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Abstract
Presen t a r t i c le  deal s  in  the  mathemat ical  deve lopment  o f moment s

and  jo in t  d is t r ibu t ion  o f concomi tan t s  o f o rder  s ta t i s t ic s .  Gumbel ’s  b i -
var i a te  exponent ia l  d is t r i bu t ion  (1960)  has  been  con sidered  as  the  paren tal
d is t r ibu t ion  o f the  order  s ta t i s t i cs . Idea beh ind  th i s  ar t i c l e  i s  to  cont r ibu te
in  deve lop ing mathemat i cal  express ions  which  can  d i rect ly be u sed  as  a
too l .
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1. Introduction
Concomitant  i s  a  Latin  word which s tands for  ‘accompanying

or  assoc ia ted’. Concomitants can be  defined in  b r ie f as fol lows;
Let (X r ,Y r) ;  r=1,2,….. ,  n  be a  random sample o f n pa ir s drawn from a
bivariate  normal 2 2( , , , , )x y x yN       d ist r ibut ion.  When the X’s are
arranged in ascending order  as;

We denote the corresponding pai red Y’s  by

These are no t  arranged in  any order  but  a re the pai red values
of the corresponding order  stat is t ics. That  i s Y [ 2 , i ] is  the va lue from
second  sample corresponds to  i t h  order  s ta t is t ics.  This is  cal led
concomitant  o f i th order  stat is t ics.

In mathematical  or  s ta t is t ical  s tudies  t he use of concomitants
ar ises in  select ion procedures when few of the ind ividua ls are chosen
on the basis o f their  one character ist ic  and the corresponding (or
induced or  assoc iated) charac ter ist ic  to  those individuals is  forced to
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be considered.  Or i f  we select  ind ividuals having the highest  X -
scores,  we  may wish to  to  know the beha vior  o f  the corresponding Y-
scores. The second charac ter is t ic  which comes in select ion as an
induced effec t  has reasonable e ffec t  on the s tudy. Study of
concomitants helps in measuring the probabil i st ic  behavior  o f  such
si tua tion. Keeping the above ut i l iza t ion of concomitants in mind the
present ar t icle  has been wri t ten. Fo llowing are the d istr ibut ion and
probabil i ty densi ty functions  due to Gumbel (1960) ;

If (x i ,y i ) , i=1,2,….,n ,  be n pa ir s o f independent random
var iab les from Gumbel’s exponent ial  b ivar ia te  distr ibut ion (which
may be considered as a  par t icular  case of Gumbel’s weibull  b ivar iate
dis tr ibution)  wi th the d istr ibut ion function [Johnson and Kotz (1972)]

(1)

and  the p robabi l i ty density funct ion ;

(2)

2. Marginal Probability Functions
The margina l  probabil i ty density funct ion of X comes out as;

( ) ; , 0axg x ae a x  (3)

And the margina l  dist r ibut ion funct ion of X is;
(4)

Simi lar ly,  the  marginal  probabil i ty densi ty f unction of Y is ;

( ) ; , 0by
h y be b y

  (5)

And the margina l  dist r ibut ion funct ion of Y is;

( ) 1 ; , 0by
H y e b y

   (6)

With;

(7)

(8)

(9)

(10)
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3. Conditional Probability Density Functions
The condit iona l  probabi l i ty density funct ion of  Y for  given X

can be ob ta ined as fo l lows;
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Simi lar ly,  the condit ional  probabi l i ty density function of X for  given
Y wi l l  as fo l lows;
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4. Probability Density Function of  Order Statistics
For Gumbel’s exponent ial  b ivar iate  d is tr ibut ion the probabi l i ty

density funct ion of the r t h  order  s ta t i st ics X r : n  is ;
xrnaeaeCxf rax

nr nr

)1(]1[)( 1
: :

 (13)

where
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: rnr

n
C nr 



In par t icular  for  r=1 ,  i . e .  the probabi l i ty densi ty function of  the f ir st
order  s ta t i st ics is

naxeanxf n
)(:1 (14)

For the dis tr ibution wi th  probabil i ty density function (3) ,  the joint
dis tr ibution of  r t h and s t h  order  s ta t i s t ics comes out as fo l lows;
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5. Probability Density Function of  Concomitants
Now, the probabi l i ty density function of the f ir st  order

concomitant  ( i .e .  r=1)  o f the order  sta t i s t ics i s ;  [David  (1981)]

( ) ( / ) ( )
[1 :  ] 1:

0
g y f y x f x dx

n n
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-x(na cy) ( ( ) ) e
0

by
n e cx a cy ab c bcy dx

     

Now using the  fol lowing  rela t ion,

exp( ) ( )( )   


 pt t dt p vv v 1

0

1  Re   -1 ,     Re  p   0

And after simple  s teps we ge t ,
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Simi lar ly, for x ,  the  pdf )(]::1[ xg n is  ob ta ined as ;
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Now, the probabi l i ty density funct ion of the r t h  concomitant
can be ob ta ined as ;
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Simi lar ly,  we  can ob ta in ,
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6. Moments of  Concomitants
The k t h  moment  about or igin o f  the f ir st  concomitant  i .e .  o f

Y [ 1 : n ] i s  given by,
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Integra t ing by par ts  and using the fol lowing re la t ion,
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Now, the k t h moment about  or igin o f Y [ r : n ]  wi l l  be;
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Simi lar ly,  the k t h  moment about or igin o f X [ r : n ]  can be obtained
as
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Now, in par t icular  for  k=1 the mean of  Y [ r : n ] wil l  be;
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The var iance of ]:[ nrY can be obtained as
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Simi lar ly,  the  mean of ]:[ nrX wil l  be ;
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The var iance of ]:[ nrX can be obtained as
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7. Joint Distribution of  Two Concomitants  Y [ r : n ] and Y [ s : n ]
Now, for  the  Gumbel’s bivar iate  exponential  d istr ibut ion wi th

probabil i ty density function (2) ,  the joint  dis tr ibution of two
concomitants  o f order  s tat i st ics Y [ r : n ] and Y [ s : n ] ,  which is  denoted as

( , )
[ , , ] 1 2

g y y
r s n

, can be  obta ined as  fol low;

where  is  the  joint  probabil i ty densi ty function of  r t h

and  s t h order  s ta t i st ics o f X.
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