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Abstract

Survey statisticians employ randomized response techniques (RRT) to gather
data from the respondents. From time to time, researchers make modifications
to the existing methods, with the aim to achieve some sort of improve-
ment over the previous methods. The improvement may be in terms of the
privacy levels or model-efficiency, or both. In this paper, we introduce an
efficient quantitative randomized response technique which provides efficient
estimates of the finite population mean. Moreover, the unified quantitative
measure under the new suggested technique is also observed to be smaller
than the competitor models. A practical data collection example using the
new suggested technique is also provided to illustrate its real-world appli-
cation. Our findings suggest the new technique performs better than the
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competitor techniques in efficiency as well as in respondents’ privacy level.
Besides empirical results, we have also conducted a simulation study to
show the improved performance. The comparative analysis reveals that our
proposed technique is appropriate for implementation in real-world sample
surveys.

Keywords: Privacy protection, randomized response sampling, relative
efficiency, scrambling variable, sensitive characteristics.

1 Introduction

In this section, we revisit some of the key developments in the history of
randomized response models.

The concept of randomized response models originated as early as 1965
when Warner [1] introduced the randomized response technique as a remedy
to the high rates of refusals in sample surveys. A limitation of the original
randomized response technique was that its applicability only to qualitative
variables. A few years later, this limitation was addressed by Warner [2] who
modified and extended the original technique to accommodate quantitative
variables. Eichhorn and Hayre [3] developed a new scrambling technique
which was based on a multiplicative random noise.

Gupta et al. [4] suggested the concept of optional versions of the quan-
titative randomized response techniques in sampling theory. Gupta et al. [4]
used an additive variable as a scrambling option, in addition to offering the
option of true response. Later on, Bar-Lev et al. [5] introduced an enhanced
form of the Gupta et al. [4] randomization strategy. Gjestvang and Singh [6]
presented a novel survey procedure by utilizing an additive-type scrambling
noise. Diana and Perri [7] developed a new scrambling procedure using
additive as well as multiplicative scrambling variables. Another quantitative
technique utilizing additive and subtractive noise was introduced by Hussain
et al. [8]. For quantifying the overall quality of a given model as a single
value, Gupta et al. [9] suggested a new quantitative metric for comparison of
various models. Murtaza et al. [10] used the correlation among scrambling
variables to introduce a new randomized technique.

Narjis and Shabbir [11] introduced another additive scrambling version
of the Gjestvang and Singh [6] randomization method which improved the
previously developed methods. Khalil et al. [12] worked on analyzing the
effects of measurement errors on the estimators of the population mean of
a quantitative variable of interest. In a recent research, Gupta et al. [13]
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developed a versatile randomized response strategy which enhanced the
Diana and Perri [7] randomization method in overall quality. For further
research studies on randomized response models, one may refer to the
research findings of Chaudhuri [14], Yan et al. [15], Young et al. [16], Saleem
et al. [17], Zhang et al. [18], Azeem and Ali [19], Azeem et al. [20], and
Azeem [21], etc.

Over the decades, although randomized response techniques have
achieved a significant boost in efficiency compared to the early models, there
is still a room for further improvement not only in efficiency but also in the
levels of privacy offered to the respondents. Keeping in view the need for
improvement in the quality of the existing techniques, the objectives of this
study are as follows:

1. To achieve further improvement in efficiency of randomized survey
techniques.

2. To improve the levels of privacy of the survey participants.

3. To efficiently estimate the population’s mean.

Keeping in view the above research objectives, we introduce a novel
randomized response survey technique and show its improved efficiency.
Besides efficiency, we also prove that our proposed technique also achieves
improvement in the unified measure of efficiency and privacy levels. The
improved privacy level compared to the competitor techniques means that
the proposed technique is applicable in sample surveys where the respondents
hesitate to participate due to privacy concerns.

Before proceeding further, we introduce some notations which have been
used in the subsequent sections.

Consider a population containing /V units and let a probability sample of
n units be chosen from the population. Let Y denote the sensitive variable and
let us consider two scrambling variables S and 7. Moreover, we assume that
E(Y)) = py, E(S) = 0, B(T) = 1 V(Y;) = 03, V(T) = 03, V(S) = o2,
where 0}2/, U%, and O‘?g denote the population-based variance of the variable
Y, T, and S, respectively, whereas p1y denotes the mean of Y. Likewise, we
also assume that all three variables are unrelated, which adds to increased
levels of respondent-privacy protection.

2 Some Available Models

This section gives the brief descriptions of some popular competitor models
and their underlying estimators.



274  Muhammad Azeem et al.

2.1 Murtaza et al. [10] Optional Scrambling Technique

This model uses optional response approach where the respondents report
their responses using the following relation.

{Y, with probability 1 — W, 0

TY + S, with probability W,

where « is a pre-assigned constant to be determined by the researcher.
An unbiased estimator is as follows:

o1
i =~ Z Z;. 2)
=1
The variance of [i15; can be obtained as:

. 1
Var(jiiar) = ﬁ[W{ff%(foeruzy) +a’og} + of ). €)

2.2 Salemian et al. [22] Technique
The Salemian et al. [16] is given by:

S, with probability p,
Z=XY, with probability po, “4)
a —Y, with probability ps,

where o denotes a pre-defined constant. A simpler variant of the Salemian
et al. [22] method is given as:

S, with probabilit ,
;o { p v p1 )

a —Y, with probability po.

Based on Equation (5), the population mean can unbiasedly be estimated
by the estimator:

fiSal = ap2 — Z, (6)
where Z denotes the sample mean of the scrambled responses. The variance
of figg is:

1
[p10% + p2o¥ + (1 = pa)(paa® + pi3)]. (7

n

Var(fisa) =
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2.3 Azeem et al. [23] Technique

This model uses optional response approach where the respondents report
their responses using the following relation.

Z=aoaY+S)+(1—-a)(Y +Y5), (8)

where « is a pre-assigned constant to be determined by the researcher.
An unbiased estimator is as follows:

N R
fa= o> 2 ©)
=1
The variance of [i 4 can be obtained as:

Var(jia) = ~[0% +{0® + (1 — 0)(0} + ) + 2a(1 — a)uy }o2. (10)

n
3 Proposed Randomized Response Model

Taking motivation from the study of Murtaza et al. [10] model, we intro-
duce a quantitative randomized response model. The proposed model is
expressed as:

Y, with probability 1 — W, (11
" @S+ [B(T — 1) +1]Y, with probability W,
where 3 denotes a predefined constant.

An unbiased mean estimator using the suggested technique can be
written as:

ip =137 (12)

Here we show unbiasedness of the mean estimator and also derive the
sampling variance of the mean.

Theorem 1: The estimator /i p unbiasedly estimates the population mean py .

Proof: Applying expected value on Equation (12) yields:

Y U DR R
E(ip) = E <n > z) - L B (13)
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Now,

EZ)=1-W)E(Y)+WE[{B(T —-1)+1}Y + aS].

Simplification gives:

E(Z) = py.

Using Equation (14) in Equation (13) yields:

n

. 1
E(pp) = - g Ky = [y .
i=1

Theorem 2: The sampling variance may be derived in the form:

Var(f

p) =

1
~[W{B% (03 + py) + 0’05} + oy ).

Proof: Applying variance on Equation (12) yields:

or

1 n
V(i) = 53~ v
=

Var(Z;) = E(Z?) — [E(Z:))?.

7

We can simplify E(Z?) as follows:

E(Z)=(1-W)EXY?*) +WE[{B(T — 1)+ 1}Y + aS)?,

E(Z{) = (1 = W)(o% + u3)

+ WIE{BXT

—1)2+1+423(T -

Further simplification yields:

B(72) =

W07 (0% + i) + @*Wog + o3 + 3.

Using Equations (14) and (19) in Equation (18) yields:

Var(Z;

Using Equation (20) in Equation (17) yields the required result as:

p)=

Var(f

) =

WB202 (0% + i} ) + a*Wok + ot

1
~[W{B (03 + py) + 0’05} + oy ).

(14)

15)

(16)

A7)

(18)

D} oy + py) + a’o3]

19)

(20)
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Remark: the sampling variance may be unbiasedly estimated as:

. 52 1 - —\9
var(ip) = = = ———— > (Zi = 2)%, @1)

n (n—1)n pot

where Z and s? represent the mean and variance calculated from the sample
data.

4 Privacy and Efficiency Measures

The Yan et al. [15] privacy protection metric is given as:

V=E[Z-Y] (22)
The Gupta et al. [9] unified measure can be expressed as:
MSE
0=—-. 23
N (23)

It is obvious that a smaller value of § corresponds to better model qual-
ity. Under the Warner’s [2] scrambling method, the metric of respondents’
privacy level is given by:

Vw = 0% (24)

The unified metric of efficiency and privacy level can be obtained as:

Vi ~ 1 2 2
by — Yartw) _ 1 [US EJY] . (25)
VW n 0g
The privacy can be quantified as:
Vi = Wlok(o% + p3) + o’o2]. (26)
The unified metric can be expressed as:
Var(fp) 1 [W{o%(o% + 1) + a?ol} + o3
oM = - 2,2 2 2,2 @7
Vum n Wloz(oy + py ) + a?og]
The privacy level using the new suggested model is given as:
Ve = W[B%07(0% + p¥) + a*ag]. (28)
The unified measure under the suggested model is given by:
S — Var(iip) 1 WA{B%c2 (0% + 1i3.) + a?0%} + 0% 29)
PTUVe T n| WBeR(el + ) + a0
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5 An Example of Data Collection

A study was conducted to estimate the average number of times the under-
graduate level students cheated in an examination. The target population
for this study consisted of all of the undergraduate students enrolled in the
University of Malakand, Pakistan. For sample selection, the simple random
sampling scheme was used to choose 50 respondents from the population.
The researcher then generated a total of 100 random numbers for variable
S using a normal distribution N (0, 3). Likewise, the researcher obtained
random numbers for variable 7' from a normal distribution N(1,3). The
researcher chose the values of «, 3, and W as « = 0.4, § = 0.3, and
W = 0.6. To reduce the cognitive burden on the respondents, the factor
[B(T — 1) + 1] in the proposed model was transformed to another scrambling
variable, V, using the transformation [5(7 — 1) 4+ 1] = V. The 100 random
numbers for variables S and V were printed on a deck consisting of 100
cards, where each card presented one random number each for variable S
and V. The 50 respondents selected in the sample were presented with the
deck of cards and a calculator. The respondents were instructed to randomly
select a card from the deck and then follow the statements printed on the
chosen card. The respondents were instructed not to show the card selected
by him/her to the researcher.

Using the values of «, £, and W in Equation (11), our proposed model
takes the form:

Y, with probability 0.4,
_ { D y 30)

VY +0.45, with probability 0.6,

where V' = [B(T — 1) + 1]. Corresponding to Equation (30), one of the
following two statements were written on each card:

(i) 40 out of 100 cards showed the statement: “How many times did you
cheat in your last examination? Report your true response”.

(i) The remaining 60 cards displayed: “Multiply V' with your true response,
add 0.4 times the value of variable .5, and then report the result”.

The reported responses are presented in Table 1.

One may clearly observe from the above table that some of the reported
responses are negative, due to the scrambling process. We recommend the
researchers to choose the values of «, and 3, in such a way as to ensure max-
imum possible levels of respondents’ privacy protection. It was interesting
to observe that, thanks to the respondents’ interest in the survey, we didn’t
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Table 1 Responses reported by students

4 36 2
0 5 3 1
7 =2 4 5
1 3 2 1
3 1 6

35
4 2
1 0
5 5
-1 2

5
3
0
1

E- NS \S o) W)

4

W oA =

NN NN =
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experience any case of non-response, and thus the model was successfully
applied to the student survey.

6 Efficiency Comparison

The efficiency condition for the proposed vs. the Murtaza et al. [10] technique
may be derived as follows:

or,

or,

or,

Var(fip) < Var(fin),

B < 1.

The efficiency condition for the proposed vs. the Salemian et al. [22]
technique may be derived as follows:

O'}Q/S

Var(fip) < Var(fisa),

(1 —po)(a?ps — p2) + (p1 — Wa?)o% — W 20213

W 202 — py

The efficiency condition for the proposed vs. the Azeem et al. [23]
technique may be derived as follows:

032/3

Var(jip) < Var(jia),

1
W22,

+2a(1 — Q)py — Walod — WR2o2ud ).

[{a? + (1~ a)* (o + ny)
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Table 2 PRE’s for uy = 20, 0% =5

a=1, a=1, a=1, a =5, a =5, o =35,

o o3 W pB=02 B=05 =08 =02 B=05 B=038
3 2 0.1 1259.443 356.149  152.7242  884.926  325.6966 149.8405
0.3 1833.994 382.6312 154.9313 1111.914  346.0067 151.8083
0.5 2024.752 388.5986 155.3951 1174.033  350.5155 152.2206
0.7 2119.99  391.2339 155.5963 1203.053  352.4988 152.3994
0.9 2177.087 392.7188 155.7087 1219.863  353.6142 152.4992
4 0.1 1236.842 354717  152.5974  687.3112 300.8264 147.1539
0.3 1783.927 380.8888 154.7937  805.7685 316.7493 1489116

0.5 1963.259 386.7821 155.2552  835.4351 320.2417 149.279

0.7 2052.367 389.3841 155.4553  848.9268 321.7731 149.4381
0.9 2105.655 390.8503 155.5672  856.6383 322.6332 149.5269
6 2 0.1 1663.539 376.3457 154.4301 1282.961  357.5972 152.8516
0.3 2113.349 391.0567 155.5829 1523.596  370.3337 153.9378
0.5 2236.264 394.1889 155.8193 1583.969  373.0337 154.1605
0.7 2293.659 395.552 1559212 1611.44 374.2074  154.2565
0.9 2326.899 396.3147 155.978  1627.146  374.8638 154.3099
4 0.1 1642.857 375.5102 154.3624 1043.689  340.5941 151.3019
0.3 2079.186 390.13 155.5123  1190.773  351.6686 152.3247
0.5 2197.842 393.2422 155.7482 1225.869  354.007  152.5242
0.7 2253.165 394.5965 155.8498 1241.611  355.0225 152.6245
0.9 2285.179 395.3543 155.9065 1250.548  355.5902 152.6748

The Percentage Relative Efficiency (PRE) can be computed by using the

formula:

prE = YOl a0 31)

Var(jip)

Table 2 presents the PRE for our suggested scrambling model with respect
to the Murtaza et al. [10] technique for different values of «, 5, and W. It may
be clearly examined that the new technique is more precise than the optional
scrambling model of Murtaza et al. [10].

7 Simulation Study

Simulation study was carried out to show the improvement in our suggested
technique over the competitor techniques. Different choices of the values of
«, B, and W were considered for comparison of the models. Tables 4 and 5
present the results of the simulation. By examining Table 4, one may clearly
notice that the new proposed model achieves a huge gain in efficiency over
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Table 3 6 values for py = 20, 0% =5, n = 100
a=1,=2 a=3,6=5 a=50=10

0% o:F W 5p S dp O op QY3
3 2 0.1 0010103 0.010411 0.010016 0.010406 0.010004 0.010395
0.3 0.010034 0.010137 0.010005 0.010135 0.010001 0.010132
0.5 0.010021 0.010082 0.010003 0.010081 0.010001 0.010079
0.7 0.010015 0.010059 0.010002 0.010058 0.010001 0.010056
0.9 0.010011 0.010046 0.010002 0.010045 0.010000 0.010044
4 0.1 0010103 0.010411 0.010016 0.010406 0.010004 0.010395
0.3 0.010034 0.010137 0.010005 0.010135 0.010001 0.010132
0.5 0.010021 0.010082 0.010003 0.010081 0.010001 0.010079
0.7 0.010015 0.010059 0.010002 0.010058 0.010001 0.010056
0.9 0.010011 0.010046 0.010002 0.010045 0.010000 0.010044
6 2 0.1 0.010051 0.010206 0.010008 0.010204 0.010002  0.010202
0.3 0.010017 0.010069 0.010003 0.010068 0.010001  0.010067
0.5 0.010010 0.010041 0.010002 0.010041 0.010000 0.010040
0.7 0.010007 0.010029 0.010001 0.010029 0.010000 0.010029
0.9 0.010006 0.010023 0.010001 0.010023 0.010000 0.010022
4 0.1 0.010051 0.010206 0.010008 0.010204 0.010002 0.010202
0.3 0.010017 0.010069 0.010003 0.010068 0.010001 0.010067
0.5 0.010010 0.010041 0.010002 0.010041 0.010000 0.010040
0.7 0.010007 0.010029 0.010001 0.010029 0.010000 0.010029
0.9 0.010006 0.010023 0.010001 0.010023 0.010000 0.010022

the competitors, for all choices of «, 3, and W. Likewise, Table 5 clearly
indicates that the proposed model gives smaller values of ¢ for all choices
of a, B, and W, which shows that the overall quality of the new suggested
technique is better than the existing techniques.

8 Discussion and Conclusion

We introduced a new modification of the Murtaza et al. [10] optional ran-
domized response technique. We presented the mean estimator under the
proposed technique and proved its unbiasedness. The variance of the mean
was also derived and was compared with that of the competitor models.
Further, we also derived the conditions for efficiency comparison between
the new technique and its competitors. The proposed technique was also
applied to a real-life sample survey to illustrate its practical implementation.
Finally, empirical and simulated variances under different techniques were
also computed and the results were presented in tables.
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Table 4 Simulated variance under the proposed and competitor models
Parameters W o S Var(iv)  Var(fisa) Var(fia) Var(fip)
0% =2, 0.2 I 02 0.6707021 1286.00168 13.659742 0.2094616
0% =0.25 1.2 03 0.6732895 1283.13446 10.614648 0.2366506

1.4 04 0.6762361  1280.27043 7.9589959  0.2736427
1.6 0.5 0.6795421  1277.40960 5.6927858  0.3204379
1.8 0.6 0.6832073  1274.55198 3.8160175  0.3770362
2 07 0.6872318  1271.69755 2.3286912  0.4434377
0% =4, 0.5 1 02 2.652366 1994.73135  24.801216 0.3038224
0% =05 12 03 2.66482 1985.80902  19.239497 0.4383895
14 04 2.678898 1976.90669  14.388773 0.6235688
1.6 05 2.694602 1968.02436  10.249044 0.8593605
1.8 0.6 2.711931 1959.16203 6.8203100 1.145764
2 07 2.730886 1950.31970 4.1025710  1.482781
ok =6, 0.8 1 02 5918617 2887.67109  40.842404 0.4834438
0% =0.75 1.2 03 5.943735 2870.28681  31.685364 0.7942259
14 04 50973122 2852.95502  23.695343 1.221772
1.8 05 6.006778 2835.67571  16.872342 1.766083
1.3 0.6 6.044704 2818.44889  11.216359 2.427158
2 07 6.086900 2801.27456 6.7273960  3.204998

The comparative analysis suggests that the new suggested technique is
more precise than its competitor techniques. We observe the improvement
in efficiency over the competitors for different parameter values. We can
also observe from Table 2 that as the sensitivity level W of the respondents
increases, the percentage relative efficiency (PRE) also enhances. Likewise, it
may also be observed from tables that as o7 increases, the PRE also improves.

For comparative analysis in terms of the overall quality of the new
suggested and the competitor techniques, the values of § under different
techniques have been provided in Table 3 using different values of «, 3, and
W. Glancing at Table 3, one may also observe that the values of § for the pro-
posed model are smaller compared to those of the competitor techniques. This
means that our new suggested technique performs better than the competitors
in circumstances where respondent-privacy and efficiency are simultaneously
considered. Table 3 also indicates that § value decreases as W increases.
Moreover, similar findings can also be observed from the simulation analysis,
presented in Tables 4-5. Based on the findings of our study, we recommend
survey researchers to use the suggested model in sample surveys on sensitive
quantitative variables.
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Table 5 Simulated ¢ values under the proposed and competitor models

Parameters W a 153 oM 05al oA op
0% =2, 02 1 02 001433974 0.87934929 0.01114381 0.01107801
0% =0.25 1.2 03 0.01434669 0.88025380 0.01114313  0.01099863
14 04 0.01435142 0.88115673 0.01114234  0.01092955
1.6 0.5 0.01435394 0.88205804 0.01114153 0.01086910
1.8 0.6 0.01435427 0.88295769 0.01114071 0.01081590
2 0.7 0.01435245 0.88385563 0.01113991 0.01076886
0% =4, 0.5 1 0.2 0.01148184 0.87228605 0.01098035 0.01073001
0% =05 1.2 03 0.01145912 0.87310891 0.01098204 0.01070270
14 04 001143552 0.87393202 0.01098336 0.01067860
1.6 05 001141112 0.87475535 0.01098441 0.01065721
1.8 0.6 0.01138596 0.87557885 0.01098526 0.01063812
2 07 001136011 0.87640250 0.01098595 0.01062101
0% =6, 0.8 1 0.2 0.01038722 0.93484520 0.01115781  0.01006330
O'% =0.75 1.2 03 0.01039179 0.93505507 0.01115997 0.01005572
1.4 04 0.01039670 0.93526493 0.01116174 0.01004914
1.8 0.5 0.01040192 093547477 0.01116323 0.01004340
1.3 0.6 0.01040744 0.93568457 0.01116449 0.01003836
2 0.7 0.01041325 0.93589433 0.01116558 0.01003392

9 Limitations and Future Research Recommendations

Our proposed technique is based on simple random sampling design which is
only applicable situations where the population units are homogeneous with
regard to the variable under study. In the case of heterogeneous units, the
proposed technique may not perform well. Further, we have only analyzed
the simple estimator of the population mean under the proposed technique.
We suggest the following recommendations for future researchers.

1. The proposed technique may be extended to stratified, ranked-set, and
cluster sampling designs.
2. Future researchers can also extend the proposed technique to unequal
probability sampling designs such as PPS (probability proportional to
size) sampling.
3. The efficiency and/or privacy level may be further improved by mak-
ing some modifications in the mathematical equation of the proposed

technique.

4. Future researchers may explore simple and ratio estimators of popula-
tion variance under the proposed technique.
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