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Abstract

The available testing resources are usually restricted during the software test-
ing process. It’s usual to presume that these limitations are deterministic when
discussing optimal control models. This isn’t true in practice. For instance, a
budget for the use of testing resources could be the first step in the testing
process. However, it is possible that fault detection is accelerated during the
fault testing process to meet unexpectedly high fault counts, which calls for
additional funding for testing resources. These enhanced numbers are obvi-
ously unknown in nature. In this case, fuzzy set theory is a plausible model in
sense of degree of uncertainty and hence the testing resource expenditure
constraints i.e. total budget becomes imprecise in nature. By integrating
fuzzy logic into the budgetary framework, this approach offers flexibility in
decision-making, enabling more realistic and adaptable strategies. The aim
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of this research is to look into an optimal way to allocate testing resources
in order to minimize software costs during the testing and operation phases
while taking independent and dependent faults into account. The model is
formulated as an optimal control problem for where the budget constraint
is expressed as necessity and /or possibility type. The proposed problem is
solved for an optimal testing effort policy employing Pontryagin’s Maximum
Principle. A numerical example is presented to support the theoretical optimal
control model. The values of the optimal testing effort expenditure function
are displayed in both tabular and graphic forms.

Keywords: Fuzzy constraint, maximum principle, optimal control theory,
testing effort allocation, necessity/possibility.

1 Introduction

Nowadays, every industry is becoming computerized, with many complex
tasks being managed by software systems. From the era when computers
occupied entire rooms to the modern day, where they fit in the palm of
our hands, our reliance on these machines has grown exponentially. Today,
we depend on computers for even the simplest calculations, and their role
in organizations has become indispensable. As many businesses now rely
exclusively on computer systems, any failure can result in significant losses
of resources, time, and money. This heightened dependency has also exposed
situations where software failures have led to substantial financial and tem-
poral setbacks. Consequently, software companies now invest as much in
testing their products as they do in developing them. Testing involves a
series of predefined activities designed to ensure the final product meets the
customer’s expectations. Studies suggest that software testing and removing
fault costs can range from 30% to 80% of the cost of producing a working
version of the software [1, 2]. An inadequate infrastructure for software
testing is predicted to cost $59.5 billion annually (US), according to NIST
(2002). Improvements to the infrastructure that are practicable might save
$22.2 billion. This amounts to around 0.6 and 0.2 percent of the $10 trillion
GDP of the United States, respectively. About 40% of the total impacts
were attributable to software creators, and 60% were attributable to software
consumers.

The software development industry is a cornerstone of the modern econ-
omy, driving innovation and transformation across various sectors. With rapid
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technological advancements and evolving market demands, the industry con-
tinues to grow and adapt, presenting both exciting opportunities and complex
challenges for developers and businesses alike. The goal is to create software
that meets user requirements, function reliably, and provides positive user
experience. The cost, fault identification, removal of fault, and testing efforts
are integral components of the software development process that directly
impact the quality, reliability, and success of software products. Each aspect
plays a vital role in ensuring that the software meets user requirements,
operates reliably, and provides positive user experience. By investing in
robust testing practices, continuous integration, efficient fault identification
and removal processes, organizations can minimize costs, enhance software
quality, and deliver reliable software solutions to the market.

The cost of software development can vary widely depending on several
factors, including the complexity of the software, the technologies used, the
size of the development team, and the location of the development resources.
The cost components in software development typically include fault identi-
fication, also known as bug detection, which is a critical process in software
development. It involves identifying errors or faults in the software that
could cause it to behave unexpectedly or fail to meet specified requirements.
Effective fault identification is crucial for maintaining software quality and
reliability. Once faults are identified, the next step is fault removal, which
involves debugging and fixing the fault in the code. Fault removal is a crucial
part of the software development process, as unresolved fault can lead to
software failures, security vulnerabilities, and poor user experience. One can
use debugging, Regression testing, refactoring, continuous integration.

Testing effort refers to the time and resources required to thoroughly
test the software to ensure it is free from fault and meets the specified
requirements. It is a critical part of the software development lifecycle and
plays a significant role in ensuring software quality as software engineers not
only identify faults during testing but also resolve them, thereby enhancing
the reliability of the software. Testing process demands significant resources,
including CPU hours and human effort, which substantially impacts the cost
of software development. Therefore, efficiently allocating these resources
is a critical responsibility for a project manager. In the last thirty years,
we have seen the proposal of numerous software reliability growth models
(SRGMs) to reduce overall testing effort expenditures [3—7]. Huang et al. [5]
and Kapur et al. [7] developed S-shaped testing effort-dependent SRGMs
based on Yamada et al. [8], delayed S-shaped model, which describes the
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learning phenomenon observed during the software testing phase. These
models highlight the importance of balancing testing efforts and costs to
ensure optimal fault detection. Peng et al. [9] proposed a modelling frame-
work that incorporated testing effort and imperfect debugging into both fault
detection and fault correction processes. Kapur and Bardhan [6], investigated
the connection between testing effort, duration and the number of faults
eliminated. However, these models are primarily predicated on the idea that
the relationship between testing effort consumption and testing time (the
calendar time) follows an exponential and Rayleigh distribution.

Modular software system plays a significant role in enhancing software
reliability and improving the effectiveness of the software reliability growth
model [10-14]. Modular software analyzes and predicts the reliability of
software system during testing by identifying and removing faults. It allows
for parallel testing of individual modules and increasing the rate of fault
detection. By targeting specific modules for fault detection and removal,
resources are optimized, reducing cost associated with testing and debugging.
Kapur et al. [11] examined the optimization problem of allocating testing
resources in software with a modular structure. They proposed that the
allocation of testing effort should be based on the size and severity of faults.
Additionally, they suggested that for various resource constraints, a trade-off
can be developed between the maximum number of faults to be removed in
each module and the effort required. Huang et al. [12] describes an optimal
resource allocation problem in modular software systems during the testing
phase. The primary goal is to reduce the cost of software development when a
certain amount of testing effort and a desired level of reliability are specified.
According to Kapur et al. [13], the testing resource allocation problem among
modules aims to maximize the overall fault removal from software that is
composed of multiple independent modules. Khan et al. [14] study addresses
the issue of allocating testing resources for a modular software system in the
best possible way to maximize the number of defects fixed, provided that the
testing effort is fixed, a specific percentage of defects are to be eliminated,
and a desired level of reliability is to be attained.

Optimal control theory is widely used to derive optimal policies in many
research fields including economics, marketing, inventory-production and
engineering [15-27]. It is a mathematical framework that provides systematic
approaches for optimizing the performance of dynamic systems. In software
reliability growth models, it plays a critical role in allocation of testing
resource expenditure under dynamic conditions. Kapur et al. [21] used opti-
mal control theoretic technique to know the behaviour of dynamic model
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in testing resource allocation for detection and removal of faults. Kumar
and Sahni [22] conducted additional research in optimal control modeling
by developing an effort allocation model that takes into account various
budgetary constraints on the fault detection and correction processes. Kumar
et al. [23] developed an optimal control model for resource allocation during
the testing phase that incorporates a flexible software reliability growth
model and testing effort in a dynamic environment. Pradhan et al. [25] use
the optimal control theoretic approach in software systems to solve profit
maximization problems by merging software enhancement and customer
growth concepts. Pradhan et al. [26] created a software reliability growth
model (SRGM) that incorporates a Weibull testing effort function (TEF) into
the software fault detection and repair processes (FDP and FCP), successfully
reflecting the complexities of software testing.

1.1 Contribution

The testing resource expenditure and other restrictions that are applied in
optimal control models were thought to be deterministic until recently.
However, in practice, these limitations must be imprecise, meaning they
must be enforced in a non-stochastic way. In reality, this is not true. For
example, the testing process may begin with a budget for testing resource
expenditure. However, throughout the fault testing process, it is possible that
in order to meet unexpectedly increasing faults, fault detection is accelerated,
demanding an allocation of some extra budget for testing resources. These
enhanced numbers are obviously unknown in nature. Fuzzy set theory pro-
vides an effective approach to handling such uncertainty, as it allows resource
constraints — such as total testing expenditure and budget capacity — to be
represented in an imprecise manner. Since a fuzzy constraint corresponds to
a fuzzy event, it must be satisfied within a specified level of possibility or
necessity [27, 28]. Similar to chance-constrained programming with stochas-
tic parameters [29, 30], a fuzzy environment assumes that certain constraints
must be met with at least a given level of possibility, denoted as 7;, where
‘possibility’ serves as the fuzzy counterpart to ‘chance’. Maiti and Maiti
[31] proposed a fuzzy inventory model for a two-warehouse system under
possibility constraints.

Recently, Samal et al. [32] used fuzzy logic in software reliability
assessment. This chapter [32] also covers studies on determining a software
system’s trustworthiness and developing release policies in fuzzy environ-
ments. However, no research so far has explored a dynamic allocation of
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testing resource model for fault removal process in software reliability with
imprecise testing resource constraints using optimal control theory. Our focus
is on determining the optimal allocation of resources across independent
software modules while adhering to an imprecise budget for testing. To
minimize the cost of testing in a modular software system, we formulate the
problem as an optimal control theory problem. The objective is to derive the
optimal rate of testing effort allocation for each module to reduce the overall
testing cost while adhering to the budget constraints.

The entire available budget for testing and debugging is handled as fuzzy
in our work because it is unpredictable in many real-world settings. The aim
of this study is to examine the impact of fuzzy budget constraint on the fault
removal process in modular software system and fill the gap by determining
the optimal testing effort allocation strategies in a modular software system
environment. To address this uncertainty, we use fuzzy set theory to express
the budget as a triangular fuzzy number. After clarifying or defuzzing the
imprecise financial constraint, which could be based on necessity, we employ
Pontryagin’s maximum principle to solve the clear model, seeking to improve
the development process while minimizing costs and optimizing software
performance.

The related work for development of proposed optimal control problem
is established in Section 2. Section 3 provides assumption, development
of the proposed model. The model is switch to the corresponding Crisp
Optimal Control Problem in Section 4. In Section 5 we have discuss the
particular cases. Section 6 illustrates the numerical examples and discussion
and conclusion in Section 7.

2 Related Work

2.1 Nonhomogeneous Poisson Process — A General Description

The NHPP models [33-35] are based on the assumption that ‘Software failure
occurs at random times during testing caused by faults lying dormant in the
software’. Hence NHPP can be used to describe the failure phenomenon
during testing as well as operational phases of software development. The
counting process {N(t),t > 0} of an NHPP process with mean m(t) is
given as follows.

k
Pr{N(t) =k} = {mg)}e—m(t), k=0,1,2,... (1)
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The expected number of faults detected up to time ¢ is represented by the
mean value function m(t), which can be expressed as follows:

m(t) = /Ot Az)dz )

The intensity function of NHPP, \(), represents the instantaneous rate
of fault detection. Define a(= m(00)) as the expected cumulative number of
faults to be eventually detected. From (1), we can see that

. a*
tll)rgoPr{N(t) =k} = e k=0,1,2,...

This implies that over infinitely long duration testing, N (¢) will follow a
Poisson distribution with mean a.

The estimated number of software faults remaining in the software system
at testing time ¢ is @ — m(t). The fault detection rate per fault (per unit time)
during testing time ¢ can be used as a valuable software reliability growth
index and expressed as
At)

0= T

The relationship between b(t) & m(t) can be expressed as follows:
m(t) = a(1 — e~ Jo blwduy

The intensity function A(z) (or the mean value function m(t)) is the basic
building block of all the NHPP models existing in the software reliability
engineering literature.

2.2 Kapur and Garg SRGM for Removing Error (1992)

This model is predicated on the idea that the debugging can eliminate some
errors without creating any failures, while simultaneously eliminating some
new faults. Independent faults are those that are found during a failure,
whereas dependent faults are those that are also eliminated. Above assump-
tions can be described mathematically for fault removal process with the
following differential equation

O a0, 0) + 42

(a — (1)) (3)
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Q,(t) represents the predicted number of removals, while p and ¢ represent

fault detection rates for independent and dependent faults, respectively. Under
the initial condition m,(0) = 0, the mean value function obtained as

“4)

Ou(t) = a(l — e~ (Pta)t)
' 1+ (1%) o—(a+b)t

The failure phenomenon is the same as removal when p = 0, which
reduces the model to the G-O model. Otherwise, the phenomenon of failure
is expressed as

! ap ptaq
Qf(t) = /0 pla — Q. (z))dx = ;ln []quwq)t] 5)
An s-shaped flexible growth curve is described by the model. If we
assume logistic learning fault detection rate, which is provided by b(t) =
(ﬁz_bt) with b = (p + ¢) and § = (gq/p), we can alternatively con-
struct the K-G model [3]. Obha’s [37] and Bittanti et al.’s [38] models are

comparable to the K-G model and may be obtained using the formulas
b(t) = b(r + (=020 Yy and b(t) = ki + (ky — ki) (22, respectively,

a
where ky and k; represent the final and initial fault exposure coefficients,
respectively. While the Bittanti Model offers a range of dependability trends,

the Obha model [37] describes a growing error detection rate.

2.3 Optimal Allocation of Testing Effort in SRGM: A Control
Theoretic Approach (Kapur, P. K., et al., 2013)

The main objective of this paper is to examine the best possible resource
allocation strategy to reduce software costs during the testing and operation
stages in dynamic environments. The optimal control formulation for the
testing resource allocation can be given by

T
min /O len()2(t) + eawn (1)) dt
s.t.

_a) _ x(b,wi(t)), 2(0) =0 (6)

"0 ="g

Q(t
QEQTjg(T)ZQd:aQT)
a

(w1 (t); wa(t) > 0 and c1(t) = c1(2(t), wa(t))
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Where, T is planning period; wi(t) denotes the effort consumption
related to testing at time ¢; wo(t) is the effort consumption due to debugging
the fault at time ¢; ¢; (¢) denotes the cost per unit at time ¢ for cumulative fault
removal and debugging effort; co is the cost of testing per unit testing efforts.
The planning problem is finding the allocation of resources that minimizes
the total expenditure. The article investigates how resources can be allocated
efficiently during the software testing phase to minimize the overall cost.

3 Proposed Methodology

Testing plays a crucial role in the SDLC (Software Development Life Cycle)
as it helps to evaluate reliability of software. Since most software systems
are modular, it is essential for management to optimally allocate limited
testing resources across various modules [11]. Although several S-shaped
models for software reliability exist in the literature, we focus on the Kapur
and Garg model [3] due to its simplicity and ability to analyze the failure
growth rate of software. During testing, some faults can be eliminated without
causing software failures, though this may require extra effort. A fault that is
removed after causing a failure is termed as a leading fault. In the process of
eliminating leading faults, other faults, which could have led to failures, may
also be detected and addressed. These are referred to as dependent faults.

3.1 Assumption and Notation

For proposed testing effort allocation optimal control model considering
fuzzy budget constraint, following assumptions and notations are used.

Notations

N(t) Counting process represents the cumulative number of
software errors found in interval [0, ¢].

m(t),Q;(t) Mean value function/cumulative number of faults (or
module i) detected by time ‘¢’

a, a; Initial fault content in software (or module i)

P, i Fault detection rate for independent faults (or module i)
q,q; Fault detection rate for dependent faults (or module i)

b, b;i(t) Fault detection rate per remaining fault

u;(t) Current testing effort expenditure for testing and debugging

for module i
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Chi(u;)/C1;  Cost of testing effort used to correct an error/fault during
testing for module i

Ci(u;)/Cy  Cost of testing effort used to correct an error/fault during
the operational phase for module i

Csi(u;)/Cs;  Cost of testing per unit of testing effort for module i

w Available total testing expenditure budgetary

Assumptions
The following assumptions form the basis of our model:

1. The fault detection process follows a Non-Homogeneous Poisson
approach (NHPP).

2. The software system contains M different modules, each of which is
tested independently.

3. A fuzzy variable represents the overall budget for module testing
resources, which is fixed.

4. The system manager aims to allocate resources among software modules

to reduce testing costs while maintaining quality.

. The entire software system fails if any module includes a fault.

6. When a failure-causing fault is found, other errors in the same module
are also found, stopping those mistakes from causing more failures.

9]

The goal is to minimize overall testing costs while debugging as many
faults as possible. When the budget is uncertain, testing resources must be
distributed optimally across software modules.

3.2 Model Development

A testing effort function describes the amount of testing resources used
during the testing period. In the development of our optimal control theoretic
model, we assume that the firm controls its resource expenditures for testing
and debugging during a finite planning time, and that the number of faults
detected per unit testing effort is proportional to the remaining faults, both
dependent and independent. Under the above assumptions 1-6, the fault
detection procedure with testing effort in modular software systems can be
described by differential equation as:

dS2i(t)
dt

Qi(t)

a;

= u;(t) <pz'(ai = Q4(t)) + a (a; — Qi(t»)

Vi=1ton,Q;(0)=0 @)
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Where, u;(t) is current testing effort and time dependent function; p; is
the detection rate at which residual faults cause failure in the software and ¢;
is the detection rate at which additional faults cause failure in the software.

In this paper, we focus on optimizing testing resources allocation in
modular software systems to minimize testing costs where the total budget
for testing resources is fixed and presents an optimal control framework.
Each software module is tested independently, and the system manager must
allocate resources in a way that minimizes the overall cost while ensuring
reliable performance. To determine the entire cost of software testing using
cost criteria, including the cost of testing-effort expenditures during the
software development and testing phases, as well as the cost of rectifying
errors before and after release. Jha et al. [36] state the overall software cost
for each module as follows:

M

T
C(t) = Z{Clz(uz)gz(T) + C’gz(u@)(Qz(oo) — Ql(T)) + ng/o ul(t)dt}

i=1

®)
C}; represents the cost of testing effort used to correct an error during testing,
Cy; represents the cost of testing effort used to correct a fault during the
operational phase, and Cs; represents the cost of testing per unit of testing
effort spent. Keep in mind that addressing a bug after release often costs more

than repairing a bug when testing.
If we assume that €2;(c0) = a;, then the above functional can be written as

M T
C(t) = Z {Ch(uz)QZ(T) + ng(uz)(az — QI(T)) + 032/0 ui(t)dt}

i=1
)
To derive optimal strategies for testing resource allocation under fixed
budget constraints, aiming to reduce the overall testing cost without compro-
mising software quality. To minimize the overall cost of software testing,
we develop an optimal control problem to assign an optimal amount of
testing effort to each module. With the condition that the system has M
modules, the objective is to select the optimal control variable u;(t) in a
way that minimizes the overall testing cost in planning horizon [0, 7. Let
T be the software product’s release time. The objective function can now be
expressed as

T [ M . .
min J = / <E{Clz(uz)ﬂl(t) + Coi(us) (a; — Q4(t)) + C3iui}> dt
(10)



324  Deepika Gaur et al.

and the constraint on the testing effort expenditures for every module

T M
/ (Zu) dt < W 1)
0

i=1

The fuzzy variable W represents the entire budget for testing resources.

3.3 Fuzzy Optimal control Formulation

The total amount available of testing-resource expenditure is taken to be
imprecise. To obtain the optimal dynamic testing effort allocation strategy
while minimizing the total testing cost, which can be described by the
following dynamic optimization problem as an optimal control problem:

T (M ]
maXJ = /0 (Z{(CQz(Uz) — Ch(ul))Qz(t) — ng(ul)az — ngul}> dt
i=1

Uj (t)
dS2i(t)
dt

Qi(t)

i

— (ui(t)) <pz-<ai — i) + ¢ (a, sw)))

Q:(0) =0; ul <wu(t) <ulVi=1...M;

/OT (§ul> dt <W

i=1

/
(12)
The joint allocation of testing effort resources among all modules is
referred to as the constraint fOT(Zf\i L ug)dt < W. This is the only constraint
that links the modules together and restricts us from solving a single module
problem. Using the Theorem 1 stated in Maity and Maiti [32], we get from

Equation (11) as
D i < w (13)

i=1
Equation (14) provides a fuzzy constraint that can be viewed in terms
of necessity. It is possible to depict fuzzy relations in a variety of ways.
Fuzzy numbers are used in necessity/possibility theory to understand these
relationships, indicating the level of uncertainty. A variety of fuzzy constraint
combinations are used to decrease constraint (13) [31, 32].

el (S0) <)
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Another way to write this is as

N N
m{(Zw) zVTv}g—m (14)
=1

3.4 Equivalent Crisp Optimal Control Problem

The above model implies that the total testing resource budget will be

represented by a triangular fuzzy number. Let W = (W, W, W3), then

W= (%, %2 Us) = (W], W3, W). The constraint is converted into a crisp

one using the concept of necessity or possibility, and therefore the problem
represented by (12) reduces to its equivalent crip version as follows:

u; (t)

T (M '
HlaXJ = /0 (Z{(CZ’L(UZ) — C’ll(u,))QZ(t) — C’gl(ul)az — 031U2}> dt
i=1

dS(t) Qi(t)
i = ) (o - 200) + 0™ (0 - 220
Qi(0) = 0; ul < w(t) <u¥Vi=1...M;
(15)
subjected to the constraint (13) for all scenarios and
Z]'\fl ui — Wy
Wi —wl = m (16)

4 Mathematical Approach to Solve the Crisp Optimal
Control Problem

Optimal control theory is a significant field of dynamic optimization that
uses mathematical optimization to determine the best course of action for
controlling a dynamical system. For the aforementioned optimum control
problems (15) and (16), the Hamiltonian function is

M M

H = {(Cai(us)—Cri(ui)) i (£) — Coi(ui)a;—Cagui }+ Y () (17)
i=1 1=1

With respect to their state equations, f;(t) are adjoint variables. To put it

simply, the Hamiltonian is the sum of the current (C;(u;) — C1(u;))$2i(2)

and future cost (14;€2;(t)). The needed optimality criteria are provided by the
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maximum principle [36], assuming that there is an optimal control solution.
The function p;(t) is piecewise continuously differentiable for any ¢ € [0, ¢].
It explains how dual variables behave similarly in optimal control theory
to how they do in nonlinear programming. The corresponding Lagrangian
function with constraint (17)

L=H+X\

M
(1 — )Wy +mWy —Zui] (18)

i=1

Where, ) is Lagrangian multiplier. Then K-T conditions:

M
A [(1 — )W +mW, —Zui] =0 (19)
i=1
The adjoint functions y;(t) are obtained by using the Maximum Principle
as follows:

d oL
Spha(t) = YO wi(T) =0 (20)

From Equation (21) with transversality conditions 1;(T") = 0, we have

d o (t)

giHi(6) = —[(Cai(w) — Cri(wi)) + “i(t)]aﬁi(t) 1)
On simplification, we get
U = [(Coulus) = Ca)) + (D) (i(0)
X [(pz' — )+ ?Qi(t)] (22)

According to the Pontryagin’s maximum principle, the Lagrangian func-
tion should be maximized in relation to admissible controllable testing effort
function u;(¢t)Vi = 1,2, ... M. From Equation (18), we have

(%ift) = (Pz‘ + ¢ Q;(t)> (a; — (1))

%

. [(ac;iui) - acézfiui)> wi®)
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+ (Cai(ui) — Cri(ui)) + pi(t)

OC5: (1
_ Mai O — A (23)
aui
and the necessary optimality conditions for Equation (23) are given by
oL
=0 24
Ou;(t) 4

From the optimality conditions (24), we get the testing effort rate u}(¢)
for each module. It is given by

ui (t) = (ac%(ui) - ach-(ui)>
ou; ou;
6052(%) a; +Cs3 + A
X - — ((Coi(ui) — Criuq)) + pa(t))

(b + 652 (@ — ()

i

(25

From the Equations (7), (21) and (26), with terminal conditions u;(1") =
0, and initial conditions 2;(0) = 0, we obtain the optimal value expected
number of fault removal at time ¢ as

() = a ( 1 — exp(—(p;i + @) [ ui(s)ds) > 06)
Z 1+ L(exp(—(pi + @) fot u(s)ds))

Define the cumulative testing efforts for the ith module as Uj(t) =
f(f u}(s)ds. Then Equation (27) can be written as

(t) = a; 1 —exp(—(pi + @)U/ (t))
2(t) = ai (1 + L (eap(—(pi + Qi)Uz‘*(t)))> -

The above expression is similar to model with testing effort. Equation (27)
gives the optimal trajectory of the number of faults removed for 2th module.
If u}(t) = «, we can deduce the following three scenarios.

Case 1: If TL@) > 0 then the Lagrangian function L is an increasing function
of u}(t) and is given by minimum{«, u}
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Case 2: If af—ﬁt) = 0 then Lagrangian function L is maximised for the value
of u;(t) as w!(t) = afor A > 0)
Case 3: If % < 0 then Lagrangian function L is a decreasing function of

u;(t) and w;(t) = mazimum{a, ul

5 Particular Cases Owing Sections, We Alter the
Correcting Costs to Investigate How the Suggested
Optimal Control Problem Behaves

5.1 When the Costs are Linear Function of Testing Effort

The costs in this section are assumed to be linearly related to the testing
effort, that is, C’h(ul) = Chju; and Cgl(ul) = (Cui. Where Cy; and Cy;
are constant values, respectively. The Hamiltonian can now be expressed as

M M
H = Z{(Cm' — Ci)u; Qu(t) — O uja; — Cspui} + Z 1iQu(t)  (28)

i=1 =1

The corresponding Lagrangian

L=H+X|(1—m)W5+mW| — Zu,] (29)
From Equation (29) with transversality conditions 1;(7") = 0, we have
d i(t)
—pi(t) = —[(C2i — Cri)ui + s 30
(0 = ~1(Co = i+ (Bl (30)
On simplification, we get
ch = ((C2i — Cri)u; + pi(t)) [(pi — i)+ ﬁQi(t) @31

According to Pontryagin’s maximum principle, the Lagrangian func-
tion should be maximized in relation to the control variables u;(t)V i =
1,2,...M and ‘g—ﬁ = 0 are required optimality criteria. So, now for u;(t):

afit) = (pi + Q;(lt)> (a;i = Q4(1))[2(C2 — Cra)ui(t) + pi(t)]

— Coa; — O3 — A (32)
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and

From the optimality conditions (32), we get the testing effort rate u(¢) for
each module. It is given by

o 1 Coia; + Cs + A

g (t) - 2(021' — Cli) (pi + QiQ;i(t)) (ai - Ql(t))

i

— i (33)

The Lagrange’s multiplier A must satisfy the complementary slackness
conditions A > 0.

i=1

M
A [(1 —m)Wy +mW{ — Zu@] =0
When A\ = 0, then we have

i 1 Coia; + C3;

U,

i(t) = 2(Cyi — Cuy) (pi + Qi%) (ai — u(t))

— Hi (34)

a;

If A > 0, it implies for ((1 — n1)W3 +mW/{ — sz\i1 u;) = 0. We have
the optimal testing effort as

N 1 Coa; +Cs + A

ut(t) = S
2(021 — Ch) (pz +q Q;Et)) (al — Ql(t))
Where,
<(1 — )Wy +mWj
M 1 C2;a;+Cs; — s
— Zi:l 2(C2;—C14) ( (Pz“f‘%@) (aj—Qi(t)) Mz) )
A= : '

ZM 1
=1 Q(CQi_Cli)(pi‘Hh Qéit))(ai_gi(t))

The optimal policies for allocating testing effort can be interpreted as
initially increasing €2;(¢) due to the S-shaped character of the fault detection
function, followed by a decrease in testing effort expenditure. When ;(t)
slows down due to S-shaped fault detection rate, the allocation path for testing
effort consumption begins to increase.
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5.2 When the Costs are Constant

The costs Cy; and Cy; are assumed to be constant values in this section,
meaning that they are not directly influenced by the testing effort rate, i.e.,
Ci(u;) = Chi and Cy;(u;) = Co;. Now, we can re-write the Hamiltonian
function as

M
H =Y {(Co — Chi + i) Qu(t) — Coi a; — Caius} (36)
=1

The corresponding Lagrangian

M
L=H+ M1 =-n)W5+mWi > u (37

=1

From Equation (37) with transversality conditions p;(7) = 0, we have
adjoint variables equation:

d B ‘ L 0(t)
%Nz(t) - _(CQZ Clz + ,U/z) 8QZ(t) (38)
On simplification, we get
du; 2q;
a/l? = —(Ca; — Cri + i) <(Qi —Dpi) — qu(t)> (39)

In the Lagrangian function, the term ZZI\L 1 C2; B; remains constant. Fur-
thermore, the fixed value ZZ]\L 1 C2; B; can be removed from the equation.
Because the Lagrangian function is linear in control variable, the maximum
principle for the best testing effort is given by

ul, if Si(t) <0
u; (t) = < Singular, if Si(t) =0 (40)
u}“, if Sz(t) >0

In this case, the coefficient of u; in Lagrangian function is S;(t) = (C4; —

Ci + Mi)%@@ — (C'3; — A, which is also known as the “switching function”.
In the theoretical framework of optimal control theory, this kind of optimum
control is referred to as “bang bang” [36]. However, on an arc along which
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S;i(t) = 0, interior control is feasible. “Singular arc” is the term used to
describe such an arc. The Equation (40) can now be expressed as

( . )\
o< B ey-
(pi+ @ %) (0 - )
. . B (C3i + A)
wi(t) = Singular, if p;(t) = (pi . qi%) @ — D) — (O — Cyy)
Csi + A
', if pi(t) > é f *2) — (G — Cy)
(pi+a%2) (0 — )
(41)

Equation (41) provides optimal policies, which can be interpreted as
follows: The minimum testing effort expenditure rate should be applied to all
modules if the entire cost of fixing a fault is less than the cost of unit testing.
However, all testing effort expenditure rates should be at their maximum for
all modules if the entire cost of fixing an error exceeds the cost of unit testing.
Using optimal testing efforts, the optimal values of state trajectory (optimal
fault removal) with initial condition £2;(0) = 0 is

1 —exp (—(pi +qi) fg uj(s)ds)
1+ <6xp (—(pi +ai) Jy UZ—‘(SMS))

Using Equation (39), we observed that p;(¢) is the decreasing and neg-
ative function. The p;(t) represents the marginal value of faults at time ¢,
which should be negative as the quantity of faults increases the correcting
cost. Equation (42) illustrates how the switching function affects the ideal
expected mean number of faults found in time (0,¢) with optimal testing

effort u} (= ul or ul).

Qi(t) = a; (42)

6 Numerical lllustration

Here, a numerical example is provided to illustrate how to use the proposed
model mentioned above. Using the method suggested by Rosen [40], the cor-
responding crisp control theory issue given by Equation (15) with constraint
(14) is converted to a discrete form. For its numerical application, the discrete
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Table 1 Values of parameters
Parameters Module-1 Module-2 Module-3

ai 274 275 276
pi 0.035 0.037 0.038
qi 0.136 0.138 0.140
Cii 10 11 12
Ca; 50 51 52
Csi 300 310 320
m 0.5 0.5 0.5
ul 0.40 0.40 0.40
u? 1 1 1

formulation of the problem as follows is taken into consideration:

T /M

max J = (Z{(C%(ui(k)) — Chi(ui(k)))(Q(k + 1) — Qi(k))
k=1 \i=1

’U,Z(t)

—CQZ(ul(k))al — Cglul(k‘)}) (43)

-+ 1) = 08) + (k) (ilos = 0) + s e = 40
Z (44)
Q;(0) = 0; ul <w(k) <ul;Vi=1...M, k=1,2...T;  (45)
With necessity constraint
Zivzl u;(k) — Wi
W) — Wy

<l-mVkE=12...T (46)

Lingo19 solves the discrete formulation of the proposed model mentioned
above. The number of modules, indicated by the value of M, is assumed to be
3. Twelve equal-length time periods are considered to make up the total time
interval. In Table 1, the values for the various parameters are given. These
values are often provided by the developer based on prior experience, but
they are assumed for numerical examples [3].

The total available budget which is assumed to be fuzzy in nature, is
represented by the triangular fuzzy number and the value of (W], W3, W3) is
taken as (240, 440, 540).
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Table 2 Optimal value of Fault detected by time ¢
Time Periods T1 T2 T3 T4 TS5 T6 T7 T8 T9 TI10 TI11 TI2
Qi(t) 10 14 19 23 28 33 37 43 48 53 59 64
Qa(t) 10 14 19 24 29 34 39 44 50 55 61 67
Q3(t) 10 15 19 24 29 35 40 45 51 57 63 69
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Cummulative faults detected (€, (1))

=
=3

—a—01(t)

——02(1)

——03 (1)

Time (t)

10 il | 12

Figure 1 Optimal values of faults detected when cost are linear function of testing effort.

Table 3 Optimal value of Testing Effort by time ¢
Time
Periods T1 T2 T3 T4 T5 Te6 T7 T8 T9 TI10 TI11 TI12
ui(t) 040 040 040 040 040 040 040 040 040 040 040 1
w3 (t) 040 040 040 040 040 040 040 040 040 040 040 1
u3(t) 040 040 040 040 040 040 040 040 040 040 040 1

When considering cost as a linear function of testing efforts for correcting
during the testing and operational phases, the total minimum optimal cost is
186518.6. Table 3 shows the optimal testing effort rates for the three modules.
Table 2 displays the values of optimal faults obtained in each module, which
are depicted in Figure 1 for three separate modules during the planning

period.
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Table 4 Optimal value of Fault detected by time ¢
Time Periods T1 T2 T3 T4 TS5 Té T7 T8 T9 TI10 TI11 TI12

Q1(t) 10 21 32 44 57 71 8 100 114 129 143 157
Qa(t) 10 21 33 46 59 74 89 104 120 135 149 164
Qs3(t) 10 21 34 47 61 76 92 107 123 138 153 167

180
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140

120

100

80

60

Cummulative faults detected

40

20

Time (t)

Figure 2 Optimal values of faults detected when cost are constant.

The optimal testing effort for each module has upper values uj' = 1
and the values of total optimal cost obtained is 454741.2, when we consider
testing costs are constant for correcting during testing and operational phase.
The values of optimal faults obtained in each module depicted in Table 4 and
plotted in Figure 2 for three different modules in planning period.

Taking into account necessity and/or possibility limitations for both cost
scenarios, we find that when testing costs are constant and independent to
testing effort, the necessity/possibility testing effort constraints require a
greater degree of testing effort. Therefore, a higher degree of testing effort
leads to a higher defect detection rate. However, when testing cost is a linear
function of testing effort, we find that the necessity/possibility constraints for
the second cost scenarios require a lower level of testing effort. Therefore, a
decision maker will have the freedom to allocate testing effort resources at a
lower level if they wish to strictly adhere to the limited resource limitations.
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Additionally, the overall optimal testing cost and cumulative detected faults
are greater in the case of constant cost with budgetary limits than in the case
of testing effort dependent cost.

7 Conclusion

The testing effort based SRGM can be used to characterize the link between
the testing resources used during module testing and the software defects
found. How much testing resources should be allotted to each module has
been the focus of the testing resource allocation problem. Although each soft-
ware module has a distinct function, they might not all be equally significant.
While some may just provide a few features, others might offer the software
significant capability. While faults in certain modules may be as simple as
possible, those in others may be more complex. It necessitates accurate mon-
itoring of testing progress as well as careful allocation of testing resources
among modules. To reduce testing costs, software project managers should
continuously monitor the testing process and allocate resources effectively.

The testing resources that are available are typically limited during the
software testing process. In the context of an optimal control problem, these
constraints are often thought to be deterministic. This isn’t actually the case.
For instance, a budget for the use of testing resources may be the first step in
the testing process. However, it’s possible that fault detection is accelerated
during the fault testing procedure to meet unexpectedly increasing faults,
necessitating the allocation of some more funding for testing resources. It is
clear that nature is unaware of these increased numbers. Given the degree
of uncertainty in this situation, fuzzy set theory makes sense as a model,
as a result, the testing of resource expenditure limits, such as the overall
budget, becomes imprecise. According to the proposed model, a triangle
fuzzy number represents the entire testing resource budget that is available.
In such circumstances, you can replicate the decision maker’s subjective
imaginations as accurately as they can be expressed by modeling the problem
in a fuzzy environment. The optimal control theory technique in a fuzzy
environment is becoming increasingly essential, as some additional sources
contribute to uncertainty in issue descriptions.

In this paper, we present an alternative explanation for optimal testing
resource allocation utilizing fuzzy constraints in a dynamic setting. This
allows us to easily manage the consumption rate of testing-effort expenditures
and identify more problems in a given time interval. This means that develop-
ers and testers may focus their time and resources to completing testing jobs



336 Deepika Gaur et al.

while keeping costs under control. This study defines necessity/possibility
constraints in the context of the allocation of testing effort resources for
modular software systems, which are define and defuzzified. We use fuzzy
set theory to deal with this uncertainty and use a triangular fuzzy number to
describe the budget. Using necessity constraints, the fuzzy optimal control
model is developed and solved using optimal control theory approach. The
model is further discretized and solved using the LINGO19 Software. In
the future, the proposed model can be extended to various testing resource
allocation models that use fuzzy parameters to describe the budget and fault
detection rate with different types of testing effort functions.
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