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Abstract

This paper deals with the estimation of square of coefficient of variation which is
comparatively a more stable quantity using ratio type estimator. Its bias and mean square error
(MSE) are found to the first order of approximation. An optimum subclass of estimators is also
obtained and a comparative study with the conventional square of sample coefficient of variation
estimator is made. It has further been shown that estimation of parametric values involved in the
optimum subclass does not reduce the efficiency of the proposed estimator. An empirical
example showing the increased efficiency of proposed estimator over square of sample
coefficient of variation estimator is also included as an illustration.
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1. Introduction

The use of auxiliary information can increase the precision of an estimator when study
variable is highly correlated with auxiliary variable x. There exist situations when information is
available in the form of attribute y which is highly correlated with variable y under study. For

example (i) y may be use of drugs and i may be the gender (ii) y may be the production of a
cropand i may be the particular variety.

Let there be N units in the population. Let (Y;,y,), i = 1,2,...,N be the corresponding
observation values of the i unit of the population of the study variable Y and the auxiliary
variable i/ respectively. Further we assume that y/, =1and w,=0,i=1,3, ..., N depending
upon if it possesses a particular characteristic or does not possess it. Let 5 — ZN: v and
a = Zn: v, denote the total number of units in the population and sample respectively

i=1

possessing attributetyy . Let P = % and p = 2 denote the proportion of the units in the
n

population and sample respectively possessing attribute y . Let a simple random sample of size

n from this population is taken without replacement having sample values (Y; ;) ;i =1.2, 3,
ey N
Using information on single auxiliary variable (1 ), the estimator c 2. for estimating the
1 N ( —\2
z Yl -Y )
N -1 =il of characteristic
Y

square of population coefficient of variation ¢ 2=

under study y is proposed as follows;
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SR e3))

C =
where k is the characterizing scalar determined by minimizing the mean square error of (f FfA
and Yy is the sample mean of y values, p and P are sample mean and population mean of
auxiliary variable (/) respectively.
n N
ie. p:lzl//ianszizv/i
ns N =

Assuming that first n units have been selected in the sample from N units of the
population using simple random sample without replacement.

1 1 —\2
_T_l;(y.—y)
2

Let, ¢'2=

y

be the usual estimator of C 'i

2

Further, let #,S_—i( )( - — )s and 7 = izﬂ 2., Y =1L
N3 n =

71z, vioz
Now, let V=Y +e,, p=P+e, 7=27+e, (1.2)
Sothat E (e,) = E(e,) = E(e,) =

1
~ n -
Fromequation (1.1), ¢C2

+ e, ,)e, + 2k

e

1

-1
(“LJ v
_n { 2 - 2Y (1+ C?

v/ 2
_(2k? + k)\;z % —2%+3(1+ Cj)ej} (13)

1
up to order (—}
n

Now taking expectation on both sides and using this value, we get,
gias (€2, )= E(C2 )-c?
C? [ 2 (2k2 +k)

3 2 2
—to| o Eee) + E(e/ )—¢—2(1+CY)E(60)} (14

Now, using the following expression for a simple random sample of size n without
replacement from a population of size N,
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1 1 N 1 1 N
E(e’)=| = - —|——— , E(e?)=| ——- —
(e7) [n NJN_lum (e7) (n NjN_lﬂoz
1

1 N -
E(e,e,) = (%—%J NN— Hay E(e1ez) = (H_ WJm(ﬂn + 2Y/u11)

1
1 1 N — —
E(ezz):(F_W]N _1(#40+4YILI30+4Y Zluzo_/uzzo)

E(ere) = [ - | g (o + 2V0)
)R

Now from equation (1. 4) we have

Bia{é;\): 2 [E_ij N |:Y3I%+M (3Cz 1)#20j| (L5)

n N/N-1 p?
2. Mean Square Error (MSE) Of Estimator C:A
The Mean Square error of estimator ésA, to the first order of approximation, is given by
MSE (é;A)= E(é;A - cf)Z
= E{ez —2Y (1+C2)e, + 2K Y_?zel}
Substituting the values of expectations involved, we get

_4

2 1 1 N
MSE (C:A): (F_W]mli:uw :uzo + 4k /u21 + 4k2 p? =7 He

+ 4Y °C ;,uzo

- 4vC jygo} (2.1)

3. Minimum MSE Of C2,
Using principle of maxima and minima we obtain optimum value of k from equation
(2.1) minimizing MSE (é 2 ) as follows:
P

= g = 2VC Ja) =k (say ) (31)

for this value of ko, MSE of CRA is minimum and is given by,

. 2 1 1 N —
MinMSE (CR%A) :(F_Wj N — l[ 40 /uzzo _4YCy2:uso +
vV 24 1 v (2 2
4y Cyluzo__(:un_ZYCy:Uu) :| (32)
Also we know that
(1LY N L i . avec 23
MSE (cy)—(n N]N_l[um Wl —aVC uy + 47 °C s, | (33)

It may clearly be seen from equation (3.2) and (3.3) that the estimator c 2. has less

mean square error than that of Cy2 , and therefore, Cf:A is more efficient than the

conventional estimator C yz , in the sense of having lesser MSE.
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4. Estimation of Optimum Class of Estimators

In case of optimum value Kk, of k in (3.1) or its guessed value being unknown that is the
population parameters involved in the expression of k, may be unknown in practice, the
alternative is to replace these parameters by their estimates from sample values. Thus for large N
or simple random sampling with replacement, replacing ,uﬂ,/lu,,uoz,cyz and Y by their

estimators.

A ., A 1 . _
My = — y) (l//I — p) ,Llll = —z (y| - y)(l//| - p)
- i=1
1 n
. 1 g NP\
Hep = _z (l//i - p)2 Cr* = 71 !
n— 1 = y yz

and \?:y respectively, we get the estimated optimum value IZO to be

~ P 1 A

ko =— — A_(/uzl 2yC Hyy) (4.1)

2y 02

Some times in practical situations t4, may be known in advance as it is related to
auxiliary variable ,, and in such situations we do not need £4,.Hence the mean square error of

the resulting estimator C::\ depending on the estimated optimum value of k as [IZULt and to the
first order of approximation is given by,

Ci = nl_l{lz: ! _n{Y(ngo} 1 (4.2)

Yz
Assuming 1[121 =Hy t 83,,&02 = Uy, T €, ’1&11 =My t+ €
’ = C;z + e, with E(e,) =0,1=3,4,5,6.

et

-3
:—n{a +e, —2Y(1+C e, + 2K

2

'<I

=

N 2 ee
—(2k2+k)Fef—2%+3(l+Cy2)ej 4.3)

up to order [lj
n

i o
Now the Mean Square error of estimator CRA is given by,

mse Gz )=z -c:f
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—E{ez—ZY_(lJer)eo— M el} where , M = {,uﬂ —2Y_Cy2,un}

02

Mz E(e})+4Y(1+C}) M

02 02

—4Y (1+C})E(ee,) - oM E(ee,)
02
Substituting values of expectation terms involved, we get

2o 1 1 N - T2 M ?
MSE(C:A): (H_ﬁjm{ﬂm — M3 _4ch2/u30 +4Y 2Cy/'tzu - j|
02

=E(e])+4Y*(1+C?)*E(el) +

E(e.e,)

which is same as MinMSE(éFfA) given by (3.2).
Thus, if the optimum value of k is not known, it can be estimated by (4.1) and the mean

square error of the resulting estimator C;; is equal to that of C;A with optimum k given by

(3.2). So in the light of practical utility C;} may be preferred to C:A without loosing efficiency.

5. Empirical Example

From the data dealing with the number of Labourers X (in thousands) and the quantity of raw
materials Y (in lakes of bales) for the population size N = 20, the required value of population
parameters are calculated, the variables Y and X are positively correlated. Here we associate a

qualitative variable i with X and take 7 =11f X > 400 & yw =0 if X < 400. Further to

study the property of proposed estimator, random sample of size 8 is taken and required sample
values has been calculated. [Data Source: P.Mukhopadhyay, p. 96]

Yy =415 P =0.55 C=0.052808 14,=1058. 1, =-401201F,

M, =35456.4125 | u, =1.825, w,, =194834.208

And for n =08

p=0428, y-a4, 4, =194941 4170 , ¢’ =0.05916, /i, = 2570.3393
i, =-50516 .9520 , i, =712400625, 4, =114.5357 , g, =-1101.5179
Using above values, we get

mse (€2, )= [%-%}(%}(ma? 25186 )

and MSE (é j): [l - %)[%)(19652.2979 5)
n -

The relative efficiency of CjA with respect to (fyz is,
mse (C?)

E = /X100 % = 172 .5816 %
MSE (CZ

Showing that the proposed estimator C :A is better than C yz in the sense of having lesser

. - ~2 é 2 . é 2
mean square error. Relative efficiency of CRA over \~, based on estimated MSE of L, and

2 .
CyIS

E
E = 24 x100 % = 1425535 %
Se(cz)
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