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Abstract

In this paper, we have proposed a generalized class of double sampling estimators based
on ratio type estimators for estimating the population mean of the study variable utilizing the
available information in the form of known population parameter(s) of two auxiliary variables.
The asymptotic expressions of bias and mean square error (MSE) of the proposed class of
estimators have been obtained. A comparative study has been made with usual estimators
available in the literature. The proposed class of estimators is found to be an improvement over
chain ratio type estimator proposed by Chand (1975) and includes Sahai (1979) and Sen’s (1978)
estimators as special cases.
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1. Introduction
Let us consider a finite population U =(U,,U,,..,U,) of size N and let Y, be the
observation on the study variable y for the i" unit of the population (i=1,2,..., N ). Also let X,
and Z; be the observations on the auxiliary variable x and z respectively for the ith unit of the
_ _ N _ N
population U, (i=1,2,..,N ). Further, let Y =%ZY X =%in and Z =%ZZi be the
i i=1 i=1
population means of y, x and z respectively.
Let the two phase sampling scheme be such that

(i) The first phase sample s' of size n' (n'<N) is drawn from the population by
SRSWOR to observe x and z only;
(i) Given the first phase sample s', we select a second phase sample s (scs') of size

n (n<n') by SRSWOR.
Further let X and y be the sample means of the variables x and y respectively based

on second phase sample s of size n; X' and Z' the sample means of the variables x and z
respectively based on first phase sample s' of size n'. In order to estimate the population mean

Y of the study variable y and assuming that coefficient of variation C, of variable z is known,
we propose to use

G oy b (1-B)C, +BC',
o =Y X+AX—X') C,
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=[x C,-C,)
YSD_y{i'+A(i—7)H1+B C. } (2.1)

1

WhereC' = S__Z is a consistent estimator of C,and s,'=,|— 1Z(Zi -7')* is the sample
z n— ies’

standard deviation of variable z. The use of coefficient of variation can be justified by the fact

that the population coefficient of variation is a very stable quantity over time, see Murthy (1967),

Sen (1978) etc. It may be noted that Y_SD can be seen as the combination of Sahai’s (1979) ratio
type estimator and Sen (1978) estimator, which are also the special cases of the above mentioned

estimator when B=0 and A=0 respectively. Also that \ED Can be seen as a chain ratio type

estimator on the lines of Chand (1975), Kiregyera (1980, 1984), Upadhyaya et al (1990), Singh
and Singh (1991), Singh et al. (1994).

2. Bias and MSE Of Y_, under Double Sampling
In what follows the following notations are needed under the assumption that the

population size N is so large that the sampling fractions% , nﬁ can be ignoredand N -1=N.
N

,upqr:%Z(Yi—?)p(xi—)?)p(zi—Z)', wherep, g and r are non negative integers.

i=1

N _ n _ n —
Sj:LZ(Yi—Y)2 , Sf:LZ(Xi—X)Z and SZZ:LZ(Zi—Z)2 are population
N-1F 13 N-1F

SZ 2 2
variances of y, x and z respectively; C’ = Y—YZ = % C’= ;*2 = ;)%0220 and C? :% = %
are population coefficients of variation of y, x and z respectively.

Also p, = Fay oy __ Hm

P, yz = 1% xz
\/ HozoHo00 \/ HoooHooz \/ Hozotooz

1 = Hapz 1 = Hoip B, = /‘0032 and B, = Hooa

* _V'Sf P stz l /“ooz3 /Uooz2
Suppose Y =Y (1+g,) , X=X (L+g),X'=X(1+¢e), Z'=Z(L+e,) and s = S?(L+e,) such that
E(e,)=E(e) =E(e) =E(e,) =E(e;) =0 (2.1)
EO X 1-B)C, +BC'
Consider Y, =VYi— X_ — ( )C. <
X+AX-X") C,

=Y+ eo){1+ A(el_e,i)} {@-B)+B(l+e,)"*(L+e,) "}
l+eg
=Y (L+e){l- Alg —e)+e) " + Al(e —e) (1 +e) " +...

{(1— B) + B(1+%e'3 —%e'f F)1—€ +el+ )}
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= Y(+e){l- Al —e)d—e+e’+..)+ A'(ef +€ —2e€)(1—2¢ + €7 +..) + ..
{(1—B)+ B(l—e‘z+%e;+e'22—%ef—%e'zeﬁ...)}
= Y(+e){l-Ale,—e e +e° +..)+ A(ef +8° — 288 +..) +..}
{(1—B)+B(l—e'z+%e‘3+e'22—%e§—%e’zeﬁ...)}
= ‘7{1+ eo—A(el—ei—elei+ef+e0e1—eoei+...)+Az(ef+ef—2e1ei+...)+...}
{(1—B)+B(l—e'z+%e‘3+e'22—%e§—%e’zeﬁ...)}

=Y[l+e, - Ale, —e, —ee, +e+e.e, —ee, )+ A’ (e? +e?-2¢ee,)
+ AB(ee, —¢', e, —(1/2)ee’,+(1/2)e', €",)
+B(-¢e',+([/ 2)e',+e'2—(1/8)e":—(1/ 2)e', &', +(1/ 2)e &', —€,€", ) +......]

(2.2)
As we know that
C2 c? . c2
E(e)=—". E(e)—— E(e?)= E(ee)—*’E(ezz):n%,
E(eoel):@ ) E(eoei)Z@ , E(EOQ):M E(ee )= E(ele )= psz C, ’
E(e‘Z) (ﬂzz 1) E(e e ) Ty E( E _
)= = ee,)=E(ee,)=—2and E(e,e,) = .\/ﬂTzCz 2.3)

Taking expectation of (2.2) and using (2.3), we have
E(?SD) = 7[1— A{—E(e1e'1) +E(8")+E(ee,) - E(eoel')} + AZ{E(el'z) +E(%) - 2E(ele1')}

+B{E(e;2)—%E(ef)—%E(ege;n%E(eue;)— E(euez‘)}+AB{E(e1e;)— E(e;ez')—gae;e;)+§E(e;e;>H

= 11 B 1 1 1
T (-2 -an,c.s Ble-2a -0 1AC 340

(2.4)
2Y
showing that the proposed estimator is a biased estimator of population mean Y and its bias is
glven by

B(YSD) E(YSD) Y
:V[[%f?j(AZCf*ApxnyCy)Jr%{Cf ~(B-1)- \/Ecz 2 A, pyzcyczH (2.5)

Considering the mean square error of the proposed estimator YSD by using (2.2) we have
MSE(Y_SD) = E(Y_SD _Y_)z

2
=Y’E {eo - A(e, &) +B(-¢, + %eg)} (to the first order of approximation)
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= Y[E(e;) + A{E(e)) + E(e}) - 2E(ee)}+ B{E(e) + (L/ 4)E(e? ) - E(e’, €},)}
—2A{E(ee) - E(ee})}-2B(E(ee,) - (1/ 2)E(eg,)}
+ ZAB{E(elez) - E(ell elz ) - (1/ Z)E(ele|3 ) + (1/ Z)E(ell els )}]

| Cho(1 1 B? B? B? B B
:Y{TH[H—;](AZCXZ “280,C.C) - Cl (B ~1) = RLC, -2 50, CC, + A,

_|c? 2 2
:vz[Tu(%f%J(Ach 72ApxnyCy)+%{(ﬂu B -1)+(2¢, ~Ba) }+§(zﬂ -2p,C,C, )}

(2.6)
The optimizing values of the characterizing scalars are given by

Z(Zpyzcycz B EYZ)

2
(1822 _ﬁlz _1)+(2Cz - \jﬂlz ) }
The minimum mean square error, under the optimizing values of the characterizing
scalars, is given by

= B'(say) (2.7)

Cc
Ajpt = pxy C7y = A'(Say) and Bopt = {

2

P4C;
=

> 1
MSE(YSD)mm :Y 2[;(1_pfy)cj +

(4, -2p,C,C,)? }
{(B,, ~B.~D+2C, —B.,)°}

21
py
(2.8)

3. Class of Estimators based on the Estimated Values of the Characterizing Scalars
The optimum values of the characterizing scalars are rarely known in practice, hence
they may be estimated by estimators based on the sample data. The optimizing values of the
characterizing scalars can be written as
C, S, X
Ao =y ==

e M
. 2(2p,C,C, - 4,) - YZ YS! g
opt {(ﬂZZ 71)+4C2274\/ZCZ} {4E512ﬁ10011,]+[ﬁ1004;1j}
z? Hooz ﬂgoz
We may take A" and B' asestimatorsof A" and B' such that
A'= /'fuo z
#020 y
2(2 ,&101 _ 1[1102 ]
, VI YHy

(3.1)

4£/}_o§2 _ /‘}oos ]+(/?z)204 _]J
Z ILIOOZ /’1002
~ nmg, -« N.Mg,,

where ;; = =M O = = ) = =
/Llwl m101 /unu mun luozn mnzn luooz mnnz /Jloz (n_2) 'Lloos (n_2)

andl& — n.m, - 3(2n _1)Sx are the estimators with their expected values z4q, , t41o
(n*—=3n+3)

Mo s Moo Higs s Moz @NA p10, respectively (for large value of population size N in case of
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SRSWOR) such thatm,, :ﬁzn:(yi -V (% -X)?(z,-7)" . And let us denote
ILAIMO :#110(1+e4)’[1020 :ﬂ020(1+e5)l/}101 :#101(1+e6)lﬁ102 :#102(1+e7)

IL’}DOZ = ﬂ002(1+ea)’ IL}DOC'I = lLlUUZi(l-i_eB)l Ilj\lnm :ﬂw(l'i'em) SUCh that
E(e)=0,vi=4,5,..,10 (3.2)

The proposed estimator under the estimated optimum values A and B' takes form

iy~ (-8, +BC (3.3)
X +A" (X -X") C,

Putting the values from (3.2) in (3.3) and simplifying we have

' =\7{1+ e, —Ale,—e )+ B(—ez‘ +%e3)}+0(e2)

(3.4)

A

Now the mean square error of the proposed estimator YS; under the estimated

optimum values of the characterizing scalar is given by
MSE(Y,;) = E(Y,, =Y)’

2
=Y?E {eo —A'e, &) +B'(-e, +%e'3)} (to the first order of approximation)
=Y Z[E(eé) +A?{E(@e)) + E(e) - 2E(ge)} + B® {E(e‘f) +%E(e‘;) - E(e‘ze;)}— 27 {E(ese) - E(e8)} - 28'{E(e0e;> —%E(ene;)}
o , o1 S
+2A'B'<E(ee,) —E(ee,) - 5 E(ee,) + 5 E(ee,)

—|CZ (1 1), , B2 —. B
=Y 2|:_y+[F_F](A2Cf - 2N pxycxcy) +H{(ﬂ21 _ﬂlz _1)+ (zcz - ﬂlz )2}+F(/1yz _zpyzcycz)

n
2
_ 22 A, -2p,C,C,
] L o e e ~206,C:) 2
n n {(ﬂzz _ﬂlz _1)+(ZCZ - \]ﬂlz ) }
= MSE(Y_SD)min (35)
which is same as minimum mean square error Of\?SD obtained in (2.8).
4. Comparison with various commonly used Estimators
The sample mean y has the variance
vV 22
V(y) = Ty (4.1)
The double sampling ratio estimator y., = li' has the mean square error given by
X
_.|c?
MSE(Fi) =7 { + [3 —i.j (c: - ZpWCny)} 42)
n n n

The chain ratio type estimator of Chand (1975) utilizing auxiliary information about

- . - _X'Z . .
two auxiliary variable is Y. =Y ——; having mean square error given by
X Z
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= VA 1 1 1
MSE(yRc):Y2 {(Hfﬁ](cf 72pxycxcy)+ﬁ(cyz +sz 72pyzcycz)}

4.3)

SX -
The double sampling regression estimator is Y g, :7+—2y(i'— X) having mean
SX
square error given by
Y2piCy

- Y?
MSE(yLRd):T(l_pfy )Cyz + (4.4)

Further, the minimum mean square error of the proposed class of estimators (or mean
square error of the estimator based on the estimated optimum values) is given by
PC 1 (4, -2p,0,C,)
n n'{(ﬁzz—ﬁh—lﬁ(zcz—mr}
=M (say) (4.5)
Comparing (4.1) and (4.5) we have

2
_ A, —2p,CC
V(V)—M=Y2(1—i,)pfycf+i, ( ve T EPy by z) _ >0

n n n {(ﬂzziﬁlz 71)+(2C27 ﬂlz)}

- oy ol 1
MSE (Yoo ) = MSE(Yep) =¥* | (L= 5 )C] +

min

(4.6)
Comparing (4.2) and (4.5) we have
MSE(Vzy) — M _y? (%7%) (pxzycf n sz _ szycxcy) +i. (Z'yz _Zpyzcycz)

n {(ﬂzz—ﬁu—l)Jr(ZCZ—\/E)z}

2
(1 1 1 A, —2p,C,C,
:Yz[f_ﬁj(cx_pxycy)z"'*, ( Y: yz =y )

n n {(,b’zz B -1+ (2, —\/E)z}

>0

(4.7)
Comparing (4.3) and (4.5) we have

_ (1 1 1
MSE(yRC)_ M =Y2(E_Fj(pfycy2 +Cx2 —ZprCXCy)+H(CZZ _Zpyzcycz)

1 (4, —20,C,C.)
n {(ﬂzz B 1)+ (2c, —\/E)z}

(ﬂ”vz - ZPVZCVCZ )Z
(8.~ 5. ~0)+ (20, VB ) |

(1 1 1 1
:YZ(E*FJ(CX *nycy)z +E(sz *Zpyzcycz)Jr;

. 1C
rovided <-——=* 4.8
p Pr <5 c, (4.8)

Comparing (4.4) and (4.5) we have

2
2 A, -2p,C,C
MSE(VLRU)—M———Y| ( ~ e Z)

n {(,6’22 B ~1)+(2c, —\/E)z}

>0 (4.9)

5. Conclusion

The comparative study shows that the proposed estimator Y_SD as well as estimator Y_SD
based on the estimated optimum values of the characterizing scalars establish their superiority
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over sample mean y , double sampling ratio estimator Y., and double sampling linear regression
estimator Yy 4 (c.f. (4.6), (4.7) and (4.9) respectively). Also the comparison with Chand’s chain
ratio type estimator (c.f. (4.8)) shows that the proposed estimators are better provided the

. C, . -
condition p, < % CZ is satisfied.
y
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