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Abstract

The multi-performance multi-state (MPMS) weighted star configuration sys-
tem introduces an advanced reliability model that considers multiple states
and performance levels rather than just operational or failed states. This
approach reflects real-world scenarios where components degrade over time
instead of failing abruptly. The star configuration system comprises a central
hub connected to multiple radial subsystems, each contributing differently
to overall system performance. Using the Lz-transform method, a compre-
hensive analytical framework is developed to evaluate the dynamic reliability
measures while incorporating maintenance and inspection strategies. Failed
components are managed through an (M|M|1):(∞|FCFS) queuing model,
where repair or replacement is decided based on inspection outcomes and
preventive or corrective maintenance procedures. Minor, semi-minor and
semi-major failures are repaired using Erlang distributions, while major
failures necessitate replacements governed by Weibull distributions. These
distribution sensure accurate estimation of failure probabilities, support better
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maintenance planning and enhance cost analysis by incorporating realistic
failure patterns. Key reliability measures including reliability, availability,
sensitivity, instantaneous mean expected performance and cost analysis
are examined. A practical example involving a star-shaped gear system
demonstrates the applicability and effectiveness of the proposed method-
ology, highlighting its potential for enhancing system reliability and cost
management.

Keywords: Lz-transform, multi-performance multi-state star configuration,
reliability, availability, sensitivity, cost, maintenance, inspection.

Notations
eij Performance level of component i in state j
λi
jk Failure rate of component i from state j to state k for j > k

µi
jk Repair rate of component i from state j to state k for j < k

V The number of performances of the component and system
wj Demand set for the jth node signified as [wj,1, . . . , wj,kj ]
Lj Demand set for the transmission line signified as [lj,1, . . . , lj,lj ]
Ev

i Performance variable v of component i
Ei Performance variable vector of component i signified as

(E1
i , . . . E

v
i , . . . , E

V
i )

ei,j Performance vector of component i in state j signified as
(e1i,j , . . . , e

v
i,j , . . . , e

V
i,j)

1 Introduction

The reliability of binary state systems, where components are classified
as either functioning or failed, forms the foundation of traditional reliabil-
ity engineering. Such systems simplify the analysis and decision-making
by treating components and systems as being in one of two states. How-
ever, this binary approach often falls short in real-world scenarios, where
components may exhibit multiple performance levels or degrade gradually
instead of failing abruptly. To address these complexities, MPMS models
have been introduced. These models account for intermediate performance
states, enabling a more realistic and nuanced analysis of system reliability,
especially in fields like telecommunications, power systems, and healthcare.
Engineering contexts often feature a diverse array of MPMS systems that are
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widely recognized and utilized. These include various configurations such
as series and parallel systems, k-out-of-n and weighted k-out-of-n systems,
consecutive k-out-of-n systems, bridge systems, and more.

The k-out-of-n system is a setup where the system performs satisfactorily
as long as at least k of its n components are functioning. This configura-
tion plays a crucial role in engineering and reliability theory, offering the
advantage of partial functionality. Various extensions of the k-out-of-n system
have been developed, such as the consecutive k-out-of-n system, weighted k-
out-of-n system, m-out-of-r-within-k-out-of-n system, etc. These adaptations
expand their applicability to a wide range of reliability challenges and opera-
tional contexts. Byun et al. [5] investigated the reliability growth of k-out-of-n
systems by employing the matrix-based system reliability approach. Pant
et al. [21] explored the availability and optimized inspection strategies for
k-out-of-n systems under competing risks. Singh and Poonia [23] analyzed
the reliability measures of a k-out-of-n: G repairable system composed of
two subsystems with controllers connected in a series arrangement. Wu and
Chen [26] proposed a weighted variation of the k-out-of-n system, developing
a specialized algorithm to calculate the reliability of such systems by consid-
ering the binary states of their components. This methodology introduced
weights for each component, influencing the system’s overall reliability. In a
weighted k-out-of-n system, each component i is assigned a specific weight
wi, where wi > 0, i = 1, . . . , n. These weights signify the component’s
importance or utility, and the system achieves optimal functionality when
the total weight of the active components equals or surpasses the predefined
threshold K. Chen and Yang [6] developed an algorithm to compute the
reliability of a two-stage weighted k-out-of-n system. Building upon the foun-
dation of a single-stage weighted k-out-of-n system, Eryilmaz [8] proposed
a variation where the weights of the components in the k-out-of-n system
are treated as random variables. Gao et al. [10] addressed human uncertainty
in system operations by integrating uncertain variables into the weighted
system framework, leading to the concept of an uncertain weighted k-out-
of-n system. Zhang [29] evaluated the reliability of a randomly weighted
k-out-of-n system featuring heterogeneous components. Wu and Chen [27]
extended the weighted k-out-of-n system into the consecutive weighted k-out-
of-n system and analyzed its reliability. Prior studies on reliability focused
primarily on binary state systems. To broaden the understanding of reliability,
Li and Zuo [16] investigated the reliability of multi-state weighted k-out-of-n
systems within the framework of multi-state system (MSS) by utilizing the
universal generating function (UGF) approach. To further the study of fuzzy
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systems, Ding et al. [7] applied fuzzy recursive techniques and fuzzy UGF
methods to evaluate the reliability of such systems. Furthermore, Negi and
Singh [20] examined the reliability of a non-repairable complex system
composed of multiple weighted k-out-of-n subsystems. Bisht and Singh [1]
leveraged the interval-valued UGF to analyze the reliability of repairable
parallel-series MSS. Larsen et al. [14] introduced an advanced model for
multi-performance weighted multi-state k-out-of-n systems and evaluated its
reliability using the UGF approach to improve system efficiency. Addition-
ally, Zhuang et al. [31] focused on reliability and capacity assessments for
MPMS-weighted k-out-of-n systems. The UGF method remains a widely
adopted tool for analyzing the reliability of diverse systems and networks [2].

In the aforementioned MSSs, performance sharing is a common phe-
nomenon where the excess performance of one component can be distributed
to other components facing performance shortfalls via transmitters, thereby
enhancing the overall system reliability. Inspired by the concept of perfor-
mance sharing, Lisnianski and Ding [18] were the first to explore a system
model consisting of two components: a main component and a reserve
component. This model incorporated single-directional performance sharing
to enhance the reliability of the main component. Kumar and Gupta [13]
analyzed the reliability of a load-sharing k-out-of-n: G system. Levitin [15]
evaluated the reliability of MSSs with common bus performance sharing
using the UGF method. Zhao et al. [30] computed the reliability of a multi-
state k-out-of-n: G system with a common bus performance sharing utilizing
the UGF technique.Wang et al. [25] proposed a reliability model for MSSs
with performance sharing, where N multi-state units are connected in series.
Su et al. [23] developed a reliability model for a complex MSS, consisting
of n number of k-out-of-n: G subsystems integrated with a performance-
sharing mechanism and explored the structural optimization, considering a
fixed transmission capacity for the transmitter. An extended configuration,
the k-out-of-(M + N): G system can include two distinct categories of units in
certain scenarios. Zhang et al. [28] computed the reliability and availability
of a repairable k-out-of-(M + N): G warm standby system. To address the
complexities of the aforementioned systems, Guo [11] introduced a star-
configured power grid system where the central node of the configuration
is occupied by the main machine, while multiple backup machines are posi-
tioned at the terminal nodes of the star configuration system. Su et al. [24]
determined the reliability of a k-out-of-(n + 1): G star configuration MSSs
with performance sharing using the UGF technique.
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The UGF method has proven useful for evaluating the reliability of
MPMS systems operating with binary states. However, it suffers from critical
limitations, primarily its restriction to random variables and applicability
only under steady-state conditions. To overcome these constraints, Lisnian-
ski [17] introduced an advanced approach called the Lz-transform method.
This method significantly extends the analysis capabilities for both systems
and individual components by facilitating a more robust evaluation of reli-
ability indices in dynamic environments. It is particularly well-suited for
discrete-state continuous-time (DSCT) Markov processes, where components
follow stochastic behaviours. Since its inception, this technique has found
broad application in dynamic reliability assessments. For instance, Frenkel
et al. [9] applied the Lz-transform method to assess the availability of an
aging refrigeration system subject to minimal repairs. Hu et al. [12] uti-
lized the Lz-transform to determine the availability of discrete-time MSSs
undergoing minor failures and repairs. Lisnianski et al. [19] compiled a
detailed theoretical framework and numerous practical examples showcasing
the Lz-transform method’s relevance to dynamic reliability analysis of multi-
state systems. Bisht and Singh [3] employed the Lz-transform technique
to evaluate the reliability indices of a weighted K-out-of-n system. Singh
et al. [22] further demonstrated the utility of Lz-transform by calculating
reliability indices for a multi-state repairable m-out-of-r-within-k-out-of-n
system. Bisht and Singh [4] computed the dynamic reliability measures of
weighted k-out-of-n systems with heterogeneous components.

The proposed study introduces an innovative framework for evaluating
the dynamic reliability measures of a weighted star configuration system
designed for MPMS components. The proposed approach integrates mainte-
nance and inspection strategies while leveraging the Lz-transform technique,
offering a unique analytical perspective that has yet to be fully explored in
existing research. This research addresses scenarios where the state proba-
bilities of MPMS components exhibit time-dependent variations, i.e., these
probabilities evolve dynamically over time. The components in this system
are designed to be either repairable or replaceable, encountering various
failure levels classified as minor, semi-minor, semi-major and major failures.
Maintenance procedures involve both preventive and corrective strategies.
Preventive maintenance (PM) is scheduled when minor, semi-minor or semi-
major failures occur, while corrective maintenance (CM) is reserved for major
failures. Components that fail completely enter a queue governed by the
(M|M|1):(∞|FCFS) model, where inspections are conducted to determine
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whether a component should be repaired or replaced. The repair process fol-
lows the Erlang distribution, whereas replacements are guided by the Weibull
distribution, based on the condition of the components. In the proposed
study, key reliability measures, such as reliability, availability, sensitivity,
mean expected performance and cost analysis are evaluated. The structure
of the paper is organized as follows: Section 2 presents the model under
consideration, incorporating multi-performance and multi-state components
along with the weighted star configuration system. Section 3 provides a
detailed explanation of the Lz-transform method and its fundamental prop-
erties. Section 4 describes an algorithm developed to calculate the dynamic
reliability measures of the proposed system. Section 5 offers a practical case
study involving a star-shaped gear system to demonstrate the applicability
and effectiveness of the proposed approach. Finally, Section 6 delivers the
concluding remarks and key insights.

2 Model Description

This study examines a weighted star configuration system that functions
across multiple states and supports different performance levels. The fol-
lowing section offers a comprehensive description of the considered model,
ensuring a clear understanding of its design and operational characteristics.

2.1 Multi-performance Multi-state Component

In an MPMS system, each component i comprises V performance variables
represented by the vector Ei, where Ei = (E1

i , . . . E
v
i , . . . , E

V
i ), 1 ≤ v ≤

V . Each component can exist in W distinct states, such that 1 ≤ j ≤ W ,
where j = W indicates that the component is in an ideal operating state,
while j = 1 represents complete failure and states between W and 1 are
represented as intermediate states. Each multi-performance component Ev

i in
state j has a corresponding performance level evi,j , performance variable V
and the vector ei,j represents the performance level of the component i in
state j as ei,j = (e1i,j , . . . , e

v
i,j , . . . , e

V
i,j). The states of the component i can

be depicted using the following matrix:

Êi =


e1i,1 e2i,1 · · · eVi,1
e1i,2 e2i,2 · · · eVi,2

...
...

. . .
...

e1i,W e2i,W · · · eVi,W


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Figure 1 Star configuration system.

2.2 Multi-performance Multi-state Weighted Star Configuration
System

An MPMS weighted star configuration system consisting of a central node
and n terminal nodes. Each terminal node is connected to the central node
via a transmission line that facilitates performance sharing and can transmit
a limited amount of performance. In the proposed Modeling, we assume that
each terminal node is equipped with a single generator. The system’s structure
is depicted in Figure 1, the circles represent the terminal nodes, labelled from
node 1 to node n. The rectangles symbolize the transmission lines, while the
hexagon represents the power redistribution station, referred to as S. Each
generator is denoted as Tj (where j = 1, . . . , n), operates at a multiple
performance level evi,j and the vector ei,j , which denotes the performance
levels of component i in state j, expressed as ei,j = (e1i,j , . . . , e

v
i,j , . . . , e

V
i,j).

Each node j has kj different demand levels, denoted by the ordered set
wj=[wj,1, . . . , wj,kj ]. Additionally, the transmission capacity of the jth trans-
mission line is a random variable, denoted by Lj (where j = 1, . . . , n). The
set Lj = [lj,1, . . . , lj,lj ] contains all possible random transmission capacity
levels, where lj,lj represents the number of transmission capacity levels.

3 Lz -transform

Consider a Markov process E(t) where each component occupies discrete
states and time progresses continuously. This process is characterized by the
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set of possible states ei,j = (e1i,j , . . . , e
v
i,j , . . . , e

V
i,j), where eVi,j represents

the performance level associated with the distinct performance variable V
of component i in any state j (j = 1, . . . ,Wi), and Wi denotes the total
number of possible states, the process is further defined by the transition
intensity matrix X = [xij(t)] and the initial state probability distribution
p0 = [pi1, . . . , piWi ], where pi1 = Prob{E(0) = evi,1} and piWi =
Prob{E(0) = evi,Wi

}, for component i in state j. Therefore, the discrete-
state, continuous-time Markov process can be defined by the triplet: E(t) =
{ei,j , X, p0}.

Definition: The Lz-transform of a DSCT Markov process E(t) =
{ei,j , X, p0} is represented by a function f(z, t, p0) and expressed as

Lz(E(t)) = f(z, t, p0) =

Wi∑
j=1

pij(t)z
(e1i,j ,...,e

v
i,j ,...,e

V
i,j). (1)

where, pij(t) represents the time-dependent probability distribution for the
system, indicating the probability of component i being in the state j at time
t ≥ 0. The initial state probabilities are represented by p0, and the expression
can be further extended to include the complex variable z.

Lz-transform caries with the following properties:

Property 1: If a constant value ‘a’ is multiplied by the DSCT Markov
process, then it will be multiplied by the corresponding performance level
in each state i as

Lz(aE(t)) =

Wi∑
j=1

pij(t)z
a(e1i,j ,...,e

v
i,j ,...,e

V
i,j).

Property 2: Lz-transform of two DSCT Markov processes R(t) and S(t)
from a single-valued function f(R(t), S(t)) can be calculated by using
Ushakov’s UGF operator Ωf to R(t) and S(t) for t ≥ 0 as

Lz{f [R(t), S(t)]} = Ωf (Lz{R(t)}, Lz{S(t)}). (2)

4 Algorithm to Determine the Reliability Measures of An
MPMS Weighted Star Configuration System

Consider a system with multiple performance levels and states, organized
as a weighted star configuration. In this structure, each component has
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time-dependent state probabilities, reflecting the evolution of its state over
time. The system is designed to be repairable, enabling components to be
inspected and maintained to restore their performance. The deterioration of
each component is modelled by a Markov process, and repairs are carried
out at different intensities depending on the severity of the failure. Minor
issues are addressed through preventive maintenance, while more significant
failures, such as major failures, require corrective maintenance. In case of
complete or major failures, the component is entirely replaced by a new
one. Each component in the system operates at multiple performance levels,
represented by Ei = (E1

i , . . . E
v
i , . . . , E

V
i ) for 1 ≤ v ≤ V . For each multi-

performance component Ev
i in state j, there is a corresponding performance

level evi,j and the vector ei,j denotes the performance levels of component i in
state j, expressed as ei,j = (e1i,j , . . . , e

v
i,j , . . . , e

V
i,j). The multi-performance

components in the system exhibit different performance levels ranging from
1, . . . ,W, where W indicates perfect operation and 1 represents complete
failure. The intermediate values between 1 and W correspond to varying
degrees of operational effectiveness, reflecting the component’s performance
in different states, as shown in Figure 1. Here, each component’s state deteri-
orates according to a Markov process and follows the (M|M|1):(∞|FCFS)
model for repairs or replacement. The state transitions are illustrated in
Figure 2.

4.1 Preventive Maintenance

A component can encounter various types of failures, classified as minor,
semi-minor, semi-major, or major, each with unique causes and conse-
quences. Minor failures lead to minimal impact on the system’s overall
functionality. They may slightly reduce performance or cause minor degra-
dation but are typically easy to resolve. Semi-minor failures represent a
greater level of disruption than minor ones, often resulting from moderate
interruptions or multiple minor issues occurring together. These failures are
typically induced by major disruptions, extensive operational stress, or an
accumulation of moderate problems. In terms of preventive maintenance, a
component in perfect condition, represented as state W , is inspected peri-
odically. Upon inspection, if the component experiences a minor failure,
it degrades to state W − 1. In this case, the system remains operational
without requiring immediate maintenance, as the component is effectively
restored to between “as good as new” and “as bad as old” condition. However,
following a subsequent inspection at state W − 1, if the component further
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deteriorates to state W−2, preventive maintenance is scheduled. After repair,
the component returns to state W−1. Following the next inspection at W−1,
if the component degrades to either state W−2 or W−3 due to minor or semi-
minor failure, preventive maintenance is performed, and the component is
restored to its immediate previous state. Specifically, if it falls to state W −2,
it is restored to W − 1, and if it falls to state W − 3, it is restored to state
W − 2. This preventive maintenance cycle continues until the component
reaches state 1, representing complete failure.

4.2 Corrective Maintenance

If a component undergoes semi-major or major failure, the nature and impact
of the failure differ significantly. A semi-major failure results in severe
disruption, causing a direct decline from state W−1 or W−2 to state 1, which
leads to substantial performance loss or system inefficiency. Such failures are
typically driven by significant operational strain, major system disruptions,
or a combination of multiple moderate-level issues that severely impair the
component’s functionality. In contrast, a major failure involves an abrupt and
catastrophic transition directly from state W to state 1, signifying total break-
down where the component becomes entirely non-operational and requires
replacement instead of repair. When a component reaches state 1 after expe-
riencing either semi-major or major failure, it enters a queueing system for
corrective maintenance. The queue operates under an (M|M|1):(∞|FCFS)
model, where failures are governed by the Markovian process, and a single
technician handles both inspection and corrective maintenance. There is no
limit on how many failed components can wait for service, and repairs are
performed on a first-come, first-served basis. The technician inspects each
failed component to determine whether it can be repaired or must be replaced.
If repair is deemed feasible, the repair process follows an Erlang distribution.
It is important to recognize that even after repair, the condition of MPMS
components does not return to the perfect state W . Instead, they occupy a
condition between “as good as new” and “as bad as old”. Specifically, when
a component degrades to state 1 due to semi-major failure, it is restored to
state W − 1 following inspection and repair rather than being returned to
state W . The handling of major failure follows a similar queue-based pro-
cess under the same (M|M|1):(∞|FCFS) model. Major failures often result
from catastrophic operational stress or critical system faults leading to total
component collapse. Following inspection, if the technician confirms that the
failure is beyond repair, the component is scheduled for replacement. The
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Figure 2 State transition of an MPMS component with minor, semi-minor, semi-major and
major failures along with repair and replacement.

replacement process also follows a first-come, first-served order but adheres
to a Weibull distribution model. After replacement, the component is restored
to an optimal condition, equivalent to state W or “as good as new.” For
instance, when a major failure, represented by λ4,1, occurs, the component
transitions from state 1 back to state W , achieving full functionality. These
sequences of events are illustrated in Figure 2.

Enumerate the set of states corresponding to various performance vari-
ables is denoted as ei,j = (e1i,j , . . . , e

v
i,j , . . . , e

V
i,j), where, eVi,j represents the

performance level of a specific performance variable V for component i in
state j. The probability distribution p0 is used to describe the initial state
probabilities of the MPMS component. With this framework in place, the
differential equations governing the probabilities of the transient states can
be formulated and expressed as

dpiWi
(t)

dt
=

Wi−1∑
e=1

µ
(i)
eWi

· pie(t)− piN (t)

Wi−1∑
e=1

λ
(i)
eWi

(3)
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dpij(t)

dt
=

Wi∑
e=j+1

λ
(i)
ej · pie(t) +

j−1∑
e=1

µ
(i)
ej · pie(t)

− pij(t)

(
j−1∑
e=1

λ
(i)
je +

Wi∑
e=1

µ
(i)
je

)
(4)

dpi1(t)

dt
=

Wi∑
e=2

λ
(i)
e1 · pie(t)− pi1(t)

Wi∑
e=2

µ
(i)
ie (5)

The state probability pij(t) is determined by solving the set of differential
equations (3)–(5), utilizing the initial state probability distribution p0. After
inspection, if a component in state 1 is found to have undergone a minor,
semi-minor, or semi-major failure, the state probability p1,W−1 is substituted
with the corresponding probability derived from the Erlang distribution, as
undermentioned

f(t;µ1,W−1, λW−1,1) =
λW−1,1

µ1,W−1tµ1,W−1−1e−λW−1,1t

(µ1,W−1 − 1)!
. (6)

where, λW−1,1 and µ1,W−1 denote the semi-major failure rate and the repair
rate, respectively, at time t. If a major failure is observed during inspec-
tion, the probability p1,W is subsequently substituted with the probability
computed using the Weibull distribution, as outlined below

f(t;µ1,W , λW,1) =
λW,1

µ1,W

(
t

µ1,W

)λW,1−1

e
−
(

t
µ1,W

)λW,1

. (7)

where, λW,1 and µ1,W denote the rates of major failure and major repair,
respectively. By applying Equations (3) through (7) in conjunction with the
multi-state, multi-performance variables ei,j = (e1i,j , . . . , e

v
i,j , . . . , e

V
i,j), the

Lz-transform for the first component of the system within the framework of
the weighted star configuration can be determined as

Lz(Xi(t)) = f(z, t, p0) =

Wi∑
j=1

pij(t)z
(e1i,j ,...,e

v
i,j ,...,e

V
i,j). (8)

where, pij(t) denotes the time-dependent probability distribution of the sys-
tem, capturing the different performance levels and states of its components.
The set ei,j = (e1i,j , . . . , e

v
i,j , . . . , e

V
i,j) specifies the performance level of
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component i in state j at time t ≥ 0 and V represents the unique perfor-
mance variables linked to the component. Similarly, the Lz-transform for
each MPMS component within the system can be calculated individually.
There are kj different demand levels that can be denoted by the set wj =
[wj,1, . . . , wj,kj ] corresponding to the node j. Let eVi,j and Wj denote the
random performance variables and demand of the jth generator and node
belonging to the set ei,j and wj , respectively. Additionally, the transmission
capacity of the jth transmission line is treated as a random variable, repre-
sented by Lj for j = 1, . . . , n. The set Lj = [lj,1, . . . , lj,lj ], denotes all
possible random levels of transmission capacity for Lj , where lj,lj indicates
the total number of capacity levels.The random demand Wj of the node j
assumes values from the set wj = [wj,1, . . . , wj,kj ], then the Lz-transform of
Wj is expressed as follows

Lz(Wj(t)) = f(z, t, p0) =

kj∑
j=1

γij(t)z
(wj,1,...,wj,kj

)
. (9)

In addition, if the random transmission line capacity Lj for the jth trans-
mission line, where j = 1, . . . , n, is drawn from the set Lj = [lj,1, . . . , lj,lj ],
then the Lz-transform of Lj is defined as

Lz(Lj(t)) = f(z, t, p0) =

lj∑
j=1

δij(t)z
(lj,1,...,lj,lj ). (10)

For any combination of performance levels and demand levels at node j,
the surplus performance Mj and performance deficiency Uj exhibit statistical
dependence. Specifically, when Mj > 0, it follows that Uj = 0, and vice
versa. The probability density functions for both Mj and Uj are derived using
theLz-transform, which encapsulates both variables. Using the Lz-transform
Lz(Xi(t)) and Lz(Wj(t)), the combined Lz-transform (Lz(∧j(t))) can be
determined through the application of the composition operator ⊗ as

Lz(∧j(t)) = ⊗(Lz(Xi(t)), Lz(Wj(t)))

=

Wi∑
j=1

pij(t)z
(e1i,j ,...,e

v
i,j ,...,e

V
i,j) ⊗

kj∑
j=1

γij(t)z
(wj,1,...,wj,kj

)
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=

Wi∑
j=1

kj∑
j=1

pij(t) · γij(t) · zmax(0,eVi,j−wj,kj
), max(0, wj,kj

− eVi,j)

(11)

where, max(0, eVi,j −wj,kj ) and max(0, wj,kj − eVi,j) are the surplus and defi-
ciency performance of the jth node, denoted as mj,d and uj,d, respectively.
The system operates effectively for certain predefined weight values that do
not require performance sharing from the central node. Therefore, retain only
the values that do not meet the predefined weight thresholds K1 and K2, so
that they can share the performance to meet the required threshold. Terms
that are equal to or exceed these predefined values, which do not necessitate
performance sharing, should be excluded from the calculation. Consequently,
the Lz-transform (Lz(∧j(t))) is modified by applying the operator ⊙ as
follows

⊗(∧j(t)) = ⊙(Lz(Xi(t)), Lz(Wj(t))) = Lz(∨j(t))

=

Wi∑
j=1

kj∑
j=1

pij(t) · γij(t)

· z(max(0,eVi,j−wj,kj
))<K1, (max(0,wj,kj

−eVi,j))<K2 (12)

At node jth, if mj,d > 0, the surplus performance mj,d can be delivered to
the central node. Conversely, when the performance is deficient, uj,d must be
compensated by drawing resources from the central node via the transmission
line Lj . The capacity of performance exchange between node j and the central
node is constrained by the bandwidth of Lj . Consequently, the actual amount
of performance transferred is governed by either max(Lj ,Mj) or ρ(Lj , Uj).
Let Dj represent the real performance exchanged between node j and the
central node. Then theLz-transform for Dj is obtained using the composition
operator ⊖ as

Lz(Dj(t)) = ⊖ (Lz (∨j(t)) , Lz(Lj(t)))

=

Wi∑
j=1

kj∑
j=1

pij(t) · γij(t) · zmj,d,uj,d ⊖
lj∑

j=1

δij(t)z
(lj,1,...,lj,lj )
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=

Wi∑
j=1

kj∑
j=1

lj∑
j=1

pij(t) · γij(t) · δij(t) · zmax(mj,d, lj,d),max(uj,d, lj,d)

(13)

Once the Lz-transform for the entire weighted star configuration system
is obtained, the dynamic reliability measures can be computed as described
in the following sections.

4.3 Reliability

The reliability of an MPMS weighted star configuration system can be
obtained by employing Lz-transform for the system’s required minimum
threshold performance as

R(t) =
W∑
j=1

pij(t) · γij(t) · δij(t) · β[max(mj,d, lj,d),max(uj,d, lj,d)]

where,

β(x, y) =

{
1, x, y ≥ 0
0, x, y < 0

(14)

4.4 Availability

The MPMS system’s availability can be determined as follows

A(t) =

W∑
j=1

pij(t) · γij(t) · δij(t) · β[max(mj,d, lj,d),max(uj,d, lj,d)]

(15)

While the formulas for system reliability and availability may seem
similar at first glance, they are fundamentally different due to the unique
treatment of failure rates in each concept. Reliability focuses on the ability
of a system to function continuously without failure over a defined time span,
without explicitly incorporating failure rates into its calculation. In contrast,
availability considers failure rates, reflecting the likelihood that a system is
operational and ready for use at any moment in time.
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4.5 Mean Expected Performance

The mean expected performance of the entire MPMS system at time t ≥ 0 is
calculated as

M(t) =

Wi∑
j=1

evi,j>0

pij(t) · [max(mj,d, lj,d),max(uj,d, lj,d)]. (16)

4.6 Sensitivity

The MPMS system’s instantaneous sensitivity with respect to repair rate
(Sµ(t)) and failure rate (Sλ(t)) can be evaluated, respectively, as

Sµ(t) =
∂A(t)

∂µ
=

λ

(λ+ µ)2
(1− e−(λ+µ)t)− tµ

λ+ µ
e−(λ+µ)t (17)

Sλ(t) =
∂A(t)

∂λ
= − µ

(λ+ µ)2
(1− e−(λ+µ)t) +

tλ

λ+ µ
e−(λ+µ)t (18)

4.7 Cost Analysis

The expected costs or revenues C(t) for the system under consideration over
the interval [0, t] are determined using Equation (19). In this context, S1

represents the service facility, whereas S2 indicates the service cost per unit of
time within the same period [0, t]. This method fundamentally evaluates the
service facility’s profitability by assessing the balance between the income
produced and the operational costs accrued over the given duration and
expressed as

C(t) = S1

∫ t

0
A(t)dt− S2t. (19)

5 Numerical Example: Star-shaped Gear System

Consider a star-shaped gear (SSG) system to examine and demonstrate the
reliability measures of a weighted star configuration system. An SSG system
consists of a central gear, known as the sun gear, surrounded by multiple
smaller gears, called radial gears and a fixed outer ring gear, arranged radially
and engaging with the central gear’s teeth. When the central gear rotates, it
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transmits speed and torque i.e., rotational force to each radial’s gear, which is
evenly spaced and meshed between the central and outer ring gear, causing
it to rotate in the opposite direction. The fixed outer ring provides additional
stability and engages with the radial gears to control torque distribution. This
configuration efficiently balances load and provides compact high-torque
output. In the considered system, three fixed outer ring gears are connected
to three radial gears, forming a star-shaped gear system with the central gear
at the center. Each outer ring gear is modelled as an MPMS component and
has four possible states, denoted as Si, for i = 1, . . . , 4. State S4 represents
optimal functionality, while state S1 indicates complete failure. Intermediate
states S2 and S3 represent varying degrees of partial malfunction. Failures
of the outer ring gears can occur at minor, semi-major and major levels, and
each failure type can be managed through repair or replacement procedures,
as detailed in Section 4. Further, each radial gear connected to the outer
ring gears has two possible states: S1, which denotes complete failure and
S2, representing the perfect state. In the event of a complete failure, the
radial gear can be repaired. The central gear, connected to the radial gears,
has three possible states: S1 (complete failure), S3 (fully functional) and S2

(intermediate state). The central gear can experience minor, semi-major or
major failures and can be repaired or replaced according to the procedures

Table 1 Transition rates and performance variables of outer ring gear of SSG system

Transition Rates of

Outer Outer Ring Gear Performance Level

Ring Gears States S1 S2 S3 S4 eij

S1 0.00 0.00 3.42 4.97 0,0

Ring S2 0.98 0.00 4.11 0.00 3,6

Gear 1 S3 1.32 5.61 0.00 0.00 4,8

S4 2.32 2.77 1.49 0.00 5,9

S1 0.00 0.00 4.68 4.99 0,0

Ring S2 3.78 0.00 3.54 0.00 2,5

Gear 2 S3 2.19 2.34 0.00 0.00 4,6

S4 0.65 1.03 2.22 0.00 6,6

S1 0.00 0.00 5.36 7.79 0,0

Ring S2 1.46 0.00 3.55 0.00 4,9

Gear 3 S3 1.05 1.99 0.00 0.00 6,10

S4 2.75 1.09 2.71 0.00 7,12
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Table 2 Transition rates and performance variables of radial gear of SSG system

Transition Rates of

Outer Ring Gear Demand

Radial Gear States S1 S2 eij

Radial S1 0.0 0.5 2,3

Gear 1 S2 0.9 0.0 3,4

Radial S1 0.0 1.5 1,4

Gear 2 S2 0.8 0.0 2,6

Radial S1 0.0 1.9 4,6

Gear 3 S2 0.2 0.0 5,10

Table 3 Transition rates and performance variables of central gear of SSG system

Transition Rates

of Central Gear Demand

States S1 S2 S3 eij

Central S1 0.0 1.8 2.1 1,2

Gear S2 0.4 0.0 1.5 3,5

S3 0.5 0.2 0.0 6,7

outlined in Section 4. The transition rates of the outer ring gears, radial
gears and central gears are listed in Tables 1, 2 and 3, respectively, providing
the probabilities for state transitions and performance variations between the
different components of the system.

Formulate the governing differential equations that characterize the oper-
ation of the MPMS outer ring gear, taking into account minor, semi-major
and major failures, along with the processes of repair or replacement, based
on Equations (3)–(5) as

dpi1(t)

dt
= (µ

(i)
13 + µ

(i)
14 )pi1(t) + λ

(i)
21pi2(t) + λ

(i)
31pi3(t) + λ

(i)
41pi4(t) (20)

dpi2(t)

dt
= −(λ

(i)
21 + µ

(i)
23 )pi2(t) + λ

(i)
32pi3(t) + λ

(i)
42pi4(t) (21)

dpi3(t)

dt
= µ

(i)
13pi1(t) + +µ

(i)
23pi2(t)− (λ

(i)
31 + λ

(i)
32 )pi3(t) + λ

(i)
43pi4(t) (22)

dpi4(t)

dt
= µ

(i)
14pi1(t)− (λ

(i)
41 + λ

(i)
42 + λ

(i)
43 )pi4(t) (23)



Time-Dependent Reliability and Sensitivity Analyses 145

Solving Equations (16)–(19) using the initial conditions p14(0) = 1 and
p13(0) = p12(0) = p11(0) = 0, we get

f(t;µ13, λ31) =
λ31

µ13tµ13−1e−λ31t

(µ13 − 1)!
(24)

f(t;µ14, λ41) =
λ41

µ14

(
t

µ14

)λ41−1

e
−
(

t
µ14

)λ41

(25)

Upon solving Equations (20) through (23), replace the state probabilities
p13 and p14 with the corresponding probability density functions derived from
the Erlang and Weibull distributions, with the help of Equations (24) and
(25), respectively. Using these substitutions, the state probabilities for the first
outer ring gear of the SSG system can be determined as shown in Figure 3.

The Lz-transform of the first outer ring gear (X1) with multiple perfor-
mances can be evaluated using Equation (1) as

Lz(X1(t)) =
4∑

j=1

p1j(t)z
(e11j ,e

2
1j) = p11(t)z

(0,0) + p12(t)z
(3,6)

+ p13(t)z
(4,8) + p14(t)z

(5,9)

Figure 3 State probabilities of first outer ring gear.
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where, e11j and e21j represent the first and second performance variables
for the first outer ring gear in state j, respectively. Now, substitute i = 2
and 3 into Equations (20) through (23) to derive the system of differential
equations for the second and third outer ring gears. After solving the system
of differential equations so obtained, with the initial conditions pi4(0) = 1
and pi3(0) = pi2(0) = pi1(0) = 0, replace the state probabilities pi3 and
pi4, for i = 2 and 3, using the probability density functions based on the
Erlang and Weibull distributions, respectively. After these replacements, the
resulting state probabilities for the second and third outer ring gears, are
shown in Figures 4 and 5, respectively.

Based on the state probabilities, the Lz-transform of the second (X2)
and third (X3) outer ring gears, each with multiple performances, can be
computed using Equation (1) as

Lz(X2(t)) =

4∑
j=1

p2j(t)z
(e12j ,e

2
2j) = p21(t)z

(0,0) + p22(t)z
(2,5)

+ p23(t)z
(4,6) + p24(t)z

(6,6)

Figure 4 State probabilities of second outer ring gear.
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Figure 5 State probabilities of third outer ring gear.

Lz(X3(t)) =

4∑
j=1

p3j(t)z
(e13j ,e

2
3j) = p31(t)z

(0,0) + p32(t)z
(4,9)

+ p33(t)z
(6,10) + p34(t)z

(7,12)

Similarly, the system of differential equations for the first radial gear can
be obtained using Equations (3)–(5) as

dγ11(t)

dt
= −0.9γ11(t) + 0.5γ12(t)

dγ12(t)

dt
= 0.9γ12(t)− 0.5γ12(t)

 (26)

Once the Equation (26) is solved under the initial condition γ12(0) = 1
and γ11(0) = 0, the state probabilities for the first radial gear of the SSG
system can be determined as shown in Figure 6.

With the help of state probabilities and the demand values outlined in
Table 2. The Lz-transform of the first radial gear (W1) can be computed
using Equation (9) as

Lz(W1(t)) =
2∑

j=1

γ1j(t)z
(w1,1,w1,2) = γ11(t)z

(2,3) + γ12(t)z
(3,5)
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Figure 6 State probabilities of first radial gear.

where, w1,1 and w1,2 represent the required demands and γ1j is the state
probabilities for the first radial gear in the jth state. Likewise, the state
probabilities for the other radial gears can be obtained, and using these state
probabilities, the Lz-transform of the second (W2) and third (W3) radial gear
can be evaluated as

Lz(W2(t)) =
2∑

j=1

γ2j(t)z
(w2,1,w2,2) = γ21(t)z

(1,4) + γ22(t)z
(2,6)

Lz(W3(t)) =

2∑
j=1

γ3j(t)z
(w3,1,w3,2) = γ31(t)z

(4,6) + γ32(t)z
(5,10)

Now, the system of differential equation for the transmitter i.e., the central
gear, can be obtained as

dδ11(t)

dt
= −3.9δ11(t) + 0.4δ12(t) + 0.5δ13(t)

dδ12(t)

dt
= 1.8δ11(t)− 1.9δ12(t) + 0.2δ13(t)

dδ13(t)

dt
= 2.1δ11(t) + 1.5δ12(t)− 0.7δ13(t)


(27)
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Figure 7 State probabilities of the central gear.

Solving the Equation (27) under the initial condition δ13(0) = 1 and
δ12(0) = δ11(0) = 0, the state probabilities for the central gear of the SSG
system can be computed as illustrated in Figure 7.

Using the state probabilities and the demand values, the Lz-transform for
the central gear (L(t)) can be calculated using Equation (10) as follows

Lz(L(t)) =

3∑
j=1

δij(t)z
(l1,1,l1,2) = δ11(t)z

(1,2)

+ δ12(t)z
(3,5) + δ13(t)z

(6,7)

At node j, the surplus performance and performance deficiency are sta-
tistically dependent on any combination of performance and demand levels.
By utilizing the Lz-transform, Lz(X1(t)) and Lz(W1(t)), the combined Lz-
transform (Lz(∧1(t))) can be derived using the composition operator ⊗, with
the help of Equation (11) as

Lz(∧1(t)) = ⊗(Lz(X1(t)), Lz(W1(t)))

Lz(∧1(t)) = ((p11(t)z
(0,0) + p12(t)z

(3,6) + p13(t)z
(4,8)

+ p14(t)z
(5,9)), (γ11(t)z

(2,3) + γ12(t)z
(3,5))) (28)
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Likewise, the combined Lz-transform (Lz(∧2(t))) and (Lz(∧3(t))) can
be derived using the composition operator ⊗ as

Lz(∧2(t)) = ⊗(Lz(X2(t)), Lz(W2(t)))

Lz(∧2(t)) = ((p21(t)z
(0,0) + p22(t)z

(2,5) + p23(t)z
(4,6)

+ p24(t)z
(6,6)), (γ21(t)z

(1,4) + γ22(t)z
(2,6))) (29)

Lz(∧3(t)) = ((p31(t)z
(0,0) + p32(t)z

(4,9) + p33(t)z
(6,10)

+ p34(t)z
(7,12)), (γ31(t)z

(4,6) + γ32(t)z
(5,10))) (30)

Now, remove the values from Equations (28)–(30) that are equal to or
exceed the threshold value and do not require performance sharing and retain
only those values that fall short of the predefined weight thresholds K1 and
K2, as these are the ones that need to share performance to meet the required
threshold, as defined in Equation (12). Then the Lz-transform (Lz(∧j(t))) is
modified by applying the operator ⊙ as

(Lz(∧j(t))) = ⊙(Lz(∧1(t)), Lz(∧2(t))Lz(∧2(t))) = Lz(∨j(t))

Lz(∨j(t)) = ⊙(((p11(t)z
(0,0) + p12(t)z

(3,6) + p13(t)z
(4,8)

+ p14(t)z
(5,9)), (γ11(t)z

(2,3) + γ12(t)z
(3,5))), ((p21(t)z

(0,0)

+ p22(t)z
(2,5) + p23(t)z

(4,6) + p24(t)z
(6,6)), (γ21(t)z

(1,4)

+ γ22(t)z
(2,6))), ((p31(t)z

(0,0) + p32(t)z
(4,9)

+ p33(t)z
(6,10) + p34(t)z

(7,12)), (γ31(t)z
(4,6)

+ γ32(t)z
(5,10)))) (31)

The capacity for performance exchange between the radial gear and the
central gear is limited by the bandwidth of Lj . Let D represent the actual
performance exchanged between the radial gear and the central gear. After
filtering out the values that fail to meet the required performance or demand
in Equation (31), the Lz-transform is combined with the Lz-transform of the
transmitter. This combination allocates the performance necessary to meet
the demand using the composition operator ⊖ as defined in the Equation (13).



Time-Dependent Reliability and Sensitivity Analyses 151

Thus, the Lz-transform for D is derived as

Lz(D(t)) = ⊖(Lz(∨j(t)), Lz(L(t)))

= (((p11(t)z
(0,0) + p12(t)z

(3,6) + p13(t)z
(4,8)

+ p14(t)z
(5,9)), (γ11(t)z

(2,3) + γ12(t)z
(3,5))), ((p21(t)z

(0,0)

+ p22(t)z
(2,5) + p23(t)z

(4,6) + p24(t)z
(6,6)), (γ21(t)z

(1,4)

+ γ22(t)z
(2,6))), ((p31(t)z

(0,0) + p32(t)z
(4,9) + p33(t)z

(6,10)

+ p34(t)z
(7,12)), (γ31(t)z

(4,6) + γ32(t)z
(5,10))), (δ11(t)z

(1,2)

+ δ12(t)z
(3,5)+δ13(t)z

(6,7))) (32)

Once the Lz-transform of the actual performance exchanged between the
radial gear and the central gear is obtained, the reliability measures of the
SSG system can be determined.

5.1 Reliability

To assess the reliability of the SSG system, Equations (3) through (5) for the
first outer ring gear (X1) at the initial time t = 0, pi4 = 1 for i = 1, . . . , 4
and pij(0) = 0 for i = 1, . . . , 4; j = 1, . . . , 3 become

dp11(t)

dt
= 0.98p12(t) + 1.32p13(t) + 2.32p14(t)

dp12(t)

dt
= −0.98p12(t) + 5.61p13(t) + 2.77p14(t)

dp13(t)

dt
= −6.93p13(t) + 1.49p14(t)

dp14(t)

dt
= −6.58p14(t)

Similarly, the system of differential equations governing the behaviour
of the remaining gears in the SSG system is constructed by applying
indices i, j = 2, 3 and 4 into Equations (20) through (25). The correspond-
ing probabilities for each gear are obtained by solving these differential
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Figure 8 State probabilities of first outer ring gear.

Figure 9 State probabilities of second outer ring gear.

equations under specified initial conditions. The results of these solutions are
graphically represented in Figures 8 to 11.

After deriving the Lz-transform of the actual performance transferred
between the radial gear and central gear, incorporating their respective state
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Figure 10 State probabilities of third outer ring gear.

Figure 11 State probabilities of central gear.

probabilities, the reliability of the SSG system is computed using Equa-
tion (14) by following the procedure detailed in the preceding section.
Subsequently, the system’s reliability is determined based on the minimum
threshold demand values specific to the SSG system, as illustrated in Fig-
ure 12. A three-dimensional plot is presented to depict the reliability trends,
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Figure 12 Reliability of SSG system across various performances and time.

highlighting how the system’s reliability responds to varying minimum
performance demands over different time intervals.

5.2 Availability

The computation of the SSG system’s availability follows the method
described in Section 4.4 and Equation (15). The resulting availability for the
SSG system is displayed in a three-dimensional plot, as depicted in Figure 13.
This graphical representation offers a detailed perspective on how availability
changes across different time periods, providing insight into the system’s
performance over time.

5.3 Sensitivity Analysis

The sensitivity analysis of the SSG system concerning both the repair rate
and failure rate for t ≥ 0 is carried out using Equations (16) and (17). The
outcomes of this analysis are visually represented in Figures 14 and 15, pro-
viding insights into the impact of these parameters on system performance.
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Figure 13 Availability of SSG system across various performances and time.

Figure 14 Sensitivity of SSG system with respect to repair rate.
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Figure 15 Sensitivity of STP system with respect to failure rate.

Figure 16 Mean expected performance of SSG system.

5.4 Mean Expected Performance

The instantaneous mean expected performance of the SSG system for time
t ≥ 0 is assessed through Equation (18). The corresponding results are
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Figure 17 Expected revenue with different service costs for SSG system.

depicted in Figure 16, illustrating how the system’s performance evolves over
time.

5.5 Cost Analysis

The expected revenues or costs of the SSG system within the time interval
[0, 1] are computed using Equation (19), where the constant revenue cost is
set as G1 = 20, and the service costs vary with values of G2 = 0.05, 0.04,
0.03, 0.02 and 0.01 per unit. Figure 17 presents the results, offering a visual
representation of how the expected revenues or costs change under different
service cost conditions.

6 Conclusion

The current study explores an MPMS weighted star configuration system
designed to handle a range of failure levels, including minor, semi-minor,
semi-major and major failures, along with their respective repair and replace-
ment. The star configuration system is structured with a central hub connected
to several radial subsystems, each contributing to the overall system perfor-
mance in a variable manner. The central hub serves as the primary node,
coordinating the interaction between the subsystems. In weighted MPMS
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systems, the state probabilities of individual components fluctuate over time.
To address this time-dependent behaviour, a methodology based on the Lz-
transform is introduced to evaluate the dynamic reliability of the MPMS
system, accounting for the time-varying state probabilities of components
within a queueing framework. The approach integrates inspection and main-
tenance strategies for dealing with different types of failure severity. For
minor, semi-minor, and semi-major failures, components are repaired fol-
lowing preventive maintenance, whereas major failures require corrective
maintenance for their replacement. To validate this approach, a case study
of a star-shaped gear system is presented, encompassing various failures. In
the event of complete malfunctions, components do not undergo immediate
repair or replacement, instead, they enter a queue, awaiting maintenance after
inspection. The system operates based on an (M|M|1):(∞|FCFS) queueing
model, where repairs follow an Erlang distribution, and replacements follow a
Weibull distribution. This queuing structure allows for a more detailed repre-
sentation of system behaviour, capturing the dynamics of resource allocation
and maintenance scheduling. Dynamic reliability, availability, sensitivity,
mean expected performance and expected revenue cost are carried out and
plotted to illustrate the system’s evolving behaviour. These calculations reveal
how the star configuration adapts to varying levels of subsystem performance
and the impact of different failure rates on overall system reliability and cost.
The ability to model these dynamic interactions between the central hub
and the radial subsystems offers deeper insights into system optimization,
maintenance policies, and performance enhancement strategies.

For the SSG system, the graphs of reliability and availability in Figures 12
and 13 exhibits a decreasing trend over time, although an apparent increase in
availability is observed. This rise reflects the impact of maintenance actions,
where the instantaneous uptime improves following the implementation of
maintenance procedures. Figure 14 shows that sensitivity remains constant
with respect to repair rates, indicating a linear and predictable improvement
in availability as the repair rate increases. However, at certain higher repair
rates, sensitivity is decreasing because higher repair rates reduce the system’s
downtime, making the system’s performance less responsive to further incre-
ments in repair efficiency. Conversely, for failure rates, the sensitivity of the
SSG system increases over time, as illustrated in Figure 15. This indicates
that availability becomes more sensitive to variations in failure frequency,
with even slight increments in failure rates causing significant reductions in
uptime and making the system more susceptible to disruptions. Figure 16
depicts the decline in the mean expected performance of the SSG system
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over time, highlighting a reduction in overall efficiency. This decrease may
be attributed to factors such as component wear and tear or environmental
changes affecting system operation. Additionally, as shown in Figure 17, the
expected revenue of the system rises over time with decreasing service cost
G2, demonstrating how reduced operational expenses positively influence
profitability. The methodology presented in this research is broadly applica-
ble to complex MPMS systems with time-dependent component behaviour,
offering a practical framework for evaluating dynamic reliability measures.
By accounting for evolving component states and performance levels, this
approach provides a robust solution for optimizing reliability in engineering
systems under real-world operating conditions.

The proposed model opens avenues for further exploration and refinement
in dynamic reliability analysis. While the current study primarily employs
the Markov process, future research could explore the integration of Semi-
Markov processes. Additionally, investigating alternative queuing models,
advanced inspection techniques, and innovative condition-based maintenance
strategies presents valuable opportunities to enhance system performance and
efficiency.
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