e 7% Y )
SHO)+ [ 3 (0) F(t=pe)de= £ (04 [ () (t-pr)dr.

Find now the Laplace transformation for RF and IF using the expression

R (p)=7""F(r"p)= % f(7"*p). Then,

&(p) =3 Fy(p) =%i]‘[ . (p) =%i]‘[ ().
1

n=1 k=1 n=1 k=1 (6)

0 n
a(m =3 [T7(+*p)-
n=1 k=1
Equations (6) can be inverted numerically (Braun et. a., 2005]. Note that the IF for
0<y <1 and for sufficiently large t can be non-finite. However it is aways finite

fory >1.
Applying the iteration method we find the particular solutions. For the first step put
f(t)=Aexp(-4t).
Asinitial approximation take @, (t)=0 and write the expression for @,
w,(t)=f(t)=2exp(-At).
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From (4) find the new value of the density
tly t/y

fAn=jzeﬁnemerzfeﬂjemwmrz;i{é%—é“wq.
0 0 y-1
Further, solving the integral equation (5) again we get the expression for |F
it a Ay-2
w,(t)=f(t)+ fz(t)=ﬂ,e"‘+—/qb [e ’ —e’“jz e’ + (r )e’“.
r-1 r-1 r-1

In such a manner we find new values of the distribution density for the operating time
between failures and redefine the intensity

ty 2577t ty A(yz—l)r
fy(t)= | () (t-yr)de= =) e ldr =
0 7 0
Ay 5 A
= +1)e " + +1)e ™" - e’;
y_ny ) y_lxy ) T

wy(t)=f()+f,(t)+ f,(t)= A e77+/1(7/_2)e’“+f3(t)=

r-1 r-1
a 2} » A(yP-2%-y+3
__ M 2(y+1)e'”2+;t(7 22) o+ (y 7; ! )e”"‘.
y-1) (r-1) (=1 (r+1)

4. Limit Distributions 7,

The following conclusion can be obtained from the regular properties of the
infinite geometric progression. If the K" moment of & exist and y € (0,1) then we can
assume that the K" moment of 7, exists.

Let us define some characteristics of the random operating time between
failures. Let the expectation beE[ & |=m and the variance V& |=o?. Then from (1)

it follows that E[&,|=y""'m andV &, |=y*"Yo?. Based on these expressions it can

be shown that the following statement holds for the ageing objects. The restored object
spends the resource during finite time.
To demonstrate the above statement define the sum

S EE]=3/ m= g <) ™

The above relation shows that the infinite sum of operating times between
failures for the restored object is finite. Lam (2003) proved that the limiting random
variable 7, exists, using the fact that 7z, is supermartingale. The geometric property (2)

can be generalized. Defines” =E(7-En)‘and let sw(y):i. Using this

1-y
definition we can prove the following property.

Property 1. The expectation and the k" moment of 7, existif y € (0,1) and n— oo :
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(©)
m - Y7 i
P u )=ﬂ|ﬁf)-5m(yk)= - k=23 (8)

Ez,=ms,(y)=

Ve
@\ 2 ©) (&)(.2, 3
M(lrw)_ ﬂf) (ﬂz ) oy ) 110 Mo M3 (7 +7)

) T )

We can take, e.g., anormally distributed random variable & with mean m and

9

variance o%, (m> 30 . Using properties of the normal distribution we can obtain

. n _,2n 2
rn~N[m11 /4 ,0211 - ] rw~N[1i,1“ ZJ' (10)
-y -y -7 1-y
m o

Itiseasy to seethat if m> 30 then — >3 .
1=y J1-5?
Take & ~ 8, with singular pointm. In this case z, will be a singular variable with

singular pointm(1—»")/(1—y). Then the instance of failure will be a geometric

progression subsum.
n

-1
7y = g(n) =ms, () = m——, (11)
and
Tn~51,7n’foo~5m- (12)
1-y E

Studies showed that if y (0, then the process realizations z, for the
irregular case, can be described sufficiently by (11) with accuracy up to a constant (see
Fig. 1). Here, & ~ N(2,0.25)with processratio y = 0.8 and realization volume k = 25.

We can obtain useful information by studying the correlation between 7z, and z,. The
correlation coefficient for the regular restoration process can be written as

Vim :m/\ﬂ, where aab=min(a,b) . (13)

p =
e Nt Vr, nom

If mis constant andn— <, then p. . —0. So, if n is large it is practicaly

impossible to predict more or less, exactly z, when z,,, isknown.
Using Property 1 we can obtain Property 2.

Property 2. For the geometric process with finite variance V¢ <o correlation is
defined as

_,,2(nAm)
B ‘1 V4 ‘ B 1— 72m 1— 72n
Pro = — ==\ M (14)
Yo )fampem) VA e
Let » €(0,2) . If n— oo thecorrelation is nonzero, if mis nonzero
limp, . =1-p". (15)
n—oo MM
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If misbig, then a sufficiently exact optimal prediction of z, can be obtained. If y >1
then the correlation tends to O (asin case of RP process).

12
|
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|

Tn
6
|

0 5 10 15 20

n

Figure 1: Process path function z,,, (0<y <1)

5. IF and RF Asymptotic Behavior
In Braun et. al. (2005) it is proved that the RF (7 <1) in each interval of time

isinfinite, a result that was generalized by Finkelstein (2010). In Braun et. a (2005) it
was considered that the governing lifetime GDF F (t)is absolutely continuous, strictly
positive, and dtrictly increasing for al t>0. In Finkelstein (2008) the main
requirement isthat F(&)>0 foral £>0 and y <1. The condition F(&)>0 holds

for numerous distributions in reliability applications such as exponential, gamma and
Weibull. Braun et. al (2005) established that if F(&)=0 for somee >0, then RF can

be finite for small t. Note though that this proof can be modified to show that RF is
infinite for all t >z where rissuchthat F(7)>0.

We are interested in the asymptotic behavior of RF & IF whenF (g) =0for
some ¢ > 0. Thelimit distribution existsfor y € (0,1) hence Q(x) = Z:ﬁl F,(X) tends

to +oo asxattained r'*) (the « - percentage point of the limit distribution).
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Define the set X(" ={x:f (>} for £>0. Let x =inf X{". The saries

ZL f,(x.) is divergent for every fixede >0 . Hence the following limit is the

vertical asymptote for IF and RF:
7, = lim x. (16)

— &0+

In Fig. 2 the summarized densities for the normal operating time with expectation
m= 2, variance o> =0.25 and y =0.75 are depicted.
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Figure2: IF and densities f, (t), & ~ N(2,0.25)

n
To find the IF we calculate the finite sum a,,(t) :Z fi (t) for n=500. The
1

value - 353
-y 12
should be smaller. RF will have the same vertical asymptote since |F is the derivative of
RF.
Note that power indices of exponent differ by a constant equal toy . Now, we

try to obtain the asymptotic solution for the given index considering the cases y >1
andO<y<1.

1. The cumulative intensity function increases by one unit when the object fails.
An average time increment in which one failure occursis equal to the average operating

=5.375 was selected as asymptotic. Note that the real one
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time. For the first operating time we haveE& =m, for the secondym, for the third
»°m etc. In general the average duration of the n™" operating time is equal to " 'm.
The ratio of the averages of the(n+1)"™ and the n™ operating times is constant
andequal toy .
Consider the function g(t) = b(a‘ —1) and the ratio

n

gn+)-g(n) _a™-a" _
g(n)-g(n-1) a"-a"*
Take y=a and b(a'-1)=m. Then g(t)=-2(y'-1). The inverse of g(t)

possesses al properties of the cumulative intensity function and it is the asymptotic
solution for the cumulative intensity function:

Q(t)~g™(t)=log, [1+7/—_1 J 17
m
The asymptotic solution for the intensity can be written as

-1
Y~ (gt = /4
a)( ) <g ( )) |n]/(m+(}/—l)t) hade
This case corresponds to the system functioning at the stage of infant mortality
(rejuvenescent system).

2. Let O0<y<1. Similar reasoning leads to the function g(t):%[l—y‘]. The

(18)

inverse function possesses all properties of cumulative intensity function

Q(t)- g (t)=log, (1_1‘?%). (19)
The asymptotic solution for IF is defined as
_ 1-y
t)~(g7(t))'= >0, 20
w() (g ()) |n}/(m—(1—}/)t) t>7-0 o ( )

The second case allows describing the system with incomplete recovery.
For the given model the following result is obtained. The intensity tends to

infinity on the bounded interval of the time which is equal to%. This means that the

system practically spends the resource and after recovery fails again when the time
tends to the given time instant.
If & ~ o, thenusing (12) we obtain the following result (Finkelstein, 2010)

0, X< m;
QX) = _ .k o k+l 21
) k, Xel:ml 4 -y J,keN. (21)

,m
1-y 1-y

RF will increase each time by 1 at points of failures, i.e.Q(z,,) =n. RF is constant on
intervals [rn,rm). We define a monotonic function of trend for RF, namely Q(t) .
This function must coincide with the RF graph at the points z,,: Q(z,)=Q(x,).

It follows from (18) that the inverse function of g(t) = ms () = m(l— yt)/(l—)/) is:
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O(t) = g(t) = log, (1+ %_1'[) (22)

This expression can be compared with (12). Hence we can suppose that the RF trend
can be defined by (19) in the case of arandom process.

6. Geometric of Renewal Function and Function Intensities
In Section 5, we mentioned that the RF is infinite in each time interval if

F(e)>0 for al £>0 andy<1. If F(¢)=0for adle>0, then RF and IF for
r€(0,2), have a vertical asymptote and are defined on some bounded set. For a
complete description of all properties of the geometric process (7 € (0,1) ) we introduce
some additional features.

Definition 2. Let & be a geometric process with the ratio y = 1. Geometric of renewal
function (GRF) isafunction of thereal variable:

7/§t+l 1
Y(t)=E , te[0,0). (23)
y-1
Geometric of (failure) intensity function (GIF) isafunction of the real variable
v(t) =%Y(t), t €[0,0). (24)
Property 3. GRF and GIF can be written as
Y(t) = Zy“ﬁ(tx v(t) = 27“ o (®)- (25)
Proof. E7 —EZ;/ EZ;/ Z}/il{q St}:ZyiP(ri St).cl
0 0

Using the L’ Hospltal rulewe obtam
Iiqu(t)=E(§t +1)=Q(t)+0(t), Iinlv(t):a)(t)+5(t), (26)
7> Vs

where 4(t) isthe Heaviside function and &(t) isthe Dirac delta-function. We can now
derive analogues of the renewal equations for the new features:

Y(X) = 0(x)+ ;/Ji)/n_anl[ X= “j f (u)du =
y

o n=2

(27)
—0(x)+;/.[Q( ]f(u)du 9(x)+yj' o(U)F (x— yu)du.

V() =5(x)+j2y”‘1fn1[x;“

0 n=2
¢ (x-u
:§(x)+J-v
o I

The graph of GIF v(t) without the first term (the function &(t) ) is shown in Fig.3.

j f (u)du =

xly
j f(u)du=8(x)+7 IO v(u) f (x—yu)du.
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Also graphs of terms and resulting sums appear in the figure. Ther.v. & is simulated by
the normal law N(2,0.25) and the processratio y =0.75. To obtain v(t) thefinite sum

v,(t)—9o(t) = Zf7k fi (t) was calculated. We use n=500 for the calculations. The area

of localization for the density function of 7, - [rw,a} is denoted by dotted lines.
This area corresponds to the support of the distribution.

o |
o [ ]
— v()-5(0) . |
- ’Yf,“(t) .
A0 . |
0 Tt Yf'n +yzfr;+yafts(t) °
= 7 e YfT1 oo +Y4fu(t) ° '
g == A+ +75fts(t) ° '
K] o o (g .
E - T, °
z <. | 0 . !
L .
£ . |
g an °
8 . |
n °
S |
} |
o | 1
9 ,
[ [ [ [ [ |
0 2 4 6 8 10
t
Figure3: GIF, (y €(0,1)
We tke (2,7, M 35 5 _(6.677,9.323). The digtribution of limit point

is concentrated in this area.
Burstsof v(t) occur in the modes of the density (maximum points).

Thisis clearly seen at the beginning of observation. The first mode is equal to
2, the second 2+ 20.75=3.5, etc. Then the gradual right shift of maximum points
of v(t) relative to the modes of the density f, (t) takes place.

This graph looks like the RF graph for the normal renewal process. However
there is a critical distinction. A gradual GIF decrease occurs after completion of the
oscillating process. This process begins at the « -percentage point of the distribution of
7, . Asit seen from Fig. 3 the GIF goes down to zero at the 1— « -percentage point.
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The geometric process is completed and the system fails with probability one.
Note that such findings can be obtained only from the graph of v(t). The IF graph

asymptotically tendsto « as t — 7, . Hence the graph of v(t) is more informative.
The graph of GRF Y (t) without the first term (the function &t)) isshownin Fig.4.

0 |
o o
— y()-1 . l
o — 'YFT‘(t) .
o | - - yF, R0 .
e Y PP+ R0 .
g @4 | L i (3} .
B == yF +75F15(t) R |_ _
é o o (g .
s © - T g m e m
o ® 4
: O | A o I
= L]
o
E 24 . |
E __________________
§ . : |
‘-. N L]
. |
0 | Fe .
5 G |
) Tl 74':14"{6F '
g | T .
[ I I I I [
0 2 4 6 8 10

Figure4: GRF, (7 €(0,1))
Also graphs of terms and resulting sums appear in the figure. The input
parameters of the model are the same as the ones used before. To obtain Y (t) the finite

sum Y, (t) - 0(t) = Z: 7*F, (t) was calculated. We used again n=500.

GRF graph looks like the RF graph for the normal renewal process. However
there is a critical distinction. After the completion of a linearly increasing oscillating
process (at the « -percentage point of the distribution of z.,), the graph is ailmost linear
at first and then gradually becomes constant 1/ (1-y) (at the 1— « -percentage point).
This looks like ECG. The geometric process is completed and the system fails with
probability 1.

The GIF behavior wheny >1 is of interest. Fig. 5 presents the summarized
densities multiplied by the corresponding power » and the summing result (GIF). The
r.v. & issimulated by the normal law N(2,0.25) with processratio y =1.25.

Bursts of Y(t) occur in the modes (maximum points). This is clearly seen at the
beginning of observation. The first mode is equal to 2, the second 2+21.25=4.5 etc.
The maximum points of Y(t) coincide approximately with the modes of f, (t). The
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oscillatory process is not completed. The period of oscillations gradually increases and
the amplitude tends to a constant.

For example, if & ~ N(a,az), then 7, ~ N(an,a,f), where q,,:Mrn:a(y”—l)/y—l
and o2 = varr, =0'2(72n —1)/;/2—1. In this case, each term of GIF intensity tends to

the next constant in the point of maximum

[ 2
e = [ -
V2o \ y2" -1 e J2ro

The difference between two nearest maximum points will increase indefinitely
(sincey >1). Mz, —Mt, :a}/nww.

In summary, we conclude that the use of geometric characteristics for the geometric
process has some advantages over traditional RF and IF.

We formulate the basic properties of the newly introduced geometric characteristics
based on the analysis of the graphs.

Property 4. GRF Y (t) does not decrease. GIF is nonnegative: v(t) > 0.

limY(t) = jv(t)dt 1 imvm=o.
t—oo 0 1—}/ toow

e |
B
= v(y)-8(y)
—
3‘ - - an"'yzfre(y)
T ’wa|+72fq+73fxa(Y)
1, = e+ R)
2 - — = A+ PR)

Geomethric failure intensity
1.5
|

1.0

0.0
|

Figure: 5.GIF, (y >1)
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7. Conclusion

In the present report we considered a reliability analysis method for renewal
objects taking into account incomplete repair. We obtained the asymptotic solution for
the intensity of the geometric process model. Reliability characteristics of the geometric
process model for various distributions and various parameters were calculated. We
obtained such characteristic as the correlation between the recovery times z, and z,, .

We derived asymptotic properties for IF and RF when y <1. Also, we introduced and
analyzed new measures of the geometric process, namely GIF and GRF.
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