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Abstract
This paper is devoted to obtain the two-dimensional reliability modeling equivalence

factors of n independent and identical components parallel system. Bivariate Weibull model has
been used by considering the failure behavior of components. We discuss two-dimensional
failure modeling for a system where degradation is due to age and usage. Three different methods
are used to improve the given system. The mean times to failures of the original and improved
systems are obtained. Numerical studies are presented to compare the different reliability factors
obtained.
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1. Introduction
In reliability theory, one way to improve the performance of a system is to use

the redundancy method. There are two main such methods:
1. Hot duplication method, in this case, it is assumed that some of the system
components are duplicated in parallel.
2. Cold duplication method, in this case, it is assumed that some of the system
components are duplicated in parallel via a perfect switch.

 Sarhan et al. (2008) investigated that the design of the system improved by
the reduction method should be equivalent to the design of the system improved by one
of the duplication methods. The comparison of the designs produces the so-called
reliability equivalence factors.

The concept of the reliability equivalence factors was introduced by Rade
(1989-1) and applied to various reliability systems in Rade (1990-3 and 1991). Rade
(1993) applied this concept for the two-component parallel and series systems with
independent and identical components whose lifetimes follow the exponential
distribution. Sarhan (2000, 2002, 2004, 2005 and 2009) derived the reliability
equivalence factors of other more general systems. The systems studied by Sarhan are
the series system in (2000), a basic series-parallel system in (2002), a bridge network
system in (2004), the parallel system in (2005), a parallel-series system in (2008), and a
general series-parallel system in (2009). All these systems have independent and
identical exponential components.

In this paper, the reliability equivalence factors of a parallel system with n
independent and identical components are obtained. Three different methods are used to
improve the given system. The failure rates of the system components are reduced by a
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factor ρ, 0 < ρ < 1. Now, once the reduction method is adopted, the failure rates of the
system components are functions about age and usage, with bivariate Weibull
distribution. The numerical results are presented to interpret how one can utilize the
obtained models.

2. n-Component parallel system
The system considered here consists of n independent and identical

components connected in parallel. Each component has a bivariate Weibull  reliability
as given by Lu and Bhattacharyya (1990), say 1. That is, the lifetime U and the usage V
are random variables with the following reliability function:
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   The corresponding failure density function is given by Baik et al. (2004):
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and the hazard function is
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The reliability function of the original system which consists of n independent

and identical components, denoted by ),( vuRP , can be obtained as:
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Figure (1) shows ),( vuRP  with

0.52,,5.1,3,2,4 2121  n and 1005,0  vu
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Figure 1.:The reliability function of the orginal system

The reliability of the system can be improved according to one of the
following three different methods:
1- Reducing the failure for some lifetimes.
2- Add hot duplication components
3- Add cold duplication components.

2.1. The Reduction Method
Assuming that the system is improved by improving  r, 1<r<n, of its

components according to the reduction methods i.e., the time and  usage  varying
failure rates   of r components are reduced from
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Let ( ), ( , )rR u v denote the reliability function of the system improved by

reducing the varying failure rates of r of its components for some lifetimes, then, one
can obtain
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Figure (2) shows ( ), ( , )rR u v  with

0.52,,5.1,3,2,4 2121  n  and
1005,02,r,5.0  vu

Figure 2: The reliability function of the system modified by reduction method

2.2. The Hot Duplication Method
Assume that the system is improved by improving m , 1<m<n, of its

components according to the hot duplication method. Let RH
(m) (u,v) represent the

reliability function of the system improved by improving m of its components by hot
duplication, then, we can get RH

(m) (u,v) as following:
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Figure (3) shows ( ) ( , )H
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Figure 3: The reliability function of the system modified by hot  duplication
method

2.3.The Cold Duplication Method
Consider that the system is improved by improving m, 1<m<n of its

components according to the cold duplication methods. Let RC
(m)(t) denote the

reliability function of the system improved by improving m of its components
according to cold duplication methods. The function is obtained as follows:
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     Figure (4) shows ( ) ( , )C

mR u v  with
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Figure 4: The reliability function of the system modified by cold duplication
method

3. The MTTF’s
Let U and V be independent random variables as 1  , then
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The system MTTF for U or V is defined by
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3.1. MTTF According to Reduction Method
It is given as ( ),rMTTF  .  Using binomial expansion, we write
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3.2. MTTF According to Hot Duplication Method
It  is given as ( )

H

mMTTF . Using binomial expansion., we write
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3.3. MTTF According to Cold Duplication Method
It is given as ( )

C

mMTTF .  Using binomial expansion, we write
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 Table (1) gives the MTTF(original), ( )

C

mMTTF  and ( )

H

mMTTF , ( ),rMTTF  when

0.92,rm2,,5.1,3,2,4 2121  n

Table 1:  Value of system MTTF for various additions of spare

C
mMTTF )(

H
mMTTF )(),(rMTTFMTTFVariable

.07275.13294.25963.1531lifetime
6.08374.56084.4554.1655usage

4. Reliability Equivalence Factors
Generally, the reliability equivalence factor is defined as that factor by which

the failure rates of some of the system’s components  should  be reduced in order to
reach equality of the reliability of another better system . In what follows, we present
some of reliability equivalence factors of the parallel system.
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4.1. reliability equivalence factor ( ),( ),( ) ( )H
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The hot reliability equivalence factor, say
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factor   by which the failure rates of r of he system’s components should be reduced
in order to reach the reliability of that system which improved by improving m of the
original system’s components according to hot duplication method That is,
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Using (14) and (15), we find

1 1
( ) ( )( ) {ln[1 (1 ) ]/ ln[1 (1 ) ]}

( ), ( ), ( )

m r

r n m n mH
m r

   


     

(16)

4.2. -Fractiles
The -Fractiles of original and modified system are presented in this section.

Let ( )U  be the -Fractile of the original system. Also, let ( )H

nU  denote to the  -
Fractile of the modified system obtained by improving m of the system's  components
according to hot duplication methods. The fractile ( )U   can be found by

solving the following equation with respect to (U)
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Using (4) and (17), we can find that
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The fractile ( )H

nU   can be deduced by solving the second equation in (13)

with respect to (U) as follows:



Reliability Equivalence Factors of … 41


1

2

1

1)( })/(])1(1/[1{[ln[)( 2vu mnH
m  

(19)
Table (2) gives the - fractile and the reliability equivalence factors of the

system studied here. It represents the - fractile and ( )
( ), ( ), ( )
H
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 respectively. In these calculations, the
level is chosen to be  = 0.1, 0.2, ……, 0.9..

Table 2: The -fractile  and ( )
( ), ( ), ( )
H
m r

 

)()5.0(),3(),2(  H)()5.0(),2(),2(  H)()5.0(),1(),2(  H)()2( Hu)()2( u

0.75660.67830.52060.03360.80260.1
0.70830.61730.43991.50823.72360.2
0.66890.56860.37883.50686.56370.3
0.63240.52430.32625.56569.20830.4
0.59610.48120.27817.648211.7280.5
0.55790.43700.23199.793914.2050.6
0.51550.38920.185912.08516.7390.7
0.46420.33350.138014.68619.4810.8
0.39170.25940.084218.03722.7950.9

5. Conclusion
In this paper, we have discussed the reliability equivalence of a parallel system

with identical and independent components. It is assumed that the components of the
system had a two-dimensional failure modeling for a system where degradation is due
to age and usage . Three ways namely the reduction, hold duplication and cold
duplication methods are used to improve the system reliability. A reliability
equivalence factor is derived. A numerical example is used to illustrate how the results
obtained can be applied.
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