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Abstract

In repairable redundant systems the failed units can either be repaired or replaced by
identical standby to reduce the system down time. The failed units are inspected for
repair/replacement. In this paper, two stochastic models for 2(k)-out-of-3(n) redundant system of
identical units with repair and inspection are examined stochastically. The system is considered
in up-state only if 2(k)-out-of-3(n) units are operative in both the models. Normally, the server
either attends the system promptly or may take some time, after failure. The system is studied
under an operational restriction on the inspection i.e. in case when system has only one unit in
operational mode the server has to attend the system for inspection. Semi-Markov processes and
Regenerative point technique is adopted to obtain the expressions for measures of system
effectiveness such as transition probabilities, mean sojourn times, mean time to system failure,
steady state availabilities, busy periods, expected number of visits etc. Cost-analysis is aso
carried out for the system models.

Key words. Stochastic modeling, performance analysis, operationa restriction, arbitrary
distribution, re-generative point, semi-Markov process.

1. Introduction

Redundancy techniques are widely used to improve system performance in
terms of reliability and availability. Among various redundancy techniques standby is
the simplest and commonly accepted one. In genera there are three types of standby;
cold, warm and hot standby. Hot standby implies that the redundant (spare) unit or
component has same failure rate as when it is in operation mode where as in case of
cold standby the failure rate of the redundant unit or component is zero and it can’t fail
in standby mode. Between hot and cold there is an intermediate case known as warm
standby. In this case the failure rate of redundant unit lies in between that of hot and
cold standby.

In order to reduce the down time redundancy is necessary. In literature, many
researchers have been discussed the reliability and availability of standby systems in
detail by considering different cases and strategies such as by considering weather
conditions [2], replacement policy with spares [3], random appearance-disappearance
time of service facility [4], preventively maintained identical units [5], genera
distributions [6], correlated failures and repair [7], multiple critical errors [8], dissimilar
unit system with perfect or imperfect switch [9], complex standbys (cold—warm,
warm—cold etc) [10]. Further, Yadvalli et al. [11] deat with asymptotic confidence
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limits for the steady state availability of a two-unit parallel system with preparation
time for the repair facility. Edmond et al. [12] carried out reliability analysis of a
renewable multiple cold standby system. Some recent related and extended text is
reported in [13-15].

In this paper two probabilistic models of a 2(k)-out-of-3(n) cold standby
system are examined stochastically. Such systems found applications in various fields
including the process industry, power plants, airline companies, medical diagnosis,
network design and many more. For such a system when an operating unit fails the
standby unit becomes operative and the system works if at least 2(k)-out-of-3(n) units
are in operative mode. In model |, server attends the system promptly whenever needed
and first inspects the failed unit to see the practicability of itsrepair. If repair of the unit
is not practicable, it is replaced by new one so that unnecessary expanses on repair can
be avoided. In red life, it is not always possible for the server to attend the system
swiftly when required may because of his pre-occupation. In such a situation server
may be allowed to take some time to reach the system. But it is urgently required that
the server must arrive at the system promptly in case of urgent situation. In model 11,
the server takes some time to arrive at the system when 2(k)-out-of-3(n) units are
operative. While in case when the system has only one unit in operational mode the
server has to attend the system swiftly for inspection due to operationa restriction
imposed on it, so that the down time of the system may be reduced. The switches are
perfect and instantaneous. Failure time follows negative exponential distribution while
repair and inspection times follow arbitrary distributions. All the random variables are
mutually independent and un-correlated. The expressions for various measures of
system performances such as transition probabilities, sojourn times, MTSF, availability,
busy period of server, expected number of visits and profit function are drawn for
steady state.

2. Notations
No Unitsin normal mode and operative
N, Unitsin norma mode but not working
S ith transition state
Cs Unit in normal mode and cold standby
alb Probability that repair is useful / not useful
A Constant failure rate of an operative unit.

;j(t) / Qy(t) pdf / cdf of first passage time from a regenerative
state i to aregenerative state j or to afailed state
without visiting any other regenerative state in (0,].

Oij()/Qijur(t)  pdf / cdf of first passage time from a regenerative
state i to regenerative state j or to afailed state j
visiting statesk, r oncein (0,t].

h(t)/H(t) pdf / cdf of ingpection time
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w(t)/W(t) pdf /cdf of waiting time of the server to arrive at the
system.
a()/G(t) pdf / cdf of repair time of the server.

Fuil Fal FuilFy Unit is completely failed and waiting for inspection /
waiting for ingpection continuously from previous
state/ under inspection / under continuous inspection
from previous state.
Fuii Failed unit under immediate/ urgent inspection.
F./ Fur Unit is completely failed and under repair / under
repair continuously from previous state.
Pii/ Dij e Probability of transition from regenerative state i to a
regenerative state j without visiting
any other statein (0,t] / visiting state k,r once in (0,t]
iepy =lim,_ o q5 (s)and pjjie = limy_; g5 (5)

* 5] Laplace/ Laplace-Stiltje’s transform.

3. Transition states

The following are the possible transition states of the system.
For model-|

So = {No. Np.C5}. Sy = {No. No.Fyi}.52 = {No.Fi. Fys}.53 = (N Nou Fr 3. 54 =
(Mo, Boi  Fyr ). Ss = (Mo Ry By )
The states S, S;, S; are regenerative states while states S,, Sy, S are failed and non-

regenerative states.

For model-I1

S0 = (No. Np, C,} 5y = (Now N Fyi ). 53 = {No Now Fyi 3. 53 = {No. Nou Bir 3,55 =
{TD Fei F;-!l'}-
§s = {Np. Ry Fip 1. Sg = Ny, B Fpd. 57 = (N By Fyg )

The states S, Si, S5, S3, Sy are regenerative states while states Ss, S, S; are non-
regenerative as well asfailed states. S, is regenerative but failed.

4. Transition probabilities

Simple probabilistic considerations yield the following expressions for the
non-zero elements

pij = Qi) = [ gy (D dt as 4.1
For model-I
Por = Lpyp = bR (2A). py; = 1= h*(22), py; = ah*QA).py =

g (22), gy = {—g"(22)},
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Prua = bl =" QUL py 25 =a{l — B Q) pay 4 = Pas (4.2)

It can be easily verified that

Por = 1=pPio +P12 = Pao +Pes = Pao T Ps1s =Po P13 T PuztPuas

For model-11

iz =1, =w'A).py, =1 —w (22,5 = bh* @A) 1y =

ah®(22).ps = 1 = h*(24).

Pas gz = ﬂ{l - h'ff&}}jﬂg: = 9’(2«}\]-%- =1- E'{Z—lj.lu]:,‘ =1-

g (21).ps; = b =pg;.

Pas = Q= Pgs.Psz =Pz = Lpzs=a (4.3)

It can be easily verified that
Por = 1=pa +Pa =P tPs tBis S ProH 837 = Pas H a2
= Paz + Pas =Psz =Pez TPes =Pz

5. Sojourn times
The unconditional mean time taken by the system to transit to any regenerative
state § when it (time) is counted from epoch of entrance into that state, is given by

my; = [y td{Qy;(£)} = —q7;(0) (5.1)
The mean Sojourn timein the state S is given by
u; = E(t) = |, p(T = t)dt, T denotes the time to system failure. (5.2)

Using these, we have following expressions for mean sojourn times
For model-|

o= .py = {1 — @D}y = {1 - g"(2)) (5.3)
For model-I|
o=y = {1 —w' @by, =01~k @I =1 -g°QD} (54

6. MTSF Analysis

On the basis of arguments used for regenerative processes, we obtain the
expressions for cdf (@;(t)) of first passage times from regenerative state i to a failed
States

0;(t) = L;; 04;(t) 3 0;(2) (6.2)

Solving above recursive differential- difference equations (6.1) for B,(s)
using Laplace and Laplace-Stiltje’s transforms and letting t— i.e. s>0 we get in the
long run the expected time for which the system is in operation before it completely
falsas

MTSF(T)) = limy o R (5) = limyg =t = ~£,i = 1.2 (for model —

E .
I and model — Il respectively) (6.2)

Ny = —[2+h*@22)] and Dy = [1 - h*(20)] (6.3)
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N,, = il 24+ w* QDA (21){a — 1 - ag"(22)}]land Dyy =
1—w QDA b + ag (220 (6.4)

7. Availability analysis
7.1 Steady state availability
Let 4; (t) be the probability that the system isin up-state at instant t given that
the system entered regenerative state i at t=0.The recursive relations giving
point-wise availability 4; (£} are given as
4; (t) = M, () + E:_i [qj_i'l:t-:] + Qijir LEJ] = "i;f:t.] (7.1.1)

M; (t) represents the probability that the system is up initially in regenerative
state 5;, isup at time t without passing through any other regenerative state or returning
to itself through one or more non-regenerative statesi.e. either it continues to remain in
regenerative state 5; or in a non-regenerative state including itself.

for model = I: M, (t) = e~ M, () =™ A M, (t) =~ ¢ (7.1.2)
for model — II: My (£) = 2% M, (t) = ¢=** W().M;(t) =

=24t f7(s (+) = =24t &
e M A M (t) =721 G (7.13)

Solving above recursive relations (7.1.1) for 4;(s) by using Laplace transform
and letting t—o i.e. s—>0 we get the asymptotic availability of the system models as
A=) = A), =lim,_ o545 (s) = ;—‘-' i = 1,2 (for model — [ and model —

I respectively) (7.1.4)
Ny = 1/2i and Dy; = 2[(b 4+ ag" DI CA) + ok (D) {1 - 5 @) -
g {1 - g*@}}] - n*2)
N, = il 2w Dlall+r 20 g QI+ - DR 20 +
{1 —g*QORr" (21} and
D =R QDG +a)g D) () (1 + w' @D} +1+all - g" QDI -
g (0} - {1 —w@DHb + ag* @OHA + 2h* ()] - #*(0) +af1 -
h* DY —g°(0) - r*(0))
(7.15)

7.2 Interval availability
The probability that the system isavailable for useininterval [0,t] is given by

e Ay (1)

4, = f_ff A (W)du e JAL(s) = [T =gy (7.2.1)
Expected up timein (0,t] is

typ (8 = [ A (w)du (7.2.2)
Expected downtimein (0,t] is

gt =t —u :._:1&-} (7.2.3)

Above values can be obtained numerically by using the concept of Laplace transform.
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8. Busy Period Analysis
8.1 Expected busy period of server inlong run

Let B,(t) be the probability that the server is busy at an instant time t given
that the system entered the regenerative-state i at t=0.Then recursive relations for
B;(t)aregivenas
B:(t) =w:(®) + I;; [q:;(8) + ;- (1)1 © B;(1) (8.1.1)
for model — I: W, (t) =
[¢7%* + {21e7** @1))F + {24e¢~** ©ah(t)©1))C and

W () = [¢7% + 22724 01))C (8.1.2)

for model — II: W,(t) =
[e=2 4+ (222~ @1)]H () + [ (226~ @an(r) ©1)]6 ()

Wy (8) = [e7* + (246~ @1)]G () . W, (&) = H() + {ah(t)®1)5(2) (8.1.3)
W, () represents the probability that the server isbusy in state 5; up to time't
without making any transition to any other regenerative state or returning to the same
viaone or more non-regenerative states.
Solving above recursive relations (8.1.1) for E5 (s} by using Laplace transform and

letting t—oo i.e. s—0 we get, asymptotically, the time for which the system is under
repair as

Bio () = Bjp = lim, o sB5 (s) = 72,1 = 1.2 (for model — I and model -

II respectively) _ (8.1.4)
Ny = —h*(0) — ag* (O[E;(0) + h* (22)]

Ny = —h*(0) — aE;(0)g°(0) — {1 — w QUMb + ah* (22) g~ QIR () +
aE;(0)g* (N (8.1.5)
E(®) =, 1-e 2 pl)duand E(©) = J, h(u)du (8.1.6)

8.2 Expected busy period in (0,t]

The expected busy period in (0,t] is given by

“;—:'&} = _i.; Bip (u)du (8.2.1)
Numerical values of these time periods can be obtained for particular values of t.

9. Expected Number of Visits by the Server

Let N;(t) denotes the expected number of visits by the server in (0,t], given
that the system entered the regenerative state i at t=0. The recursive relations of N;(t)
aregiven as
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Ni(®) = I, Q; (D B [6;; + Nj()]. s.¢. 6=
f1:if there is a visit in transition from i — j
L 0: otherwise
(9.2)
Solving above differential- difference equations (9.1) for ¥;(s) using Laplace
and Laplace- Stiltje’s transforms, and letting t—o i.e. s—>0 we get, asymptotically, the
expected number of visits per unit time of the server as

i = 1,2 (for model — I and model — Il respectively) 9.2)
Ny = [b+ag"QOIN QD). Nz, = [b+ah" Q) g™ A)]w" (22) (93)

10. Expected number of restrictive visits by the server

Let V; (t) denote the expected number of restrictive visits by the server in (0,t],
given that the system entered the regenerative state i at t=0, for model-I1.
The recursive relations of V; (t) are given as

Vi) = Z Q:;; () B [6; + V(1)) s.t.

- _ (1 :.f there is a visit in transition fromi— j

“CT 10 otherwise (10.)
Solving above differential - difference equations (10.1) for (=) using Laplace

and Laplace- Stiltje’s transforms, and letting t—oo i.e. >0 we get, asymptoticaly, the

expected number of visits per unit time of the server as

Vap (2) =V =lim,_osN,(s) = %‘i (10.2)

Nais = {b + ah*(20) " (2D}{1 - w*(20)} (10.3)

11. Cost Analysis
11.1 The expected profit gained in (0, t]

Profit= total revenue in (0,t]- total expenditureincurredin (O, t] i.e.

P (t) = [Reypuyp (0] [heqpup (&) +heg Ny (8) + K, Vag (8] (11.1.1)
Where k;= Revenue per unit up time for the system

ko= Cost per unit time for which the system is under repair

ks= Cost per visit by the server

k4= Cost per restrictive visit by the server in model-11

11.2 Expected profit per unit timein steady stateis given by

B.(ce) = lim,_. 22 = lim,_, s2P" (s)for i=1,2 (11.2.1)
Fi = kA — k3B — kaNyy — gV (Note: fori=1, ¥, =0) (11.2.2)
Summary

A 2(k)-out-of-3(n) cold standby system of identical units with arbitrary
distribution of repair and inspection under operational restrictions is studied in this



92 Journa of Reliability and Statistical Studies, June 2011, Vol. 4 (1)

paper. Expressions for various system performance characteristics are drawn by using
semi-Markov processes and re-generative point technique. By using these expressions,
the analytical as well numerical solutions of measures of performance can be obtained
for some specific systems in transient and steady states. The models developed in this
paper are sufficiently applicable, with corresponding minor or major modifications, to
many industrial or real systems such as power plant, communication system, and waste-
water treatment plant etc.
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