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Abstract

The existing bivariate normal distribution and its related algorithms in clas-
sical statistics cannot account for the degree of indeterminacy when applied
under uncertainty. To address this gap, the main objective of this manuscript
is to introduce bivariate neutrosophic random variables and study their
properties through expectation and variance. In this paper, we also propose
the neutrosophic bivariate normal distribution along with some of its key
properties. Furthermore, we develop an algorithm based on the proposed
distribution to generate imprecise data. A detailed simulation is carried out to
examine the effect of the degree of indeterminacy on the data. The compara-
tive study reveals that the variates produced by the proposed algorithm differ
from those generated by the existing algorithm. To demonstrate its practical
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use, we provide a numerical example applying the bivariate normal distribu-
tion. Based on the simulation, comparative study, and numerical example, we
recommend incorporating the degree of indeterminacy when generating data
from the bivariate normal distribution under uncertainty.

Keywords: Classical statistics, simulation, uncertainty, bivariate normal
distribution, algorithm.

1 Introduction

The bivariate normal distribution, an extension of the conventional nor-
mal distribution, plays a pivotal role in calculating the joint probability
of two random variables co-occurring. This distribution is applied with
the underlying assumption that both random variables adhere to a nor-
mal distribution. Its versatile application spans various fields, serving as
a powerful tool for solving real-world problems. Notably, [1] proposed
an algorithm for generating truncated multivariate data, showcasing the
distribution’s adaptability in handling complex datasets. In the realm of
reliability analysis, [2] harnessed the bivariate normal distribution to enhance
their analytical approach. Grover et al. [3] extended its utility by utilizing
both multivariate and bivariate normal distributions to estimate the dura-
tion of diabetes, demonstrating the distribution’s efficacy in diverse medical
applications. Similarly, [4] employed bivariate models to analyze nitrogen
data, underscoring its significance in environmental studies. The explo-
ration of bivariate distributions extends beyond conventional applications,
as evidenced by [5], who delved into bimodal distributions, providing valu-
able insights into its potential applications. Additionally, [6] expanded the
scope of the bivariate normal distribution by introducing related regression
models, contributing to the evolving landscape of statistical modeling. In
response to the global pandemic, Bulut and Korukoglu [7] utilized the
bivariate normal distribution for the analysis of Covid-19 data, showcas-
ing its relevance in contemporary challenges. These diverse applications
underscore the significance of the bivariate normal distribution as a founda-
tional statistical tool with far-reaching implications across various disciplines.
Alsalafi et al. [8] studied the bivariate transmuted family of distributions,
exploring its properties and applications. Lee et al. [9] proposed a general
class of discrete bivariate distributions for the usual stochastic order. Gaber
et al. [10] introduced bivariate extensions of the Fréchet and Burr-type XII
distributions.
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Neutrosophic statistics constitutes a branch within mathematical sci-
ence dedicated to handling imprecise, fuzzy, and uncertain data through
processes involving collection, presentation, analysis, and inference. Neu-
trosophic statistics provides insights into the degree of indeterminacy, an
aspect not addressed in fuzzy statistics. For details on developments in
fuzzy statistics, see Nedosekin [11]. Serving as an extension of classical
statistics, neutrosophic statistics operates within uncertain environments, in
contrast to classical statistics, which primarily analyzes data within well-
defined and certain contexts. The details about the neutrosophic analysis
can be seen in [12]. The efficiency of the neutrosophic statistics over the
interval-statistics can be seen in [13]. The neutrosophic methods to analyze
the neutrosophic data can be seen in [14] and [15]. The use of negative
binomial distribution for the fuzzy data can be seen in [16]. The development
of discrete and continuous distribution using the idea of neutrosophy can
be seen in [17] and [18]. The application of the neutrosophic statistics for
the analysis of social data can be seen in Alvaracin Jarrin et al. [19]. The
extension of the Rayleigh distribution using the neutrosophic statistics can
be seen in [20]. AlAita and Aslam [21] and [22] introduced the neutrosophic
statistics in the area of design of experiment and rank set sampling method,
respectively. Ahsan-ul-Haq [23] extended the Kumaraswamy distribution
to neutrosophic Kumaraswamy distribution. Jumaa et al. [24] studied the
neutrosophic Gompertz-inverse Burr-X distribution with applications. Yassen
and Amin [25] investigated the neutrosophic Moyal distribution. Megha
et al. [26] introduced the neutrosophic DUS-exponential distribution with
application. More application of neutrosophic statistics can be seen in [27].
The development of algorithms to generate the imprecise data for various
situations can be seen in [28-32], and [33].

After an extensive review of the existing literature and to the best of the
author’s knowledge, there appears to be a notable absence of research focused
on the neutrosophic bivariate normal distribution for analysis within uncertain
contexts. To bridge this gap, our endeavor involves the introduction of the
neutrosophic bivariate random variable, delineating its properties in detail.
Drawing inspiration from the concept of neutrosophy, we will subsequently
put forth the neutrosophic bivariate normal distribution and explore various
properties associated with this innovative statistical framework. Furthermore,
a novel algorithm will be proposed to effectively generate imprecise data,
enhancing the adaptability of the neutrosophic bivariate normal distribu-
tion in handling uncertain scenarios. The presentation of tables containing
data generated from this distribution will provide valuable insights into its
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practical application. In-depth simulation and comparative studies will be
conducted to elucidate the impact of uncertainty on data generation within
this novel framework. A numerical example will be presented to illustrate
the application of the proposed distribution. In essence, we anticipate that
the introduction of the proposed distribution and its accompanying algorithm
will contribute to a heightened level of flexibility in analyzing uncertain data,
addressing a crucial need within the realm of statistical analysis.

2 Neutrosophic Random Variables

Consider neutrosophic random variables X1y = X117 + X1In; In€e[IL, Iy]
and Xony = Xop + XopIn; In€[I, Iy], where the first values X7, Xop
show the determinate random variables and Xi7/n, XorIn denote the
indeterminate part of these neutrosophic numbers. Also note that I e[y, Ii/]
be the degree of indeterminacy. Granados [17] explained that the degree of
indeterminacy makes the neutrosophic logic as the extension of the fuzzy
logic. We assume that X;7 and X,y follows the normal distribution with
means 41 and g and variances o and o3, respectively. The expectations of
the neutrosophic random variables are derived as follows

E(Xiy) = BE(Xip + XapIn) = (1 + In)ma (D

E(Xon) = E(Xop + XopIn) = (1 + In)pe2 (2)

The variance of the neutrosophic random variables are derived as follows
Var(Xin) = o3y = Var(Xip + XizIn) = (1 + Iy)?0? (3)
Var(Xon) = o2y = Var(Xop + XopIn) = (1 + In)?03 4)

The standard deviation of the neutrosophic random variables are derived
as follows

oin =1+ In)o1 (5)
ooy = (1 + In)o2 (6)

The covariance between these two neutrosophic random variables is as
follows

Cov(Xin, Xon) = E(XinXon) — E(Xin)E(Xan) (7)
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The correlation between two neutrosophic random variables is given by

_ COU(XlN,XQN)

O1NO2N

®)

PN

3 Neutrosophic Bivariate Normal

In this section, we aim to illustrate the transformation from a bivariate
normal distribution within classical statistics to a neutrosophic bivariate nor-
mal distribution through the incorporation of neutrosophic random variables
Xiy = X+ Xaodn: Iye[lp, Iy) and Xon = Xor + XorIn; Ine[Ir, Iy
Introducing the envisioned neutrosophic bivariate normal distribution, it is
designed to be applicable in situations where data is characterized by fuzzi-
ness or uncertainty. The formulation of this proposed neutrosophic bivariate
normal distribution is expressed as follows:

f(Xin, Xon)
1

2n(1+ In)o1(1 + In)o2 /1 — p3

1
Xexp{—2(1_p?v)

A+ In)zi — (14 In)m
N ( (1+1In)or >

(1+IN)I2L— (1+IN)N2
X( (1+IN 09 )
)

(

)
(14 IN)xor, — (14 In)pz\
o ol

((1 +In)zir — (1 + IN),LL1>2
(1 + IN)O'l

14+ In)oo

where 1, p2, 01, 02, p?\, are the five parameters.

3.1 Neutrosophic Conditional Distributions

Now, we present the neutrosophic conditional distribution in this section.
Let X1 = Xjo, where X7y denotes the observed value of X7, since the
conditional mean and variance depend on this observed value. Then, the
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conditional mean of X is given by

1y x1 = (14 In)p2 + pX (1 + In)oz/ (1 + In)or) (1 + In) X10

— (14 1In)m1) (10)
The corresponding neutrosophic variance is as follows
oy = 031+ I)*(1 = p}) (n

The associated normal distribution of X» given X is given by

X2|X10 ~ NN(N’X2|X1070-§<2|X1)

Let Xo = Xy, where X5y denotes the observed value of X5, since
the conditional mean and variance depend on this observed value. Then, the
conditional mean of X is given by

1y x00 = (14 In)pn + pAr (14 In)o1 /(1 + In)oa) (1 + In) Xao

— (14 In)p2) (12)
The corresponding neutrosophic variance is given by
o x, = 0t (L In)*(1 = i) (13)

The associated normal distribution of X» given X is given by
X1|Xa0 ~ NN (x| X505 U§(1|X2)

Theorem 1: Let X;y and Xy be jointly neutrosophic random variables,
then, the normal distribution of Uy = X1n+Xon isUny ~ N((14+In)(p1+
pi2), (1 + In)?(0f + 03 + 20109p)).

Proof: Using the properties of expectation, we have
E(Un) = E(Xiy + Xon) = E(Xin) + E(Xan) = (1 + In)(p1 + p2)
Using the properties of variance, we have
Var(Un) = Var(Xiy + Xon) = Var(Xin) + Var(Xan)
+2Cov(X N, X1N)
Var(Un) = (1 + In)’0 + (1 + In)%0? + 2(1 + In)?o109p

Var(Un) = (1 + In)* (02 + 02 + 20109p)
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Therefore,

Un ~ N((1+In) (g1 + p2), (1 + In)? (07 + 03 + 20109p)).

Theorem 2: Let z;n and zon are two independent having mean 0 and
variance 1.

Proof: We define z;y = % and zon = %

The mean and variance of zy is given by

E(Xiny —pin) EXip+ XinIn) — 1+ In)w

E == = — 0
(z1v) OIN o1(1+In)
XNy — 1+1
Var(ziy) = Var <( LN ’ulN)> (1+ N) 01 =
01N (1 + IN) 1

The mean variance for zox can be prove similarly.

Theorem 3: Let z;n and zon are two independent having mean 0 and
variance 1. Define

(1+In)Xip — (14 In)m

X: =z
O’1(1—|—IN) N
and
(M +IN)Xop — (14 In)p2
2N =
oo(1+ Iy)
and
v — p(l +In) XL — (14 In)m
o1(1+ In)
IN)Xop — (1+1
+\/7< + In)Xorp (+N),u2>
o2(1+4 In)

show that X and Y are bivariate normal.
Proof: Note that z; y and zo are neutrosophic normal and independent and
the joint probability density function is given by

fZ1N22N (Z].N7 ZQN) = fZlN (Z].N)fZQN (ZQN)

1 -1
= 5, &P {2[Z%N + Z%N]}
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_ iexp “1 QA+ InX — A+ Inm
o 2 o1(1+In)

(1+ In)Xor — (14 In)pz \
" < oa(1+ In) ) ] }

We need to show that a X + bY is normal for all a and b, we have

(I+In)XiL — (14 In)m
o1(1+Iy)
(I+In)Xip — (14 In)m
0'1(1 —I—IN)
=2 (I+1In)Xor — (L4 IN)p2
" ( o2(1+ In) ﬂ

(1 +IN)X1L — (1 "‘IN)Hl
0'1(1 +IN)

+b\/1—7< (1+1In) XZL—(1+IN),U2>

oo(1+4 Iyn)

aX +bY =a

+b[p

= (a+bp)

We see that it is the linear combination of 21y and zon and thus it is
neutrosophic normal.

Theorem 4: Let z;xy and zon are two independent having mean 0 and
variance 1. Define

A+ In)Xar — (1 + In)m

X e =z
o1 (1+Iy) N
and
(T In)Xop — (1 + In)p2
ZoN =
0'2(1 —I—IN)
and

(1 JrIN)XlL — (1 JrIN)/Ll
o1(1+ In)

—i—\/i( (1+Iy) X2L—(1+IN)N2>

oo(1+4 In)

Y =
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Then, the correlation between z;y and Y is
p(2n,Y) = p.

Proof: We know that Var(X) = Var(z;y) = 1 and
(1+1In)Xap — (1 + IN),M)

Var(Y) = p? Var (

o1(1+Iy)
+(1—p*) Var <(1 i INZ(&L_FI(;; IN)M?) =1

Therefore,
p(X,Y) = Cou(X,Y)
]_ —
— Cow ( ‘l‘IN)XlL (1+IN)M1
o1(1+ Iy)

(1+In)XiL — 1+ In)ma
o1(1+ In)

+ VA= ((1 + In)Xop — (1 +IN)H2) )

oa2(1+ Iy)

B (1+In)X1z — (1 + In)ma
- pCO”( o1(1+ Iy)

(I1+In)XiL — 1+ In)m
0'1(1 =+ IN)

o o (L

(1 +IN)X2L — (1+IN);L2>)
0'2(1 —I—IN)

p(X,Y)=p1+/(1-p2).0=0p

)

)

4 The Proposed Algorithm

9

In this section, we will present the design of the proposed algorithm under
neutrosophic statistics. The existing algorithm mentioned in [34] is used
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to generate bivariate normal data under certain environment. The existing
algorithm is unable to generate the bivariate normal data by considering the
degree of uncertainty. We will modify the existing algorithm to generate
the neutrosophic data from the bivariate normal distribution. The following
routine will be applied to generate imprecise pair of data z1 and xon the
proposed algorithm is given by

Step-1: Specify In and Ing,,-

Step-2: Generate a random standard normal variable z; from mean O and
variance 1.

Step-3: A random variable xy is computed by

- 2104+ In)or + (1 + In) (14)
(1 + IN’MO)

Step-4: The conditional mean and variance of zoy becomes rix,|x,, = (14
In)pz + pi (1 + In)oz/ (1 + In)or) (1 + Ingyp) X10 — (1 + Ly )p1) and
a§(2|X1 = 03(1 4 In)*(1 — p%,), respectively.

Step-5: Generate a random standard normal variable zo from mean O and
variance 1.

Step-6: The random variable z9x is computed by x20 = fix,|x,, +220 x5, -
Step-7: Return (219, z20)-

Note that when Iy, is set to 0, the algorithm suggested here simplifies to
the one outlined in [34]. The operational steps of the proposed algorithm are
illustrated in Figure 1.

5 Simulation Study

This section outlines the process of generating data from the bivariate normal
distribution using the proposed algorithm. We explore the simulation proce-
dure for generating data with various values of i1, ug, 02, 03, p, and Ing,,-
The resulting datasets are presented in Tables 1-4. Table 1 displays data from
the bivariate normal distribution when y; = 5, us = 8, 02 = 1, 03 = 4,
p = 0.5, and In,,, = 0.15. Similarly, Table 2 presents data for the same
parameters but with I, = 0.20. Tables 3 and 4 exhibit data for pu; = 10,
po = 15,02 = 1,05 = 4, p = 0.5, and In,,, = 0.15 and I,,, = 0.20,
respectively. Note that these parameters are set arbitrarily, and similar tables
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1

‘4. Start Loop ' I

@ O

_zn(+i)o + (L +I)m
e (14 hzy)

|

2
Compute py, |x,, and oy 5,

|

I<=n Generate
Z3
Record Value of — Compute x5

(10, %20)

Figure 1 The propose algorithm.

can be generated for other values. A pattern emerges in Tables 14, indicating
an increasing trend in (219, x20) as Iy varies from 0.1 to 0.5. For instance,
with Iy = 0.1, Table 1’s data (first row) is (z19 = 5.47, 299 = 7.70), and
with Iy = 0.2, the data becomes (x19 = 5.97, x99 = 8.60). The influence of
the degree of indeterminacy is further illustrated in Figures 2 and 3. These
figures distinctly show that the curves of (z19,220) when Iy = 0.1 are
lower compared to other Iy values. This study concludes that the degree
of indeterminacy plays a significant role in the generation of bivariate normal
data.

6 Comparative Study

The algorithm proposed for generating bivariate normally distributed data is
an extension of [34]. When I;, = 0, our proposed algorithm simplifies to
the one outlined by [34]. To compare data from both algorithms, we present
bivariate normal data using [34] algorithm in the first column of Tables 1-4.
Our goal is to examine the impact of data generation under certain and
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Table 1 Random variates from Algorithm when 11 = 5, 2 = 8,05 = 1, 02 = 4, p = 0.5,

INzy = 0.15
INn=0 In =0.1 In =0.2 In =0.3 In =04 In =05
Z1o0 20 Z1o0 20 Z10 20 Z10 x20 x10 20 Z10 x20

572 6.85 547 770 597 860 647 955 696 1056 7.46 11.62
453 566 433 6.11 472 654 512 693 551 728 590 7.60
504 6.17 482 679 526 742 569 805 6.13 868 657 932
341 454 326 462 355 4.60 3.8 447 415 421 444 382
440 553 421 595 460 632 498 6.66 536 695 574 7.18
422 535 404 571 441 601 477 626 514 645 551 657
589 7.02 564 793 615 890 6.66 993 7.17 11.03 7.69 1221
540 6.53 517 728 564 805 6.11 88 658 9.69 7.05 10.56
574 687 549 773 599 864 649 960 699 1062 749 11.70
347 460 332 471 3.62 472 393 461 423 439 453 4.04
6.65 7.78 636 894 694 1020 7.52 11.59 8.09 13.10 8.67 14.76
497 6.09 475 670 518 730 561 7.89 604 849 648 9.08
620 732 593 833 646 942 7.00 1059 7.54 11.86 8.08 13.23
537 650 513 723 560 799 6.07 878 653 959 7.00 10.44
357 470 342 484 373 489 4.04 483 435 466 4.66 438

Table 2 Random variates from Algorithm when p1 = 5, 2 = 8, O'% =1, O’% =4,p=0.5,

Ingyy = 0.20
In=0 In=01 Iy=0.2 In =0.3 Iy =04 In =05
10 20 10 20 Z10 20 10 20 Z10 20 x10 20

572 685 524 770 572 860 620 955 6.67 1056 7.15 11.62
453 566 415 6.11 453 654 490 693 528 728 566 7.60
504 6.17 462 679 504 742 546 805 588 868 630 9.32
341 454 312 462 341 460 3.69 447 397 421 426 382
440 553 404 595 440 632 477 666 514 695 550 7.18
422 535 387 571 422 601 458 626 493 645 528 6.57
5.89 7.02 540 793 589 890 638 993 6.88 11.03 7.37 1221
540 6.53 495 728 540 805 585 886 630 9.69 6.75 10.56
574 687 526 773 574 864 622 960 6.70 1062 7.18 11.70
347 460 3.18 471 347 472 376 4.61 405 439 434 4.04
6.65 7.78 6.09 894 6.65 1020 7.20 11.59 7.76 13.10 8.31 14.76
497 6.09 455 6.70 497 730 538 789 579 849 621 9.08
620 732 568 833 620 942 6.71 1059 7.23 11.86 7.74 13.23
537 650 492 723 537 799 582 878 626 959 6.71 1044
357 470 327 484 357 489 3.87 483 417 4.66 447 438
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Table 3 Random variates from Algorithm when p; = 10, uo = 15, 07 = 1, 05 = 4,
p =05, Ing,, = 0.15
INn=0 In =0.1 In =02 In =0.3 In =04 In =05
Z10 Z20 Z10 Z20 T10 20 Z10 Z20 Z10 Z20 T10 20
10.72 13.85 10.25 15.40 11.19 17.00 12.12 18.65 13.05 20.36 13.98 22.12
9.53 12.66 9.11 13.81 994 1494 10.77 16.03 11.60 17.08 12.43 18.10
10.04 13.17 9.60 14.49 10.47 15.82 11.35 17.15 12.22 18.48 13.09 19.82
8.41 11.54 8.04 12.32 8.77 13.00 9.50 13.57 10.23 14.01 10.96 14.32
940 12.53 899 13.65 9.81 14.72 10.63 15.76 11.45 16.75 12.27 17.68
9.22 1235 8.82 1341 9.62 14.41 1043 1536 11.23 16.25 12.03 17.07
10.89 14.02 10.42 15.63 11.37 17.30 12.31 19.03 13.26 20.83 14.21 22.71
10.40 13.53 9.95 1498 10.86 16.45 11.76 17.96 12.67 19.49 13.57 21.06
10.74 13.87 10.27 15.43 11.21 17.04 12.14 18.70 13.08 20.42 14.01 22.20
8.47 11.60 8.10 1241 8.84 13.12 9.58 13.71 10.31 14.19 11.05 14.54
11.65 14.78 11.14 16.64 12.15 18.60 13.17 20.69 14.18 22.90 15.19 25.26
9.97 13.09 9.53 1440 10.40 1570 11.27 16.99 12.13 18.29 13.00 19.58
11.20 14.32 10.71 16.03 11.68 17.82 12.66 19.69 13.63 21.66 14.60 23.73
10.37 13.50 9.92 1493 10.82 16.39 11.72 17.88 12.62 19.39 13.52 20.94
8.57 11.70 8.20 1254 8.95 13.29 9.69 13.93 1044 14.46 11.18 14.88

Table 4 Random variates from Algorithm when 1 = 10, 2 = 15, a% =1, a% = 4,
p=0.5,Inz, =0.20
INn=0 In =0.1 In=0.2 In =0.3 In=04 In =05
T10 20 T10 T20 Z10 20 Z10 20 T10 T20 Z10 20
10.72 13.85 9.83 1540 10.72 17.00 11.61 18.65 12.51 20.36 13.40 22.12
9.53 12.66 8.73 13.81 9.53 14.94 10.32 16.03 11.11 17.08 11.91 18.10
10.04 13.17 9.20 14.49 10.04 15.82 10.87 17.15 11.71 18.48 12.55 19.82
8.41 11.54 7.71 1232 841 13.00 9.11 13.57 9.81 14.01 10.51 14.32
9.40 12.53 8.62 13.65 9.40 14.72 10.19 15.76 10.97 16.75 11.75 17.68
9.22 1235 845 13.41 9.22 1441 999 1536 10.76 16.25 11.53 17.07
10.89 14.02 9.99 15.63 10.89 17.30 11.80 19.03 12.71 20.83 13.62 22.71
10.40 13.53 9.54 1498 10.40 16.45 11.27 17.96 12.14 19.49 13.00 21.06
10.74 13.87 9.85 1543 10.74 17.04 11.64 18.70 12.53 20.42 13.43 22.20
8.47 11.60 7.77 12.41 8.47 13.12 9.18 13.71 9.88 14.19 10.59 14.54
11.65 14.78 10.68 16.64 11.65 18.60 12.62 20.69 13.59 22.90 14.56 25.26
9.97 13.09 9.13 14.40 997 1570 10.80 16.99 11.63 18.29 12.46 19.58
11.20 14.32 10.26 16.03 11.20 17.82 12.13 19.69 13.06 21.66 13.99 23.73
10.37 13.50 9.50 14.93 10.37 16.39 11.23 17.88 12.10 19.39 12.96 20.94
8.57 11.70 7.86 12.54 8.57 13.29 9.29 13.93 10.00 14.46 10.72 14.88
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e====|N-0.5, x20

o N &

123456 7 8 9101112131415
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Figure 2 Data curves for various Iy when p1 = 5, u2 = 8,01 = 1,05 = 4, p = 0.5,

INg,, = 0.15.
30
25 A
20 - e [N=0.1, x10
e [N=0.1, X20
Data 15 -

e |N=0.3, x10

e [N=0.5, x10

e====|N-0.5, x20

0 T T T T
123 456 7 8 9101112131415

Sample number

Figure 3 Data curves for various Iy when 1 = 10, po=15, 02 = 1, 05 = 4, p = 0.5,
INgyy = 0.15.

uncertain environments. We present data from the bivariate normal distribu-
tion for both algorithms to observe the effect of the degree of indeterminacy
on data generation. Tables 14 reveal differences between data generated
from the bivariate normal distribution using the classical statistics algorithm
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Figure 4 Data curves for the proposed algorithm and the existing algorithm when 1 = 5,
pe=8,0f =1,05 =4,p=0.5Inyg, = 0.15.

by [34] and our proposed algorithm based on neutrosophic statistics. For
instance, with Iy = 0, Table 1’s data (first row) is (z19 = 5.72, x99 = 6.85),
and with Iy = 0.3, the data becomes (x19 = 6.47, x99 = 9.55). Figure 4
illustrates the behavior of bivariate normal distributed data from the proposed
and existing algorithms. The curves of data from the existing algorithm
in [34] differ significantly from those when Iy = 0.30. The analysis con-
cludes that the data generated using the existing algorithm varies considerably
when generated under an indeterminate environment. This study emphasizes
the importance of decision-makers exercising caution when utilizing [34]
existing algorithm in uncertain environments.

7 Example

Let Xy and X5 be jointly neutrosophic random variables with parameters
p1 =5, 2 = 8,02 =1,05 =4,p = 0.5and Iy = 0.1. Find P(X;y +
Xon > O)

Sol: Let Uy = X1n + Xop, then the mean of U is given by
E(Un) = E(Xin + Xon) = E(Xin) + E(Xon)
=14+ 1In)p1 + (14 In)pe
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E(Uxn) = (14+0.1)5+ (1+0.1)8 = 14.3
Var(Uy) = Var(Xin + Xon)
= Var(Xin) + Var(Xon) + 2 Cov(Xin, X1nN)
Var(Uy) = (1+ In)20? 4+ (14 In)?02 + 2(1 + In)0109p
Var(Uy) = (1 + In)*(0? + 03 + 20109p)
= (14 0.1)%(1 4+ 4 +4(0.5)) = (7)(1.21) = 8.47

Therefore, Uy has the neutrosophic normal distribution with mean 14.3
and variance 8.47. Now, we can calculate P(Uy > 0) as follows

0—14.3

P(UN>0):1—q>< VY

> =1 ®(—4.91) =1

8 Concluding Remarks

In the presented manuscript, our primary objective was to offer an in-depth
exploration of bivariate neutrosophic random variables, elucidating their
properties through the examination of expectation and variance. Following
this introduction, we delved into the conceptualization of the neutrosophic
bivariate normal distribution, a powerful tool for modeling imprecise, fuzzy,
and uncertain data. The ensuing discussion shed light on key properties inher-
ent in our proposed bivariate normal distribution. Subsequently, we embarked
on the development of an algorithm that leveraged the proposed bivariate
normal distribution to generate imprecise data. Our methodology involved
the generation of data from the bivariate normal distribution, employing a
diverse array of parameters to showcase its versatility. The ensuing simulation
and comparative studies underscored the profound impact of the degree
of uncertainty on data generation within the bivariate normal distribution
framework. To provide a practical perspective, we presented a numerical
example that effectively illustrated the application of the bivariate normal
distribution. The proposed distribution possesses limitations as it can only be
applied under conditions of uncertainty and in determining the suitable value
of the degree of indeterminacy. A fruitful avenue for future research involves
extending the proposed distribution and its algorithm to encompass the neu-
trosophic multivariate normal distribution. Additionally, further exploration
into the statistical properties of the proposed neutrosophic bivariate normal



Bivariate Normal Distribution for Indeterminacy 17

distribution or higher dimension presents an opportunity for future research.
Exploring the proposed distribution under unknown or uncertain degrees of
indeterminacy is another fruitful area for future research. The proposed work
can be extended to the Burr Type III distribution, as presented in [35], and to
the generalized logistic distribution, as discussed in [36], for future studies.
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