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Abstract

Repetitive sampling is a valuable technique in statistical quality control,
especially when industrial engineers face uncertainty with initial sample
information. This study aims to develop a Conditional Expected Delay (CED)
metric, focusing on scenarios without false alarms prior to a process shift, by
using repetitive sampling for control charts. Additionally, we will evaluate
the performance of control charts with repetitive sampling against traditional
EWMA control charts in terms of CED, considering various smoothing
constants and shift values. Our results demonstrate that control charts using
repetitive sampling consistently outperform EWMA control charts. There-
fore, based on our comprehensive analysis, we conclude that control charts
with repetitive sampling are more efficient and effective than EWMA control
charts.
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1 Introduction

Shewhart control charts offer a straightforward and user-friendly approach
to monitor industrial processes effectively. Typically, these charts are tailored
for making decisions based on individual sample data. The operational mech-
anism of Shewhart control charts revolves around the utilization of three
distinct control limits: the lower control limit (LCL), central limit (CL),
and upper control limit (UCL). If the statistical data plotted on the chart
exceeds either the LCL or UCL, it signals that the process is considered out
of control. For further details, refer to Fu et al. [1] for additional information.
In practical scenarios, there are instances where decision-makers find it
challenging to determine the state of a process definitively. They may be
unable to conclusively classify it as either in-control or out-of-control based
on a single sample. When faced with such indecision, one approach is to
employ a control chart that utilizes repetitive sampling. The sampling process
continues until a final determination regarding the state of the controlled
process can be confidently reached. It’s worth noting that the control chart
employs repetitive sampling functions similarly to the Shewhart control chart
when the sample size is less than or equal to the average sample number
but exhibits greater efficiency in the case of repetitive sampling. The use
of repetitive sampling plans for inspecting finished lots is exemplified in
the work of Sherman [2]. The introduction of repetitive sampling into the
realm of control charts was pioneered by Aslam et al. [3]. Furthermore,
Aslam et al. [4] demonstrated the advantages of repetitive sampling over
the Shewhart control chart, particularly when the sample size matches the
average sample number. For further applications of the control chart employ-
ing repetitive sampling, additional resources can be explored in Mughal
etal. [5], Olatunde A Adeoti and Olaomi [6], Enami and Torabi [7], Al Nasser
et al. [8], Nezhad and Nesaee [9], Olatunde Adebayo Adeoti and Rao [10]
and [11].

Roberts [12] was a trailblazer in introducing the exponential weighted
moving average statistic as a means to enhance the sensitivity of control
charts in detecting subtle shifts within a process. In a subsequent develop-
ment, Olatunde Adebayo Adeoti [13] explored the application of the double
EWMA method in the design of control charts through repetitive sampling.
Building on this foundation, Aslam et al. [14] conducted research on EWMA
with repetitive sampling. Finally, Naveed et al.[15] introduced a modified
EWMA-based control chart utilizing repetitive sampling techniques. Saleh
et al. [16] suggested that the control chart using repetitive sampling should
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be designed to ensure that the average sample number (ASN) is as close as
possible to the fixed sample size.

While there exists a substantial body of literature on control charts
employing repetitive sampling for zero-state scenarios, a noticeable gap
exists when it comes to the design of control charts using repetitive sampling
in steady-state situations. This paper aims to bridge this gap by introducing a
control chart designed with repetitive sampling techniques and assessing its
performance using the conditional expected delay (CED) under condition
on having no false alarms prior to the process shift. We will demonstrate
the effectiveness of this newly proposed control chart compared to the
conventional EWMA control chart across different control chart parameter
values.

2 EWMA and Repetitive Charts

Assume a random variable Y with a normal distribution, denoted as Y ~
N (u,0?). Additionally, let y;j represent the i" value observed at time ¢ from
Y, which provides the mean %, and variance 5% foreacht = 1,2,3,... and
i = 1,2,3,...,n. Define u; as the shifted mean, given by ug + do/v/n,
where: o represents the mean for the in-control process, § represents the
magnitude of the shift in the process and o represents the standard deviation.
With this information in mind, we can describe the EWMA control chart
using both single sampling and repetitive sampling as follows:

2.1 EWMA Chart Using Single Sampling

EWMA control charts are specifically crafted to detect subtle shifts within
a process. These charts leverage both current and historical data to assess
the process’s condition. When employing the EWMA control chart, greater
emphasis is placed on the most recent observations. The EWMA statistic Z,
which hinges on the smoothing constant A ranging from O to 1, is defined as
follows:

Zt = )\yt + (1 - A)Zt_l (1)

The initial value Zj is set to pg. The observation at time ¢, denoted as
Yt, 1s generated from the standard normal distribution. Assume that Z; ~
N, [525{1 - (1- A)*}]) and the EWMA statistic reduces to Shewhart
chart control chart when A = 1, [17]. The time varying lower control chart
(LCL) and upper control limit (UCL) with control limit coefficient L are
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given as

A ¢
LCL; = —L\/M{l— (1-X)*") 2)

A 2t
UCLy =+Ly| ——{1—-(1-X 3

A single sample is selected and statistic Z; is calculated, the process is
declared to be out-of-control when Z; > UCL; or Z; < LC L.

2.2 EWMA Chart Using Repetitive Sampling

Here, we introduce the operational procedure for the EWMA control chart
employing repetitive sampling. This particular type of control chart is
employed when decision-makers remain uncertain after reviewing the initial
sample. The chart operates with the utilization of four control limits: two
inner control limits denoted as (LCLy;, UCL;) and two outer limits denoted
as (LCLya, UCLy2). These control limits are defined as follows:

LCLy = —Ll\/(Q_)\)\){l —(1=X*" 4)
UCLy = +L1\/(2_/\/\){1 — (1= (5)
LCLyy = —L2\/(2 i A){1 —(1-N)*} (6)
UCLyy = +L2\/(2_/\)\){1 — (1= (7)

A sample is drawn from the production process, and the process is
considered in control if the value of Z; falls within the range defined by
LCLs> and UCLys. If there is uncertainty, the sampling process is repeated
until a conclusive decision regarding the process’s in-control or out-of-control
status is reached. The ASN for the repetitive sampling is expressed by

n

ASN - m (8)

where P, is the probability of repetition.
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3 Conditional Expected Delay

In this section, we will explore the distinction between the zero-state and
steady-state concepts in control chart design. When designing a control chart
in the zero-state scenario, a process shift is introduced immediately at time
t = 1 without allowing any subgroups to be in-control initially. It’s important
to note that the performance of a zero-state control chart is assessed using
the average run length (ARL), which represents the expected number of
samples required before the process goes out of control. When comparing
control charts, the one with the smaller ARL is considered more efficient than
others. Conversely, in the steady-state evaluation of control charts, we use
the concept of conditional expected delay (CED)under condition on having
no false alarms prior to the process shift. In steady-state control charts, a
chart with a lower CED is deemed more efficient than its counterparts. CED
is determined by establishing specific subgroups as in-control before any
process shift occurs. More information can be seen in Knoth et al. [18], Riaz
et al. [19], and Knoth [20]. The flow chart indicates the simulation process is
shown in Figure 1.

Input Data
(Control Chart Data)

Calculate Control Limits
(UCL, LCL)

Monitor Process
(Using Control Chart)

fconsidering false alarm before time t

Detect Out-of-Control Signal

ISignal Detected

Calculate CED

Output Result
(Conditional Expected Delay)

Figure 1 The flow chart indicate the simulation process.
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4 Performance Evaluation of the Proposed Chart

In this section, we will present the performance of the proposed control
chart using the CED. We used the several values of § and A in calculating
the values of CEDcondition on having no false alarms prior to the process
shift. The control limits coefficients for two charts are shown in Table 1.
We also reported the values of ASN for the in-control process in Table 1.
We reported the ASN for various shifts in Table 2. From Table 2, it can
be seen that the values of ASN; are close to the fixed sample size 1. For
a large 0, the values of ASN; are slightly away from the sample size. The
algorithm used to determine the values of CED at various values of ¢, § and A
are shown in Figure 1. The curves illustrate the behavior of the smoothing
constant for various values of lambda are shown in Figure 2. Figure 3 is
presented for A = 0.075, Figure 4 is presented for A = 0.075, Figure 5
is presented for A = 0.10, Figure 6 is presented for A = 0.20, Figure 7 is
presented for A = 0.30 and Figure 8 is presented for A = 0.40. We used
6 = 0.10,0.15,0.20,0.25,0.50,1.0, 2.0 in Figures 2-7. From Figures 2-3,
it can be noted that the CED of the control chart using repetitive sampling
is less than the CED of the EWMA control chart using single sampling.
In addition, it is clear from Figure 1, the difference between CED of two
control chart increase as d increase. From Figures 3-8, it can be see that the
CED of the control chart using repetitive sampling and control chart using
single sampling are near to each other when 6 = 0.10. In addition, for larger
values of A, the proposed control chart using repetitive sampling is more
efficient than the control chart using single sampling when § > 0.20.

Table 1 Control limits coefficients

Repetitive Sampling  Single
A L Lo L ASNo
0.075 2.649 1.758 2.6198  1.06
0.0875 2.685 1.888 2.6645 1.04

0.1 2.718 1.913 2.7015 1.04
0.2 2.875 1.967 2.859 1.04
0.3 2.94 2.01 2.925 1.04
0.4 2.975 1.95 2.959 1.05
0.5 2.995 1.974 2977 1.04

0.75 3.011 1.998 2.997 1.04
1.0 3.014 2.01 2.9997 1.04
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Table 2 ASN; for various shifts §
d 0 0.1 0.15 0.2 0.25 0.5 1 2

A L Lo ASN;

0.075 2.649 1.758 1.066 1.089 1.118 1.157 1.207 1.552 1993 1.864
0.0875 2.685 1.888 1.046 1.062 1.080 1.107 1.140 1.361 1.692 1.649
0.1 2718 1913 1.045 1.058 1.075 1.098 1.127 1.345 1.686 1.653
0.2 2.875 1.967 1.045 1.053 1.063 1.077 1.096 1.257 1.757 1.865
0.3 2.94 2.01 1.042 1.047 1.054 1.063 1.075 1.186 1.658 1.955
04 2975 1.95 1.052 1.056 1.062 1.070 1.081 1.179 1.709 2410
0.5 2.995 1.974 1.049 1.052 1.057 1.063 1.071 1.143 1.535 2.509
0.75 3.011 1998 1.047 1.049 1.051 1.055 1.059 1.098 1306 2.675
1 3.014 2.01 1.046 1.047 1.048 1.051 1.053 1.076 1.187 2.142

Values of L1 and L2 for different A

colour
24 - L
- |2

20 i ey s et ——_—————— = .

025 050 075 1.00

Figure 2 The curves illustrate the behavior of the smoothing constant for various values of
lambda.

5 Concluding Remakes

In this study, we have explored the application of repetitive sampling in
the design of control charts, with a particular focus on the Conditional
Expected Delay (CED) process. Through extensive simulation and analysis,
we have demonstrated the effectiveness and efficiency of control charts using
repetitive sampling compared to the traditional EWMA control charts. Our
findings highlight the potential for significant improvements in quality con-
trol processes when facing uncertainty in decision-making. The results of our
study consistently demonstrated the superiority of control charts employing
repetitive sampling. These charts consistently outperformed EWMA control
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Figure 3 CED of two control charts when A = 0.075.
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Figure 7 CED of two control charts when A = 0.30.
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charts across various values of smoothing constants and shifts. The CED
profiles clearly indicated that the control chart using repetitive sampling
significantly reduced the expected delay in detecting process shifts, thus
improving the overall efficiency of quality control. In conclusion, our study
underscores the value of repetitive sampling as a powerful tool for enhanc-
ing statistical quality control. We encourage further research and practical
implementation of control charts employing repetitive sampling to capitalize
on the efficiency gains and decision-making improvements demonstrated in
this study. Ultimately, embracing these innovative approaches can lead to
more effective quality control practices and better outcomes for industries
worldwide. The proposed control chart could be linked to time-dependent
information measures, in order to quantify the uncertainty of the process
Contreras-Reyes et al. [21].
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