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Abstract

In this article, we propose a new family of estimators for estimating the
unknown population median of a study variable by utilizing auxiliary infor-
mation under simple random sampling. The choice of the median, as opposed
to the mean, is particularly advantageous in the presence of outliers or
skewed distributions, where the mean may be unduly influenced. We derive
the expressions for the bias and mean square error (MSE) of the proposed
class of estimators up to the first order of approximation. Furthermore, we
examine several notable subclasses within the proposed family and cal-
culate their respective MSEs. To assess the efficiency and robustness of
the proposed estimators, an empirical study is conducted using real-world
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data and benchmarked against existing estimators from the literature. The
results of this empirical analysis demonstrate that the proposed estimators
achieve lower MSEs, underscoring their practical relevance and effectiveness
in survey sampling applications.

Keywords: Auxiliary variable, bias, mean square error, median, simple
random sampling, study variable.

1 Introduction

The median is often preferred over the mean when dealing with non-normal
distributions such as income, production and consumption, where outliers
are commonly present. In such cases, the mean becomes less reliable due
to its sensitivity to extreme values. To enhance the precision of estimators,
auxiliary information can be effectively utilized in statistical analysis. Several
methods — such as ratio, product, and regression techniques — have been
developed to incorporate auxiliary information for estimating population
parameters. Extensive research has been conducted on estimating parameters
like the population mean and median using such information. [4] was among
the first to introduce the concept of median estimation in survey sampling.
Later, [8] was the first to address the problem of estimating the median
using auxiliary information in survey sampling. Since then, a wide variety of
estimators have been proposed under different sampling schemes to estimate
the population median. [23] proposed an estimator for population median
estimation and demonstrated its superiority over existing methods. [20] intro-
duced a generalized estimator using auxiliary information and derived its bias
and mean square error (MSE), showing that their estimator performed better
in comparison. [16] suggested an estimator for population median estimation
under two sampling (SRSWOR and stratified sampling). The estimator they
proposed demonstrated superior performance compared to the available ones
in the numerical analysis. In a similar way, [17] had given an estimator of
difference type for evaluating population median by using sampling scheme
(SRSWOR and Two-phase Sampling). [1] had put forward a new estima-
tor and showed its potential through empirical and stimulation study. [22]
proposed a ratio estimator based on the known quartiles of the auxiliary
variable, and demonstrated its improved performance through both simula-
tion and empirical analyses. [23] proposed an estimator aimed at estimating
the population median, wherein the Asymptotic Optimum Estimator (AOE)
was examined for each estimator class. [19] introduced a novel estimator for
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estimating the population mean within a stratified sampling framework and
examined several of its subset forms. Empirical evidence substantiated the
estimator’s efficiency. Furthermore, when the auxiliary variable x is nega-
tively correlated with the study variable y, the product estimator is generally
more appropriate than the ratio estimator. [10] had given product method of
estimation for estimating population mean. In a similar way [12] and [13]
had given alternative estimator and showed that their estimator had minimum
MSE. [14] developed a more effective estimator than those of [13] and [25],
suitable for cases where the correlation between y and = changes. Important
references related to our work include [5,7,18,21,27] and [3].

The objective of this research is to construct more efficient estimators for
median estimation under the influence of extreme observations, making use
of auxiliary data. The uniqueness of this study lies in the following points —

1. The flexibility of the proposed estimator allows for the formulation of
multiple estimator forms.

2. Rigorous empirical analysis has been undertaken to examine its behavior
in scenarios involving significant skewness.

2 Terminologies

Let the population consist of N distinguishable units. Let y; be the study
variable, and x; the primary auxiliary variable. Suppose z; is a transformed
auxiliary variable, with the relation z; = f(x;), where f is a known function.
A sample of size n is selected from the target population using the SRSWOR
scheme, ensuring that each unit has an equal chance of selection without
replacement. Let M, be the sample medians corresponding to the population
median M, with density function f,(M,) and (M,,M,) be the sample
median corresponding to the population medians (M, M,) with density
functions {f, (M), f-(M,)}. Let py, = it i) = 4Py (y,z) — 1,
Pyz = P(xr, A1) = 4Py (y,z) — 1 and p,, = PNty i) = 4Py (x,2) — 1, be
the population correlation coefficients between sample medians represented
by their respective subscripts, where Pii(y,z) = Py < My, Nz <
M,),Pii(y,2) = Ply < My Nz < M), and Py(z,2) = Pz <
M, N z < M,). To determine the attributes of estimators, we define the
relative error terms as follows: Let eg = (M, — M,)M, ™", e; = (M, —
M) M~ such that E(e;) = 0(i = 0,1), E(e§) = AC}, , E(ef) = AC3,
E(eoel) = )‘CMyz where CI\/IW = Py:vCMyCMza CMy = 1/[Myfy(My)],
Cwm, = 1/[My fo(My)], Car, = 1/[M. f.(M.)], and A = 0.25(% — ).
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3 Existing Estimators

In this section, we discuss some prominent estimators commonly employed
for the estimation of the population median —

The estimator provided by [4] is given by:

iy = 1, (1)
My’s variance is given by:
V(Mo) = AM, C3y, . 2)

The estimation methods outlined in this section are based predominantly
on the use of a single auxiliary variable. The ratio estimator given by [8] as

follows: \
9 9 x
Mg = M, (ng . 3)
In survey sampling, the efficiency of an estimator often depends on the
nature of the relationship between the study variable y and the auxiliary
variable x. When y and z are linearly related, strongly correlated, and the
regression line passes through the origin, ratio estimators perform optimally.
Conversely, if the regression line does not passes through the origin, then
it would be good to use the regression estimator. Up to the first order of
approximation, the bias and MSE of Mp, are given by:

Bias(Mg) = MM,C3; — M,Ch,, },
MSE(Mp) = MM]C3; + MChy — 2M;Chy,,. }- (4)

The ratio estimator Mp exhibits greater efficiency compared to My when
100,
2Cmy "

[2] presented an estimator of the exponential ratio type, which is
defined by

pyz €xceeds

(&)

. . M, — M
Mg = M, exp <H> .

M, + M,

This approach is suitable when the regression line of y on x is linear
and passes through the origin. The bias and MSE, up to the first-order
approximation, are given by:

. 3 1
Bias(Mg) = M,\ {8(?%41 — 2CMW}



Family of Estimators for Estimating Population Median 347

and
MSE(Mg) = MIX {C%‘V,y + icﬁ@ — CMW} : (6)

The estimator My based on the exponential ratio method outperforms

estimators My and Mg under the condition that p,, > iggz and py, <
Y

3Cnm,
4Cnmy, "

The idea of difference estimator was first introduced by [6] and is
given by: A A A
MDO = My + dO(Mac - M.Z‘)) (7)

where dj is constant. R
The minimum MSE of (Mp, ) mn is as follows:

MSE(Mpy)min = Ciy MM — Mg p2,). (8)

The value of dy that minimizes the mean squared error is given by

My pyzC
do(opt) = =g

Since pzr is always greater than 0, the minimum MSE of the estimator for

M D, 1s consistently smaller than the MSE corresponding to MO, M R» M E.
[5,11] and [15] had given a few more estimators, which are as follows:

Mp, = diM,, + do( M, — M,), 9)

here d; and d9 are constant. R
The minimum MSE of Mp,, at optimum value of their constant is
given by:

) B

The optimum values of d; and ds are as follows:

dy(opt) = Po Daope) = v <
1(opt) AgBgy — Cg + BQ7 2(opt) M, AgBy — Cg + B()’

where Ay = )\012%, By = /\Cﬁh, Co = A\Cw,, -

Mp, = {dsMy + (ds M, — dy M)} (Mo M), (11)

here, d3 and d, are constant.
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The minimum MSE of Mp,, at optimum value of their constant is
given by:
AlB% + B1Cl2 —2B1C1D;
+2B1Cy + B} —2B1D; + By
A1B] — D% + B3

MSE(Mp,)min = M2 1 — . (12)

The optimum values of d3 and d4 are as follows:

d _ Bl(Cl — D1+ 1) _ % (AlBl —C1D1+ By — Dl)
Sor) = 4B - D2+ B, MM T M, (4B, —D?+By)

where, A} = )\(012\4y+30§/[m_4CMy1)’ B = XC}; . C1 = ANC3; —Ch,, )
D1 = \2C};, — Cu,)-

. . . M, — M
Mp, = {dsM, + (d¢M, — dgM,)}exp | ————= |, 13
Dy = {ds My + (ds 6 M)} p<Mx+Mx> (13)

here, d5 and dg are constant. R
The minimum MSE of Mp,, at optimum value of their constant is
given by:
AQD% + BQCQQ —2C5DoFEy
+2B2Cy + D3 — 2Dy Es + B

MSE(Mp,)min = M2 1 — , (14
( Dg)mm y AQBQ — E% +BQ ( )
The optimum values of d5 and dg are as follows:
d _ (BQCQ — DQEQ + BQ)
5(0pt) (A232 — E% + B2) ’
My (AQDQ — C9Fy + Dy — EQ)
dG(opt) =7 2 ’
M, (A2By — E5 + Bs)
303,

where, Ay = )\(CJQVIy + CJZWI - 2Cy,,), By = )\Cjzwz, Co = M—5= —
1Cum,.), Do = AC2, /2, Ey = M(C2, — Cg,,)-

Mp, = {d7M, + (dsM, — dsM,)} exp(MM; ! — 1) (15)



Family of Estimators for Estimating Population Median 349

here, d7 and dg are constant. R
The minimum MSE of Mp,, at optimum value of their constant is
given by:
A3B§ + 33032 — 2B3(C3D3
+B§ + 2B3C3 — 2B3D3 — Bg

MSE(Mp, ) min = M2{1— 16
( D4)mm y Ang —D%-}-Bg ( )

The optimum values of d; and dg are as follows:
. Bg(Cg — D3+ 1) % (Ang — C3D3 + Bg — Dg)

d — -
Tor) T ABy — D2+ By’ P T M, (A3Bs— D2+ Bs)

2
3%,

where, A3 = )‘(CZQ\Jy + 4012\49: — 4CMW), B3 = )‘CZQ\/II’ Cs3 = )\( 5

Cumy.)» D3 = A(2C3, — Cu,,).
[16] introduced the estimator for population median is as follows:

Mg) = [mlMy -+ (mng — mng)]

(aMx +0b as(aM, — aMx) (17

al
) e :
aM, +b {a(’y— 1)Mx+aMx} +2b
Here, unknown population parameters are a and b and scalar quantities

are o, ag and -y, which can take values such as 0 and 1, where m; and ms
are constants.

e 3
Bzas(Mg,) = (my — 1) My, + maMyA {2012\/&; - C'My} + maMzAC3y
At optimum value, the MSE of Mg, is given by:

M,
1+ )\C'Jwa(l - i)

MSE (M) min =2

\2C4
e eet,chn- )

(18)

X )‘CJQ\/[y(l - pix) -
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The m and ms’s optimum values are stipulated as:

_ 1-05XCF,
T TG, - )

M P xCM
mQ(OPt) = Mz |:1 +m1(opt) { yCM vy _ 2}:|

[9] stipulated median estimator is given by:

v 9 Mx Mx
Mgy, = My {mIQ (]\%) + mas <J\4z> }

Ma: - Mx Mx - Mx
X |laexp| ————— |+ (1 —a)exp | ————— ||, (19)
M, + M, My + M,

where mi2 and mq3 are constant.

~

Bias(M,) = M, |:(m12 +miz — 1)

3  3a 1
+m12/\{<8+2)012\/11—<Oz+2>CMW}

3 3 «
+ miszA { <2 — 04> CMyz + <8 — 2> Cjzwz}] (20)

At optimum value, the MSE of M sm 18 evaluated as:

AlAg —2A3A4 A5 + AQA?L
A Ay — A2

AﬁEmmem:Aﬁ{1— ] (21)

mi2 and m13’s optimum value are given by:

Ay Ay — AzAs A1 As — A3 Ay
R ey E N o

where
A =1+ )\{C%/[y + (o +4a + 1)C3; —2(2a+1)Cay,, b

Ay =1+ MC3y, + (0® —4a+3)Chy, +2(3 —20)Chy,, },
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Az =1+ MCqy, +2(1 —20)Chy,, +2Chy, 3,

Ay = 1+A{<:+320‘> c3r —(oz+0.5)CMym}

3 3 «

The estimator proposed by [1] is given by:

and

- 1M, M,
My = Oley {2 <Mx + %>}
9 Mx - Mx
+ (oM, — asMy) | exp | ——— |,
(02 ? )] P (Mx n Mgc)
. TAM,C?
Bias(M}) = |on (My + +Mw - 0.5)\MyCMyz>
AC3,
+ oM, | == | = M, (22)

where «; andas are constant. At optimum value, the MSE of M; is
stipulated as:

MSE(M}) min
2 MJ[64 + \C3y, (64 + M25C3, — 1603, (py, — 1)})] ’s
T 64[1 +ACR,, +AChy {1 = pi )] @3)

a1 and aip’s optimum values are given by:

B 8+ 3ACY,.
Ao TR FACY, + O (A — MZ,)

My()\CJB{/[I + 8CMypym + 3/\012\/11 CMypym
4G, (1 + Acﬂy(f)ix —1)))
Q2(opt) = 8Cn, M (1+\C3, + C?wy(/\ —Ap2.))
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4 The Suggested Family of Estimators

In simple random sampling, we proposed a family of estimators for the
population median of the study variable Y as:

. . . M, .
M,,, = | My, + Ji M, - + Jo(M, — M,
tm ¢ Y 1 y(aMZ—l—(l—a)Mz> 2( )]
g
o (24)
aM, + (1 —a) M,

where M, = aM, + b and MZ = aMx + b, Let a # 0, and b be either a
real number or a function of known parameters of the auxiliary variable X,
such as the median @), quartile deviation, standard deviation S, coefficient
of variation Cy, skewness [y (;), Kurtosis 35(,), or coefficient of correlation
pya- Here, (J1, J2,, a, b, and g) are constants, while J; & J are determined
S0 as to minimize the mean squared error (MSE) of the estimator th.

Now expressing the generalized class of estimators (24) in terms of e’s,
we get

th = Pp{My(1 +eg) + JiM,(1+eo)(1+ afer) ! — JhaMyer}
{1+aper} ™ (25)

where g = aﬁfib, expanding the Equation (25), and neglecting terms of e’s

having power greater than two and subtracting M, on both sides we obtain —

My, — My = My[{1 — afBge, + 0.5g(g + 1)a’B%e} + eg — afBgere}
+Ji{1 — (g + aBer + (0.59(g + 1) + g + 1)a?p2e?

+eo—(g+ D)aBeregt — 1 — pJaaM,{e; — aﬁge%}],
(26)

By taking the expectation of both sides of Equation (25), the first-order
approximation of the bias of M, is derived as:

Bias(My,,) = My[y{1 + 0.5g(g + 1)a?B*XC3;. — aBgACh,, }
+Ji{1+0.5g(g + 1)a?B2AC3, + (9 + 1)a?B*ACE,
— (g + 1)apACh,, } — 1+ ¥ JoaMoaBgrCh ). (27)
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To derive the MSE of th, we square both sides of Equation (26) and
take expectation, neglecting higher-order terms of ’s (i.e., terms with powers
greater than two).

The MSE of th to the first order of approximation is given by:

MSE(M;,,) = ¢*{J?A — 2J1.JoB + 2J,C + J2D — 2J5FE + F}
—2p{\G + Jo.H + I} + M} (28)
where,
A =M, —4o(g + 1)Aks + ka + {(g + 1)°A*0%k1 + 2(g + 1)A°’ky
+9(g+ DA’ Pk},
B = aks — (2gaalk; + aaAky),
C = M — 20Ak3(2g + 1) + ko + 0*A%k1(3g + 1) (g + 1),
D = a%ky,
E = aks — 2aagAky,
F =M+ ko + (¢°0?A*ky + g(g + 1)a®A%ky ) — dagAks,
G =M, —a(g+1)Aks + oAk {(g + 1) + 0.59(g + 1)},
H = aagAky,
I = M — aghks + 0.5g(g + 1)a’A%k.

Now differentiating MSE of th with respect to J; & Jo we obtain the
values of (J1),pt and (J2)op: as follows:
(DG + BH) — ¢(CD — BE)
$(AD - B?)

(Jl)opt -

and
(BG+ AH) —¢(BC — AE)

W(AD — B?)
The resulting MSE (M, ) at (J1) opt & (J2) ot is stipulated by:

(J2)0pt -

{*Ly — 2Ly + Ly + (AD — B*)* M}
(AD — B2)2

MSE(M,,) = (29)
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Now we differentiate Equation (29) with respect to ¢) and we obtain the

value of (1)) ,p; as follows:

(30)

Lo
<w>0pt = E
Now we obtain minimum MSE of th by substituting value of ¢ in
Equation (29)
L2
. Ly — 72+ (AD — B?)2M?
MSE(M,, Jmin = s g+ M)

(AD — B?)?2

where,

Ly = (CD — BE)?A—2(CD — BE)(BC — AE)B
—2(CD — BE)(AD — B*)C + (BC — AE)*D
+2(BC — AE)(AD — B?)E + (AD — B%?F,

Ly = (DG + BH)(CD — BE)A — (CD — BE)(BG + AH)B
— (DG + HB)(BC — AE)B — (DG + BH)(AD — B*)C
+(BG + AH)(BC — AE)D + (BG + AH)(AD — B*)E
—(CD — BE)(AD — B*)G — (BC — AE)(AD — B*)H
+ (AD — B?)*I

L3y = (DG + BH)?A — 2(DG + BH)(BG + AH)B + (BG + AH)?D

—2(DG + BH)(AD — B*)G — 2(BG + AH)(AD — B*)H

Now we obtain subsets from the generalized estimator th by using

suitable values of (J1, Jo, 1, a, b, and g) are as follows:

Tables 1, 2, 3 and 4 display several members of the proposed estimator
family, obtained by assigning different values to the constants. From esti-
mator thl to estimator th36, the value of v is taken as 1 whereas the
values of J1,.Ja,a0 and g keep changing and taking values O or 1 in Tables 1
and 2. In Table 4, J; and J are constant whereas o and g keep changing
and taking values O or 1. Table 1 consists of some generated estimator that
are existing in our literature like th , th and th are same and given

by [4]. Estimator th was given by [8]. In Table 2, estimator th” , thm ,

and thm were given by [6].
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5 Efficiency Comparisons

This section provides a comparative analysis of the Mean Squared Error
(MSE) of the proposed estimator relative to the existing estimators discussed
in the paper. From Equations (2) and (18) we get,

Var(Mo) — MSE(M)min = 4Mka(1 — p2)(Chy + Chy)
+dkopl, + NMJCy >0 (1)
From Equations (4) and (18) we get,
MSE(Mg) — MSE(MS)min = AMJ(C3; + Chy, — 2C,)

2
S ACE, (1= 42)
1+ CF, (1= p2y) v ye

1
_ ZAsz — NC3y, CRp, (1 - pjx)] >0

from above condition we write it as:

ACh
AM;; (Cﬁh + 4MI> + ko

> 2AM; Cyy,, — Mea(1 — p2,)(2C3y, + CRp, —2Cn,)  (32)
From Equations (6) and (18) we get,

. . 1
MSE(Mg) — MSE (M) )min = Mz {Cﬁ@ + ZC’%@ - CMW}

2
- My ACR, (1= pe)
1+ AC3, (1 - pfa) v v

1
_ ZVCM — NC3y, Chy, (1 — pjz)] >0
from above condition we write it as:
1
SNMZ(CR, + MO ) + o

502
> )\MyQCMW — /\kQ(l — pz%:c) ( M + C]Q\/[y — CMW> (33)

4
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From Equations (8) and (18) we get,
MSE(Mp, ) min — MSE (M )min
My
1+ )\CZQ\/[y(l — P2

1
< (AR (- g2 TNl - X0k, G- )| 20

from above condition we write it as:

2\2v4
MpNCiy,

Mo (1 — o )[CRr, (1= pi,) + CRp ) + (34)

From Equations (18) and (23) we get,

MSE (M) min — MSE(M; ) min

2
My

T 1+AC3, (- 2,)

1
A, (1= pl) = TNCy,

— M?

- >‘2012\4y012\/[z(1 - pzx) y

M[64 + XCFy, (64 + \(25C3, — 16C3, (e — 1)))]
64[1 + ACFy, +ACT, (1= p3,)]

> 0.

from above condition we write it as:

)\2M204
64 | ka(1 — p2,)(1 — AC.) — +M AC3,. + k] — 6ANMZCS,
+ AM, C3y, ka[64 + M{25C3,, + 16CF,, (1 — p2,)}] > 0. (35)

where kg = 1 + )\012\@(1 - pgx)
From Equations (23) and (28) we get,

MSE(M; )min — MSE(M,)
o MJ[64+ACR, (64 + M{25CF,, —16CF, (o5, — 1)})]
/ 641+ ACE,, +ACE, {1 #2.)]
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—p?{JEA - 2J1JaB +2J,C + JiD — 2LE + F}
+20{/iG + LH + I} — M, >0
from above condition we write it as:

64[2¢(J1G + JoH + 1)
—Y*(JTA = 2J1J2B 4+ 2J1C + J3D — 2J5E + F)](ka + AC3;,)
— M[64 + AC3y, (64 + A(25CF,, — 16C3, (7, — 1)) =0 (36)

Under the above conditions, the proposed class of estimators outperforms
the existing class of estimators. To validate the practical applicability of these
conditions, a computational study has been carried out.

6 Empirical Study

To assess the efficiency of the proposed family of estimators, four real-world
population datasets have been considered. A comprehensive summary of
these datasets is provided in the corresponding Table 5.

For Population 1: Source [24]

Let y=No. of fish caught by fishermen in the year 1995 and x=No. of fish
caught by fishermen in the year 1964.

For Population 2: Source [24]

Let y=No. of fish caught by fishermen in the year 1995 and x=No. of fish
caught by fishermen in the year 1993.

For Population 3 Source [26]

Table 5 Summary of population parameters for empirical study
Population 1  Population2  Population 3  Population 4

N 69 69 144 51
n 17 17 10 11

A 0.01108 0.01108 0.02327 0.01782
M, 2068 2068 2023 25.80
M, 2011 2307 64659 25.60
fy(M,)  0.00014 0.00014 0.00024 0.0728
fo(M,)  0.00014 0.00013 0.00001 0.1080
Pya 0.1505 0.3166 0.86110 0.9956
R 0.97243 1.11557 31.96193 0.99224
Cu, 3.45399 3.45399 2.05965 0.53242
Ch, 3.55189 333433 1.54658 036168
Ch,, 1.84636 3.6462 274295 0.19172
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Let y=No. of members of faculty and x=No. of students in four different
colleges of 36 districts in Punjab.

For Population 4 Source [26]

Let y=Prices of oil in current week of 2017 and x=Prices of oil in previous
week of 2017.

In Table 5, for each of the four population datasets, all relevant parameters
have been clearly specified. Here, the study and auxiliary variables have
been selected to be highly correlated, ensuring that the proposed family
of estimators performs effectively. Populations 3 and 4 exhibit a high p,,
value, indicating strong correlation between the study and auxiliary variables.
We now explain the population parameters presented in Table 5. Here, N
denotes the size of the respective population, and n represents the sample
size drawn from the population using Simple Random Sampling Without
Replacement (SRSWOR), A = 0.25(2 — 1) = Finite population correction
factor, M, = Population median of the study variable of their respective
population, M, = Population median of the auxiliary variable of their respec-
tive population. Here as N — oo, n — oo then nN~! — f (correction
factor) and we are assuming as N — oo the distribution of (X,Y) approaches
to continuous distribution with marginal densities f, (M) of Y and f,(M,)
of X. This assumption is necessary for super population model framework for
treating values of Y and X as a realization of N independent observations of
the population from a continuous distribution. In addition to this we assumed
that f,(My) and f,(M,) are positive. py, = Pt a1,y = Coefficient of
correlation between sample median of auxiliary variable X and study variable
Y of their respective population, R = sz-, Cu, = [My fy(M,)]~ = Coeffi-
cient of variation of the median (study variable) of their respective population,
Cun, = [Myf:(M,)]~! = Coefficient of variation of the median(auxiliary
variable) of their respective population, Cy,, = pyaChr, Ch, -

In Tables 6 and 7, the Mean Squared Error (MSE) values of the estimators
generated from the proposed family have been recorded for Populations
1, 2, 3, and 4. These values were obtained by substituting the population
parameters from 5 into the MSE expressions of the estimators given in
Tables 1, 2, 3 and 4.

7 Discussion

* To mitigate the influence of outliers, we have utilized the median
rather than the mean, as the mean is known to be sensitive to extreme
observations in the population.
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Table 6 Variances/MSEs/Minimum MSEs of different estimators

Estimators Population 1 ~ Population2  Population 3  Population 4
Var(Moy) 565443.60 565443.60 403886.96 3.36
MSE(MRg) 988372.80 746752.60 109312.95 0.36
MSE(Mpg) 627420.20 524362.10 199667.99 1.47
MSE(Mo)min 552636.13 508766.01 104407.52 0.02
MSE(MD1 Ymin ~ 489395.24 454675.78 101810.20 0.02
MSE(MD2 Ymin ~ 480458.30 447982.60 101661.14 0.02
MSE(]\AJD3 Ymin  471131.80 439763.40 100200.79 0.02
MSE(MPGP),WL 402459.30 384146.80 93055.80 0.02
MSE (My ) min 394518.94 376541.31 90648.43 0.02
MSE(Ms,, Y min 25864.52 35256.30 65459.24 0.27
MSE (M, ) min 565443.56 565443.56 403886.95 3.36
MSE(My,)min 987359.05 746139.48 109315.01 0.47
MSE (M, ) min 565443.56 565443.56 403886.95 3.36
MSE(My, ) min 565443.56 565443.56 403886.95 3.36
MSE (M )min  6509560.65  6316763.13  47174020.10 674.96
MSE(Myg)min  19791542.30  16604742.20  76369028.30 670.73
MSE(My,)min  8356199.96  7446185.01 53568701.98 667.73
MSE(Mg)min  6509560.65 631673.13  47174020.10 674.96
MSE(]\AJt9 Jmin  0538398.27  6538398.27  5708076.84 679.09
MSE(Mth Jmin  17496808.51 14477040.81  5789494.31 669.15
MSE (M, Ymin  7804144.74  7080486.03  4824361.01 670.43
MSE(My,,)min  6538398.00  6538398.00  5708077.00 679.09
MSE(Mtls),,mL 621705.20 536598.58 50216719.70 1.48
MSE(Mt14),,Li,L 1624513.54  1304628.63  57200545.50 0.03
MSE(]\AJ,g15 Ymin  621705.20 536598.58 50216719.71 1.48
MSE(th),m-n 621705.20 536598.58 50216719.71 1.48
MSE(]\?[tU)mm 552803.84 509406.65 104592.86 0.02
MSE(My, g )min  1089935.86 879691.81 120502.73 0.02

Analysis of Tables 6 and 7 leads us to the conclusion that estimators that
rely on auxiliary information are more effective. The Table 6 clearly
indicates that estimators Mp,,Mp,,M DS,M]%, and M; exhibit higher
efficiency compared to estimator M. A

The members of the class of estimators My, fori=1,3,4 obtained from the
family th, are equally efficient as My, while Mt2 is equally efficient
as M r. Furthermore, the estimators ]\thi fori=17,19,20,23,31 exhibit

equal efficiency among themselves, whereas the estimators M, for
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Table 7 Variances/MSEs/Minimum MSEs of different estimators

Estimators Population 1 ~ Population 2  Population 3  Population 4
MSE(Mz, g )min 556518.39 510803.00 104410.65 0.02
MSE (M, ) min 552803.84 509406.65 104592.86 0.02
MSE (M, ) min 499439.16 499942.45 386574.59 3.36
MSE (M )min ~ 22585.47 33042.82 62870.99 0.47
MSE(MQ.&)mm 531203.92 541840.35 39931241 3.36
MSE(MtM)mm 499439.16 499942.45 386574.59 3.36
MSE(Z\AJt25 Ymin 6503074.91 6381057.77 482472421 669.09
MSE(Mt%)mm 17924182.87 15082738.31  6148968.81 670.92
MSE(Mt27 )min 8026616.93 7301804.55  4448459.64 664.65
MSE(]\L28 )min 6503075.00  6381058.00  4824724.00 669.09
MSE (M) min 565439.12 491594.25 50407053.60 1.48
MSE (M5, ) min 4707854.50  4049840.40  53656773.20 8.02
MSE(M:5, ) min 540612.56 476446.52  50239156.42 1.48
MSE(M;5,) min 565439.12 491594.24  50407053.58 1.48
MSE(M;53) min 489395.24 454675.78 101810.16 0.02
MSE(M;y, ) min 482783.90 447402.51 83830.11 0.02
MSE(My5: ) min 489395.24 454675.78 101810.16 0.02
MSE (Mg ) min 28013.04 18201.03 24093.33 0.01

i = 21,24,33,34,35 are more efficient than the usual unbiased estimator
.

* In the estimation of the population median M, the sample median is
known to exhibit bias, particularly in small sample sizes, often resulting
in skewed estimates. To mitigate this bias and enhance the efficiency
of the estimator, we incorporate a set of constants (J1, J2, %, a, b, and
g). These constants are specifically chosen to adjust the estimator such
that it more accurately approximates the true population median, while
simultaneously reducing variance and improving overall precision. The
estimator that incorporates all these constants proves to be the most
efficient, achieving the minimum mean squared error (MSE) under
optimal conditions. This performance is followed by estimators that use
unit values for the constants v» = 1, « = 1, g = 1, which exhibit
relatively higher MSEs.

* The strong correlation between the study variable and the auxiliary
variable contributes significantly to the improved performance of the
proposed estimator. Furthermore, for all the estimators considered, the
mean squared error (MSE) consistently decreases as the sample size
increases.
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* The estimators presented in the tables that incorporate auxiliary infor-
mation — specifically the population median M, and the correlation
coefficient p,, — demonstrate the lowest mean squared errors (MSEs).
As shown in Tables 6 and 7, the estimators Mo and M36 exhibit
significantly lower MSEs compared to the conventional estimators M,
M R and M E-

* Among all the estimators that are present in the Tables 6 and 7, Mg
is the best of all for the particular values of constant. Hence we say
(=1, = 1 and g = 1) are the suitable values for obtaining minimum
MSEs among the different subsets of these constant.

* As a potential direction for future work, the proposed approach could be
extended and evaluated within the context of stratified sampling.

8 Conclusion

We have proposed a family of estimators for estimating the population
median of a study variable using auxiliary information under simple random
sampling without replacement (SRSWOR). The proposed estimators are
designed to perform effectively even in the presence of skewed distributions
or datasets containing outliers. Furthermore, it is observed that our proposed
family includes several well-known estimators as special cases — for instance,
the conventional unbiased estimator of the population median based on
the study variable [4], and the auxiliary variable-based median estimator
proposed by [8]. In addition to encompassing existing estimators, several
new estimators have also been derived from the proposed family. For these
estimators, we have computed the bias and mean squared error (MSE) up
to the first order of approximation. The proposed family of estimators is
advantageous in that the statistical properties — such as bias and MSE — of
individual estimators within the class can be easily obtained from the general
form. We ultimately come to the conclusion that there is always a chance
to generate estimators from the suggested estimators My, (i=1,2,3...36) and
th that are superior to the current estimators. The suggested family of
estimators is tested against existing estimators using four distinct datasets of
size n; = 69, no = 69, ng = 144, and ny = 51. Using normal distributions,
the population density functions for X and Y are also computed. In the
empirical study, it has been shown that our estimator Msg is better than the
existing estimator as it has minimum MSE among all the existing estimator
and confirming higher accuracy in real-world survey.
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