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Abstract

In animal studies where experimental units are influenced by two sources
of variation, row-column designs are commonly employed. When there is a
large number of treatments but limited experimental resources, Generalized
Row-Column (GRC) designs become useful. These designs enable multiple
experimental units at each row-column intersection, optimizing resource use.
Historically, GRC designs have been focused on supporting all possible pair-
wise comparisons among treatments. However, in many biomedical or phar-
maceutical experiments, the main goal is not to compare all treatments, but
rather to evaluate new (test) treatments against a standard (control) treatment.
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In such situations, the emphasis is placed on estimating the treatment-control
contrast as precisely as possible. To meet this need, we introduce a balanced
version of GRC designs specifically for treatment-control comparisons, and
we propose a class of partially balanced GRC designs. These modifications
aim to improve the precision of contrast estimation between test and control
treatments, while still ensuring structural balance within rows and columns.

Keywords: Row-column designs, Test Vs Control, Partially balanced.

1 Introduction

Row-column designs are used in experimental settings when units are sub-
jected to two distinct sources of variation that may influence the response
variable. These designs are particularly useful in reducing variability in ani-
mal experiments. For instance, consider an experiment aimed at comparing
the effects of four different feeds on the growth rates of calves. To eliminate
variations caused by age groups and body weights, the study controls for
these factors, using four age groups and four body weight categories. In this
case, the rows correspond to the age groups and the columns correspond to
the different body weights.

Typically, most row-column designs assign a single experimental unit to
each intersection of a row and column. However, when dealing with a large
number of treatments and limited replication, it becomes necessary to adopt a
more flexible design where multiple experimental units are assigned to each
row-column intersection. This challenge is addressed through Generalized
Row-Column (GRC) designs. In GRC designs, the treatments are arranged in
p rows and q columns, allowing multiple units (k > 2) at each row-column
intersection. Below are some experimental scenarios where GRC designs are
applied:

* Comparing dietary treatments in mice: In this case, the two main
sources of variation are the breed of the mice and their age groups. The
available cages are partitioned to house two mice of the same parity
(age and weight group) per partition. Therefore, for each breed-age
combination, two mice are used, each receiving a different treatment.

* Toxicity testing of poisons on cats: An experiment was conducted
to assess the lethal dose of 12 different poisons. Each poison was
administered through the femoral vein of a cat at a rate of 1 c.c. per
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minute until the cat died, with the total amount needed being recorded.
The study involved four observers and was conducted over four days.
Each observer administered three poisons per day. A GRC design was
implemented, where the rows represented the observers, the columns
represented the days of the experiment, and the symbols in the matrix
represented the different poisons.

Days
Observers I I 111 v
I 1,5,9 2,6,10 3,7,11 4,8,12
II 2,7,10 1,8,9 4,512 3,6,11
III 3,812 4,7,11 1,6,10 2,5,9
v 4,6,11 3,512 2,8,9 1,7,10

In both scenarios, the GRC design provides a systematic method for
handling multiple treatments, ensuring that the experimental units are appro-
priately accounted for while minimizing potential sources of variation.

For a comprehensive discussion of these designs, refer to the works
of Harshberger and Davis (1952), Darby and Gilbert (1958), Preece and
Freeman (1983), Williams (1986), Bailey (1988, 1992), Edmonson (1998),
Bedford and Whitaker (2001), and Bailey and Monod (2001). Later, Jaggi
et al. (2010) and Datta et al. (2014, 2015, 2016, 2017) expanded upon these
designs, developing additional classes of Generalized Row-Column (GRC)
designs and exploring their various characterization properties.

In a typical Generalized Row-Column (GRC) design, the primary goal
is to facilitate all possible pairwise comparisons among the treatment effects.
However, in certain experimental situations, the focus may shift to comparing
a group of test treatments against an established control treatment. In such
cases, the aim is to estimate contrasts of the form (7; — 79) where 7; (i =
1,2,...,v) represents effect of ith test treatments and 7, represents control.
For instance, in animal experiments, the objective might be to evaluate a set
of new drugs against an existing drug formula, with the goal of identifying
which new drug outperforms the control. In these situations, designs tailored
for comparing test treatments with the control become more advantageous.
It’s important to note that designs optimized for general pairwise comparisons
may not be as efficient when the focus is limited to comparing only the test
treatments against the control.
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2 Materials and Methods

The following three-way classified model is considered for a GRC design
with v = v1 + 1 (v; test treatments and 1 control treatments) treatments
arranged in p rows, g columns and k units per cell

Yij) = b+ ai+ Bj + Tigj) + €
1=1,2,....,p; j=1,2,....q; 1=1,2,...,k (D)

where Y;;;) is the response from the [t unit corresponding to the intersection

of it" row and j*" column. 1 is the general mean, «; is the i*" row effect, Bjis
the j** column effect and 7T(i5) 18 the effect of the treatment appearing in the
I"" unit corresponding to the intersection of i** row and % column. ¢;;;) is
the error term identically and independently distributed and following normal

distribution with mean zero and constant variance.

Definition: A Generalized Row-Column (GRC) design with p rows and ¢
columns, where each row-column intersection contains k& units, is deemed
balanced for comparing v; test treatments to a control treatment if and only
if the contrast matrix C has a specific structure. This structure ensures that
the design is optimized for comparing the test treatments directly against the
control, maintaining balance across the comparisons. The following is the
structure for C matrix

(fl - fQ)Ivl + f2]—'u1 1;;1 f31U1 1{02
f3lo, 15, fa

such that f1 + (v — 1)f2 + fsve = 0 and where f1, fo, f3 and fy are
integers. The key parameters include v, which represents the total number
of treatments (including one control treatment), along with p (the number
of rows), ¢ (the number of columns), k (the number of units at each row-
column intersection), 1 (the replication number of the test treatments), and
ro (the replication number of the control treatment). These parameters are
crucial for ensuring that the design is balanced and efficient for comparing
test treatments to a control.

C= 2)

Note: If the first term is not of the form (f; — fo)I,, + fgI,UlI,/Ul, then
it may result in a Partially Balanced Generalized Row-Column Design for
comparing test treatments with a control.
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3 Results and Discussion

In this section, we outline a method for constructing partially balanced
Generalized Row-Column (GRC) designs to compare test treatments with
a control.

Consider a Latin square of order s and an orthogonal Latin square of the
same order. The treatments in the second Latin square are renumbered from
s + 1 to 2s. These two Latin squares are then overlaid, ensuring that the first
row of both squares remains unchanged. Additionally, a control treatment,
labeled as 2s + 1, is introduced into each cell of the first row in both Latin
squares. The resulting design consists of these two initial rows, along with the
overlaid treatment structure. This configuration forms a partially balanced
Generalized Row-Column (GRC) design that allows for comparing v test
treatments to a control. The parameters of the design are as follows: v; = 2s
(for the test treatments), 1 (for the control treatment), p = s + 1, ¢ = s,
r1 = s (for the replication of test treatments), 7o = 2s (for the replication of
the control treatment), and £ = 2 (representing the number of units at each
row-column intersection). This design is considered partially balanced with
respect to the 2s test treatments. The information matrix needed to estimate
the treatment effects in this partially balanced GRC design can be derived as
follows:

C=byl +b1A+b,B+ b3D

where,
(25 4 1)(25 — 2)*
bo =
852
452 —4s — 4
b1 ~ by = —% (rounding off to four decimal place)
s
452 —8s— 4
b3 = ——-——+——
8s2

Ayxy = [a;j] = 1 when ith and jth treatments are 1st associates
= 0, otherwise

B, = [bij] = 1 when ith and jth treatments are 2nd associates
= 0, otherwise

D, = [cij] = 1 when ith and jth treatments are 3rd associates

= 0, otherwise 3)
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Example 3.1

* Consider a Latin square of order 3, where the treatments are numbered
1 through 3. Alongside this, take another orthogonal Latin square of
the same order, where the treatments are renumbered as 4 through 6,
replacing the original numbering (1 through 3)

1123
3
31112

* Take the first row of each Latin square and add a control treatment (0)
to every cell.
* This gives the first two rows of the design (Rows I and II)

RowI | 1,0 | 2,01 3,0
RowIl | 4,0 | 5,0 | 6,0

* Rows III to VI are generated by superimposing the two Latin squares,
while preserving all rows except the first one.

* The following arrangement of Partially Balanced Generalized Row-
Column design is obtained for comparing 6 test treatments with one
control with parameters v1 = 6,p = 4,q = 3,71 = 3,72 = 6 and
k=2

Columns
Rows 1 1I 11T
I 1,0]2,01|3,0
II 4,01 5,01]6,0
III 2,513,61 1,4
v 3,6 | 1,4 12,5

The information matrix used to estimate the treatment effects is derived
in the following manner:

C =1.56I —0.27784 — 0.2778B — 0.1111D

Example 3.2

The following arrangement of Partially Balanced Generalized Row-Column
design is obtained for comparing 14 test treatments with one control with
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parameters v; = 14,p=8,¢q=7,r1 = 7,ro =14 and k = 2:

Columns
Rows I I 111 v VvV VI VII
I 1,0 2,0 3,0 4,0 5,0 6,0 7,0
I 8,0 9,0 10,0 | 11,0 | 12,0 | 13,0 | 14,0
11 2,10 | 3,11 | 4,12 | 5,13 | 6,14 | 7,8 1,9
v 3,12 | 4,13 | 5,14 | 6,8 7,9 | 1, 2,11
A% 4,14 | 5,8 6,9 | 7,10 1,11 (2,121 3,13
VI 5,9 (6,10 7,11 1,12 2,13| 3,14 | 4,8
VII 6,11 | 7,12 | 1,13 | 2,14 | 3,8 | 4,9 | 5,10
VIII 7,13 11,14 | 2,8 3,9 | 4,10 | 5,11 | 6,12

The information matrix used to estimate the treatment effects is derived
in the following manner:

C =5.510I —0.418A — 0.418B — 0.347D
V(7 — 7)) = 0.33702, t £ 1/,

t,t' =1,2,...,v1t and t’ are 1st associates
V(7 — 7p) = 0.34202, t £ t/,

t.t' =1,2,...,vit and t’ are 2nd associates
V(7 — 7)) = 0.33702, t £ 1/,

t, ' =1,2,...,vit and t’ are 3rd associates
V(# — 7)) = 0.30002, t #t/,

t,t' =1,2,...,v1,t =1 test treatments with control

Average variance is 0.401 o

4 Analytical Procedure of Partially Balanced GRC Design

When the objective is to compare a group of test treatments with an existing
control treatment, it is essential to properly define the model with the correct
specifications. To achieve this, one can partition the sources of variation
and allocate the degrees of freedom in the ANOVA table for a Partially
Balanced GRC design, based on the three-way classified model outlined in
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Equation (1), as follows:

Source of variation

Degree of freedom

Rows p—1

Columns q—1

Treatments v—1
Test Vs Test v — 1
Test Vs Control 1

Error By subtraction

Total pak-1

The symbols used here follow their standard definitions as previously
outlined. Below is an example using hypothetical data for the purpose of
comparing 14 feed treatments with a single control.

lllustration

Consider the Partially Balanced GRC design involving different cattle breeds
and age groups to compare 14 test treatments (feeds) with one control, as
described in Example 3.1. In this design, rows represent breeds, and columns
represent age groups. The layout, along with hypothetical body weight data

(in parentheses), is presented below:

1 0 2 0 3 0 4

0 5 0

6 0

7 0

(21.00) | (10.50) | (17.88) [ (9.75) | (19.50) | (9.00) | (21.25)

(7.50) | (19.25) | (8.25)

(10.00) | (6.00)

(21.38) | (6.75)

8 0 9 0 10 0 11

0 12 0

13 0

14 0

(57.09) | (11.81) | (49.36) | (10.97) | (35.44) | (10.13) | (32.34)

(8.44) | (47.95) | (9.28)

(38.25) | (6.75)

(41.77) | (7.59)

2 10 3 11 4 12 5

13 6 14

7 8

1 9

(24.66) | (45.94) | (26.41) | (46.72) | (31.88) | (38.13) | (21.88)

(53.13) | (17.19) | (56.72)

(23.75) | (36.25)

(16.88) | (37.97)

3 12 4 13 5 14 6

8 7 9

1 10

2 11

(31.28) | (74.59) | (37.98) | (75.97) | (28.88) | (68.06) | (17.19)

(49.84) | (35.92) | (51.05)

(16.50) | (28.88)

(17.02) | (35.58)

4 14 5 8 6 9 7

10 1 11

2 12

3 13

(44.63) | (86.63) | (34.13) | (70.69) | (22.50) | (60.75) | (35.63)

(39.38) | (24.75) | (47.44)

(16.50) | (46.50)

(21.94) | (57.38)

5 9 6 10 7 11 1

12 2 13

3 14

1 3

(39.81) | (76.78) | (26.41) | (55.45) | (46.31) | (56.06) | (24.38)

(62.97) | (24.58) | (75.97)

(21.13) | (53.63)

(31.08) | (53.02)

6 11 7 12 1 13 2

14 3 8

4 9

5 10

(30.63) | (70.44) | (54.03) | (88.16) | (31.50) | (89.25) | (24.06)

(62.97) | (31.28) | (69.78)

(29.75) | (47.25)

(27.56) | (41.34)

7 13 1 14 2 8 3

9 4 10

5 11

6 12

(62.34) | (111.56) | (36.56) | (100.55) | (30.94) | (81.56) | (30.47)

(63.28) | (43.83) | (54.14)

(26.25) | (43.13)

(21.09) | (65.39)

The data was analysed using the software SAS 9.3 (given in Appendix).
The ANOVA table is given below

Source of Variation | DF | Sum of Squares | Mean Square | F Value | P Value

breed 7 5946.04 849.43 29.71 <0.001

Age group 6 5978.86 996.48 34.86 <0.001

feed 14 31717.14 2256.51 79.25 <0.001

Error 84 2401.29 28.59

Total 111 58238.05
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The breeds, age groups and feed effects are significant. The p value for
estimating contrast pertaining to test vs control is also less than 0.05 so
significant. The variance of contrast pertaining to test vs test and test vs
control is given below

V(7 —7¢) =9.63, t £,

t,t' =1,2,...,vit and t’ are 1st associates
V(7 — %) =9.78, t £ t/,

t.t' =1,2,...,vit and t’ are 2nd associates
V(7 —7¢) =9.63, t £,

t.t' =1,2,...,vit and t’ are 3rd associates
V(7 —7p) = 8.58, t £,

t,t' =1,2,...,v1,t =1 test treatments with control

The contrasts pertaining to test vs. control are estimated with less variance
(8.58). The average variance is 11.46.

Conclusion

The Generalized Row-Column (GRC) design is particularly useful when an
experimenter faces limited resources but needs to evaluate a large number
of treatments. To evaluate a group of test treatments against a pre-existing
control treatment, the Partially Balanced Generalized Row-Column Design
can be employed. This design is constructed using mutually orthogonal Latin
squares (MOLS), resulting in a design that is partially balanced with respect
to the test treatments. In this framework, there are four types of variances:
three for the estimated contrasts among the test treatments, and one for the
contrast between the test treatments and the control. The contrast between
the test treatments and control is estimated with the least variance, which is
of primary interest to the experimenter.
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Appendix
SAS Code for Analysis

Data GRC;

Input breed agegroup feed bodyweight;
Cards;

1 1 2 21.00

2 1 9 57.09

8 7 13 65.39

PROC gim;

Class breed agegroup feed;
Model bodyweight = breed agegroup feed;
contrast ‘control vs rest’ feed11111111111111 -14;

estimate’1vs 2’ feed1-10000000000000;
estimate '1vs 3 feed10-1000000000000;
estimate’1vs 4 feed100-100000000000;
estimate 2vs 3’ feed01-1000000000000;
estimate 2vs 4 feed010-100000000000;
Run;

The Analysis of Variance is given below:
The SAS System
The GLM Procedure

Dependent Variable: bodyweight

Source DF Sum of Squares | Mean Square F Value Pr>F
Model 27 55836.75921 2068.02812 7234 <0001
Error 84 2401.29538 28.58685

Corrected Total 111 58238.05459

R-Square Coeff Var Root MSE bodyweight Mean
0.958768 13.74853  5.346667 38.88902
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Source DF | Typell S5 Mean Square F Value Pr>F
breed 7 5946.04276 84043468 2971 <.0001
agegroup 6 5978.86349 996.47725 34.86 <.0001
feed 14 31717.13523 2265.50966 79.25 <.0001

Contrast DF | Contrast S5 Mean Square FValue Pr>F
control vsrest 1 5427.407938  5427.407938 189.86 <=.0001

Parameter Estimate Standard Error  t Value | Pr = |t
1vs2 -3.25635793 2.81041055 -1.16 | 0.2499
1ws 3 -0.89492936 2.81041055 -0.32 | 0.7509
1ws d -4 4778650 2.81041055 -1.69 | 0.09459
2ws 3 2.36142857 2.85791381 0.83 04110
2vws 4 -1.49142857 2.85791381 -0.52 | 0.6031

V(75 — 7sr) = 9.63, s £ &/,
s, s =1,2,...,v1 sand s’ are 1st associates
V(7s — 7er) = 9.78, s £ &/,

s, 8 =1,2,...,v; sand s’ are 2nd associates
V(7s — 7s) = 9.63, s # &,
s, 8 =1,2,...,v1 sand s’ are 3rd associates
V(7s — 7s) = 8.58, s # &,
s=1,2,...,v1,8 =1 test treatments with control

Average variance is 11.46.
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