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Abstract

In system engineering, k-out-of-n multi-state system is one of the important
systems as it finds wide application in many complex engineering structures.
In earlier studies, k-out-of-n multi-state systems were usually thought to be
operated in non dynamic state. However, in reality, these systems can have
components whose states change over time, making them dynamic in nature.
To tackle this, we propose a method utilizing the L. -transform to obtain the
dynamic reliability measures of such systems. The system’s components are
presumptively Markov-process compliant and are only repaired after a total
failure. In the proposed research work the reliability, availability, instanta-
neous performance expected, and deficiency in performance are found for
the system under consideration. Lastly, a real-life example of the oil supply
system is investigated to authenticate the proposed approach. It was observed
that the reliability and availability of the oil supply system decline as the
minimum number of required components in different states increases.
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function.
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Notations

M The state of the complete performance of the system

9ij The performance level of component i which is in state j

)\é- . Transition (failure) rate of component i from state j to state k (j > k)

ué .  Iransition (repair) rate of component i from state j to state k (j < k)

k The minimum number of components required for working of
k-out-of-n system

R(t) Reliability of k-out-of-n system at any instant ¢

A(t) Availability of k-out-of-n system at any instant z.

1 Introduction

The reliability theory is basically ashore on the fundamental task of obtaining
the reliability indices of various engineering systems. The system could either
be a binary system or a multi-state system (MSS). In contrast to the multi-
state system, which has a finite number of states or performance levels, the
binary system only has two states: the fully operational state and the state
of failure. The majority of complex engineering systems have several states
with varying performance levels. Due to its use in engineering structures,
reliability analysis of MSS has been a topic of research since the late 1970s
[1, 5]. Since then, it has drawn the interest of numerous researchers and
engineers. Lisnianski and Levitin [17] summarized the theory of multi-state
system reliability. There are several well-known MSS systems, including
parallel, series, k-out-of-n, bridge, etc. The k-out-of-n (k/n) system is one of
the most significant systems since it is utilized in a wide range of applications,
including spacecraft, traffic control systems, communication networks, and
weapon systems [11, 12].

A k/n:G system works if the minimum of its k elements are operative,
as opposed to a k/n:F system which becomes non-functional only when all
k components cease to operate. For instance, the typical message load in a
communication system with 10 transmitters would demand that at least 8 of
them be operational, failing which some messages might be lost. As a result,
this transmission system operates at an 8/10:G system. El-Neweihi et al. [5]
introduced the first multi-state &/n system model. The multi-state k&/n system
model was also defined by Boedigheimer and Kapur [4] with the aid of the
lower and higher boundary points, and their definition was in agreement with
that of EI-Neweihi et al. Numerous research have been done in the past in the
field of the k/n systems [6, 9, 20, 24, 25, 28]. Further, a variety of methods
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have been used to find the reliability of the k/n system including stochastic
process approach, the universal generating function method (UGF), and the
Monte Carlo simulation technique. Among these various techniques, the UGF
approach has been widely used because of its simplicity and efficiency in
reducing computational time.

The UGF method is employed to determine the performance distribu-
tion of a MSS by utilizing the performance characteristics of its individual
components through straightforward arithmetic computations. This approach,
pioneered by Ushakov [21], has since become a commonly utilized method
among reliability scientist for analyzing system reliability [13, 18, 19, 23,
29] and network reliability [2, 3, 10, 22]. The foremost drawback of the vital
method is such, preferably, it is only applicable to the random variables;
hence, when evaluating the reliability of the multi-state systems, it is only
applicable to performance distributions of the states that are steady. Resul-
tantly, in the present circumstances, it is not possible to calculate transient
approaches in the MSS, aging MSS, and MSS under increasing or decreasing
stochastic demand incorporating the elementary universal generating func-
tion (UGF) techniques. To extend the application of the UGF technique in
the reliability assessment of the multi-state system in a dynamic state, where
the entire structure and its components be defined by stochastic processes,
the L -transform [14] was formulated for Markov process with states taken
to be discrete and time to be continuous (DSCT markov process). Thus, the
L ,-transform can be viewed as an extension of the universal generating func-
tion (UGF) approach for analyzing stochastic processes. The L ,-transform
has been applied in various research efforts to evaluate the time-dependent
reliability of engineering systems. For example, Frenkel et al. [7] explored
the cooling efficiency of a deteriorating multi-state cooling system in MRI
devices using this technique. Lisnianski and Benhaim [15] obtained the
reliability indices of the power station by the L -transform. Frenkel et al. [§8]
assessed the critical aspects of the vehicle’s operational sustainability, such
as its availability, power output, and power output deficit in the Norilsk
icebreaker ships’ multi-state multi-power source traction drive by the L .-
transform. The book [16] provided theoretical insights, practical applications,
and case studies drawn from real-world experiences in the field of time-
dependent reliability analysis of MSSs. Bisht and Singh [25] obtained the
dynamic reliability measures of weighted K/n system with the help of .-
transform. Lisnianski et al. [31] published an article on sensitivity analysis of
aging multi-state system by using L ,-transform method. Bisht and Singh [26]
extended the conventional L.-transform to Interval L, -transform (IL,), to
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evaluate the reliability indices of MSS, even in cases where data is incomplete
or uncertain. Singh et al. [27] introduced an algorithm using the L .-transform
to assess reliability indices in dynamic multi-state m-out-of-r-within-k/n
systems, accounting for time-varying component states and Markov pro-
cesses. Bo et al. [30] proposed a novel approach combining the L .-transform
and deep neural networks (DNN) to evaluate the reliability of series-parallel
systems governed by a semi-Markov process.

In many complex engineering systems, the state of the system evolves
over time, meaning the probabilities associated with different states of
multi-state components change dynamically. This paper aims to apply the L -
transform to better analyze and understand k/n system, which are systems
that function as long as at least k out of n components are operational. The
focus is on addressing failures of varying severities, from minor issues to
critical breakdowns, as well as significant repair activities in such dynamic
environments. The proposed approach introduces a novel and efficient
method to determine the dynamic reliability indices of &/n multi-state systems
(MSS), which are composed of components capable of multiple performance
levels. The rest of this paper is structured as follows: Section 2 discusses the
description of multi-state k/n system. Third section gives light on elementary
definition and the properties of L .-transform. Section 4 presents an step wise
step method to obtain the dynamic reliability indices of the k/n multi-state
system. In Section 5, a real life example of the oil supply system demonstrates
the suggested algorithm’s validity, and the results are addressed in Section 6.

2 System Description

Let us examine a multi-state system consisting of n elements, each capable
of functioning in multiple states, structured in a k/n configuration. The
state space of each component and the system is represented by the set
{1,2,...,M — 1, M} and the states of the components entirely determine
the state of the system. State M represents the ideal state of operation, state 1
the ideal state of total failure, and all other states are intermediate states. It is
assumed that the components are fixed only when it is at state 1, so it transfers
to perfect functioning state i.e., to state M. The state of the component can
change with respect to time i.e., the state M is transitioned to lower states
M — 1, M — 2 etc. and at the state 1, the component is again transitioned
to state M. In major failure the element is transitioned from state i to state j
such that 5 < 7 — 1 and minor failure causes the component transition from
stateitoi + 1,1 < 7,7 < M. In contrast to the major repair, which returns
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an element from state j to state i when ¢ > j + 1, the minor repair returns
an element from state j to state 7 + 1; 1 < 4,5 < M. Hence, the dynamic
characteristics of the multi-state k/n system with minor and major failure
and major repair are studied extensively in this paper.

3 L,-transform

Consider a DSCT Markov process, represented as G(t) = {g, A, po}. This
process has M probable states, with g representing the set of these states,
defined as the set G(t) € {gi1, gi2, - - -, gim }3 A = [ai; (1)), 4,5 =1,2,... M
is the matrix representing transitions and py is the probability distribution of
the starting state and is given by

po = [pio = Prob{G(0) = gi}, ..., pro = Prob{G(0) = gi }]

Subsequently, the L,-transform applied to a Markov process G(t) =
{g9,A,po}, where g represents the set of states G(t) € {gi1,gi2,---,Ginm }
fort > 0,A = [a;j(t)] is the transition intensity matrix with j ranging from 1
to M and py is the initial state probability distribution pg is given by

M
L.(G(t) = f(z,t,po) = Y _ pij(t)z% (1)
j=1

It is crucial to understand that the L ,-transform is distinct from a UGF,
as it is a fundamentally different entity that depends on the initial conditions
of the Markov process pg and the time ¢. The property, which shall be used in
computation, is as follows.

Property 1: UGF operator “C2;” to L,-transform in M (¢) and N(t) for
t > 0 can be used to generate the L,-transform from two separate Markov
processes, f(M(t), N(t)).

LAS(M(t), N(8)} = Qp(LAM(®)}, LAN(?)}) 2)

4 Algorithm for Computing Dynamic (Time-Dependent)
Reliability Indices of k/n System by L,-transform

Consider a repairable k£/n MSS which has n multistate components, each of
which has M distinct performing states ranging from 1,2, 3, ..., M. In this
case, the states between M, the greatest performing state, and 1, the state of
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Figure 1 State transition diagram.

failure represent intermediate states. Assume that each element of the k/n
MSS degrades according to the Markov process. A repairable component’s
Markov model, or state transition diagram, is shown in Figure 1 along with M
different performance stages, as well as major and minor failure and repair.
In Figure 1, )\5\2 a1 Tepresents the minor failure which is a malfunction
or failure of a system or component that, while not causing catastrophic or
severe consequences, still influences performance or operation to some extent
and )\g\z/[),l and ugz)M are the major failure and major repair for component ¢
respectively. The major failures have a profound impact on the performance,
functionality, and overall reliability of the system. These failures stem from
various factors, including inadequate maintenance, material defects, human

error, fatigue, overload, and more.

4.1 L -transform of Multi-state Element

Obtaining the L ,-transform of each element is the first step in computing the
dynamic reliability indices of a repairable k/n MSS. In order to calculate
it, firstly, obtain the states’ set represented by, ¢ = {gi1,gi2,---,iM }»
where g;; is the performance levels of component i, which i in state j,
7 = 1,2,..., M. Now, the time function of probability distribution of
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component i in state j i.e., p;;(¢) can be obtained by solving simultaneously
the system of differential Equation (3) with the help of initial conditions

pin(0) =1,...,pi2(0) = 0,p;1(0) = 0.

M-1 M-1

dpzM i
Z /‘LeM pze — PiMm (t) )\21341
e=1
dp;;( M
b= 20 A ) + Z e pielt
e=j+1
o 3)
- pl] ( A 2 + Z M]e)
e=1 e=1
dp M
71 i
Z )\el pze - pil(t) Z Mz(e)
e=2

Vs

dpmf dpin (t)

In Equation (3), represents how fast the probability changes for

component i to be in its hlghest state, M. On the other hand, dp ”( ) indicates
the rate at which the probability changes for component i to be in state j,
where j ranges from 1 to M — 1. These terms are crucial for monitoring how
the system’s state probabilities evolve over time. The transition rates A and
1, which describe the likelihood of moving between different states, are key
factors influencing these equations.

The L .-transform of one element i can be obtained subsequently as:

M
t) =Y pij(t)z%
i=1

Once one element’s L .-transform has been determined, a similar procedure
may be used to determine the L,-transform for each of the k/n system’s
component i.

4.2 L,-transform of Multi-state i /n System

The L,-transform of entire multi-state k/n system can be obtained by
operating UGF operator {27 on the L-transform of multi-state elements, as
shown in the Property 1. Let L,(G1(t)), L.(G2(t)) ..., L.(Gn(t)) be the
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L ,-transform of 1st, 2nd and nth element correspondingly, i.e.,
M
LZ(GZ@)) = Zpij(t)zg”, 1= 1, 2, ..o n.
j=1

Then, L,-transform corresponding to entire complex k/n MSS is
obtained as:

Lz<Gsys(t)) = Qk—out—of—n(Lz(Gl(t))7 Lz(GZ (t>)7 v
Lz<Gn—1(t))7 LZ(Gn(t)))
M M M M

J1=1j2=1 Jn—1=07n=0

n
X (H Dij; (t)z(bk-out-of-n (gijl 1Jigo s Gijp_1 ’gijn)>
=1

where ®(g;;.) is known as the system’s structure function and it hinge on
the topology of the structure (system). The structure function for k/n MSS,
when individual component has numerous states is given to be:

n
(I)k:—out—of-n(gijlagijga'--agijnfugijn) = E Gij,
i=1

Following the acquisition of the L.-transform for the entire k/n multi-
state system, reliability measures can be computed as follows:

4.2.1 Reliability

It is the likelihood that any system will serve its aim for a predetermined
period of time in specific operating conditions. With the required number of
element k, the L.-transform yields the reliability of the k/n system as

M

R(t) = Zpij(t)ﬁ(q)k:—out—of—n(gijlagijza s Gig, 12 9i,) — k)
=1

where,

0 ={5 420
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4.2.2 Availability
The availability A(¢) of the k/n system at any time ¢ for minimum number
of required component & can be obtained as

M
At) = Zpij(t)ﬁ(q)k—out—of—n(gijl;gijy s Gij, 12 9i,) — k)
=1

One can observe that the mathematical representations of the system’s
reliability and availability are identical but individually are not exactly same.
This is due to the failure rate being taken into account when estimating
availability, but not while estimating reliability.

4.2.3 Mean expected performance
The k/n multi-state repairable system’s mean expected performance at time
t > 0 i1s calculated as

M
E(t) =Y pij(t)g; “4)
j=1

gi;>0

4.2.4 Mean performance deficiency
The performance shortfall of a k£/n multi-state system at any specific time ¢
is calculated from

M
D(t) =Y pij(t) max(k — gi;, 0) S)
=1

5 A Numerical Example: An Oil Supply System

To apply the derived results in the proposed work let us take the oil supply
system depicted in Figure 2. Four oil pipelines transport oil from the oil
source to three stations then n equals 4. A pipeline is regarded as a multi-
state component and any point along a pipeline could experience a failure.
Pipeline 1, 2 and 3 have four states and pipeline 4 has 3 states. There are
different demands for oil at each station. For Station 1 to operate at full
capacity, minimum four pipelines must be operational, k&1 = 4. Station 2
needs at least two pipelines to be operational (k2 = 2) and Station 3 needs
at least three pipelines to function (k3 = 3). According to the aforesaid
descriptions above, this system may be thought of as a k/n:G MSS with
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Pipeline 1

Pipeline 2

e )
R

Figure 2 The oil supply system.

Pipeline 3

Pipeline 4

1]
]

n =4 and k; = 4, ko = 2, and k3 = 3. The state of the pipeline changes
with time. The pipeline 1, 2 and 3 has four states and pipeline 4 consists
of 3 states; therefore, let states 4, 3, 2 and 1 represent these states. For first
three pipelines, state 1 is considered to be a total failure condition, while
states 2 and 3 are intermediate states. State 4 denotes a perfect functioning
state. For pipeline 4, state 3 is perfect operational state, state 2 is intermediate
state and state 3 is the state of failure. Let us assume that the pipelines are
repaired when it is at lowest state i.e., at state 1, in order to transmit it to
perfect operational state. Table 1 signifies the states’ transition rates and the
performance of the each four pipelines as:

Primarily at time ¢ = 0,p;4(0) = 1 for ¢ = 1,2 and 3; p;3(0) = 1 for
i = 4 and p;;(0) = 0 for remaining values of iandj, 1 <i <4,1 <j <4
Now for this k-out-of-4 system, the set of governing differential equations (3)
of pipeline 1 becomes

dp11(t) \
= 4200 (8) + 03py5(1) + 0.5p1s () + 0.7y, (1)

dpra(t

Pi;t( ) = 0py (1) — 03p15(t) + 0.9p13(t) + 1.3py,(1)

dpr3(t) N

P;:%t _ Opu(t) + 0py9 (t) — 1.4p13(t) + 2p14(t)

dpra(t

p;lt( ) = 4.2p1(t) + Op1o(t) + Op13(t) — 4py4(t)
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Table 1 Pipelines’ performance and transition rates of oil supply system

Oil Supply System Transition Rates (1/year)
Pipeline States S1 S2  S3 S4  Performance Rates
1 S1 00 00 00 42 0
S2 03 00 0.0 0.0 1.1
S3 05 09 00 00 1.7
S4 07 13 20 0.0 2.3
2 S1 00 00 00 54 0
S2 05 00 0.0 0.0 1.6
S3 07 12 0.0 0.0 2.0
S4 09 16 22 00 2.8
3 S1 00 00 00 72 0
S2 02 00 0.0 0.0 0.8
S3 04 08 00 00 1.0
S4 08 1.I 1.8 0.0 1.3
4 S1 00 00 34 - 0
S2 05 00 00 - 0.9
S3 02 08 00 - 1.5
—b—s1

State Probability

L 1 L L L L I
1 2 3 4 5 6 7 8 i )
Time

Figure 3 Probability of different states for pipeline-1.

State probability for pipeline 1 can be obtained by solving Equation (6)
under the preliminary conditions p11(0) = p12(0) = p13(0) = 0 and
p14(0) = 1, as shown in Figure 3.

Now, L_-transform for pipeline 1 can be derived using Equation (1) as
follows:

1
L.(G1(t) =Y p1j(#)299 = p11z + proz™! + praz ™ + pra2®®
=1
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In a similar manner, the differential equations for the second, third, and
fourth pipelines are governed by replacing 7 = 2,3 and 4 and changing the
value of the states in the Equation (3). By solving these equations in the
context of the preliminary conditions, we may get the transient probabilities
shown in Figures 4-6 correspondingly.

—6—s1
——s2

——s4| |

State Probability

Time

Figure 4 Probability of different states for pipeline-2.

State Probability

3
L3
£ 3
LS
23
4

Il Il | | Il Il Il |
1] 1 2 3 4 5 & 7 8 ] 10
Time

Figure 5 Probability of different states for pipeline-3.
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T
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——s2
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&
T
|

State Probability
°
T
|

°

=

°

o
T
1

°
T
=

I I I I I | I 1 |
2 3 4 5 6 7 8 L] 10
Time

Figure 6 State probability distribution for pipeline-4.

Finally, the L,-transform for pipeline 2, 3 and 4 are found to be:

4
L.(Ga(t) =Y paj(t)29 = po12° + paoz® + po3z® + pos2™®
i=1

4
L.(Gs(t) = Y psj(t)29 = ps12° + p3z®® + pagz0 + pasz’?
7j=1

3
L.(Ga(t)) = Zp4j(t)zg4j = p312” + p322”? + pazz?
=1

The L,-transform for the oil supply system consisting of four pipelines,
first three having four states and fourth having three states is obtained from
Equation (2) and is expressed as

LZ(G(t)) = Qk—out—of—n{LZ(Gl (t)), LZ(GQ(t))u LZ(G3(t))7 LZ(G4(t))}

= Qk-out-of-n{(pnzo + p1221'1 + 191321'7 + p1422'3),

(102120 + paozt® 4 pa32?0 4 p24Z2’8),

(p312° + p322°® + p33zt ¥ + pgaz'?)

)

(pa12° + pa2z®? 4 pazz5)} (7)
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5.1 Reliability

As discussed in the Section 4.2.1, to obtain the reliability, Equation (4) of the
pipeline-1 becomes

dp11(t)
dt

dpi2(t)
dt

dp13(t)
dt

dp14(?)
dt

= 0.3p15(t) + 0.5p13(t) + 0.7p4(¢)
= —0.3p(t) + 0.9p13(t) + 1.3p14(1)
= —L4p13(t) + 2p14(t)

= —4p14<t)

The governing differential equations for pipelines 2, 3 and 4 is obtained
in a similar manner toward obtaining the reliability of the oil supply system
under consideration by inserting ¢ = 2, 3 and 4 in Equation (3). One can find
the state probabilities as depicted in Figures 7, 8, 9 and 10, respectively, by
successively solving these equations under the given preliminary conditions.

Figures 7-10 illustrate the probabilities of different pipeline states, which
are used to determine reliability. To calculate these transient probabilities, the
repair rate is set to zero i.e., y;; = 0 Vi, j, and the system of differential
equations is solved using predefined initial conditions. The results clearly

State Probability
o

Time

Figure 7 Probability of different states for pipeline-1.



Dynamic Reliability Measures of Multi-state k-out-of-n Systems 117

——s1
——s2

—o—s |

o

State Probability

Time

Figure 8 Probability of different states for pipeline-2.

Time

Figure 9 Probability of different states for pipeline-3.

show that the probability increases for the initial states and decreases steadily
for the final state, representing the best-performing state. After obtaining the
L ,-transform of each pipeline according to the determined state probabilities,
the L, -transform of the oil supply system is computed through Equation (2).
Finally, Equation (7) has been used to determine the reliability of the oil
supply system for various minimum needed component counts, i.e., k1 =
4, ko = 2, and k3 = 3. Figure 11 depicts a graph that shows the reliability of
the system over time and in conjunction with different minimal components.
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<

‘State Probability
T

2 3 a 5 6 7 8 H 10
Time

Figure 10 Probability of different states for pipeline-4.

1.0 — & —kp=2
e, i k3=3
PR SRSV
0.8 kq=4
2
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o
8
©
X g4
0.2 4
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T T T T T T T
0 1 2 3 4 5

Time
Figure 11 Reliability of the oil supply system.

It can be clearly observed that, the reliability decreases over time as the
number of minimum required components increase.

5.2 Availability

The availability of the oil supply system has been obtained with respect to
time and is being plotted in Figure 12 for k; = 4, ks = 2, and k3 = 3
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Figure 12  Availability of the oil supply system.
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Figure 13 Mean expected performance of the oil supply system.
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Figure 14 Mean performance deficiency of oil supply system.

respectively. As the minimum required components increase, one can observe
a decline in availability over time. It’s noteworthy that availability surpasses
reliability at any given time, owing to repair activities.

5.3 Mean Expected Performance

The average expected performance of oil supply system can be calculated
from Equation (4). The result obtained is shown in Figure 13 and is evident
that the performance expected from the system decrease continuously over
time.

5.4 Mean Performance Deficiency

Figure 14 illustrates the average performance deficit of the oil supply system
based on the requisite performance k; = 4, ko = 2, and k3 = 3 respectively.

6 Conclusion

In this study, the L_-transform has been extensively used to study a multi-
state k/n system with major and minor failures as well as substantial repair.
The k/n system is of great importance especially in the complex engineering
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system. The state of the components in the majority of engineering systems
changes over time, i.e., the state probabilities of each component are not
constant but rather depend on the passage of time. This aspect has been taken
into account in this recent L.-transform research. For the k/n multi-state
system under consideration, where state probabilities are treated as time-
dependent, an algorithm based on the L .-transform is proposed to evaluate
time-dependent reliability measures. To validate the suggested algorithm, a
case study of an oil supply system is examined. For this system, the reliability
measures are calculated in a dynamic context and are plotted for different
values of time and minimum number of required component. It can be clearly
observed that the reliability and availability of the oil supply system decreases
as the number of minimum required component at different states increase.
One can easily visualize that for each k, both reliability and availability
decline over time in a progressive manner, however, the rate at which dynamic
reliability declines is greater than that of dynamic availability. This study
bridges theory and practice by offering a dynamic method to evaluate system
reliability over time using the L.-transform. Practically, it helps engineers
optimize maintenance and resource planning for complex systems. Theo-
retically, it enhances reliability analysis by incorporating time-dependent
state probabilities. This approach ensures better performance insights for
real-world applications.

This research provides insights into how the state probabilities of system
components change over time, which is crucial for accurately assessing
the performance of complex engineering systems. By incorporating the L -
transform, the study offers a robust method to determine the reliability and
availability of systems, which are key metrics for system performance and
maintenance planning. This study provides valuable insights for operations
managers and technical professionals to obtain the system performance in sit-
uations where the state probability of system components is time dependent.
This study introduces a novel approach to analyzing multi-state k/n systems
with time-dependent state probabilities, addressing a critical gap in reliability
assessment. The proposed methodology offers a foundation for extending
dynamic reliability analysis to diverse and complex engineering systems.
This paper does not extend for the case of inspection and maintenance
strategies. In future, this methodology can be extended to a wide range of
complex engineering systems beyond the k/n systems like, sliding window
system, weighted voting system etc., allowing for broader application and
further refinement of the algorithm to enhance its accuracy and usability in
diverse scenarios.
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