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Abstract

A Bayesian model to study stress-strength reliability P = P(Y < X)), which
makes use of parameters in the family of the inverse distributions. For the
reliability function and for the stress-strength parameter, Bayes estimators
are obtained under SELF and GELF. When this is appropriate, conjugate
priors will be introduced into estimators, which will be constituted using
different powers of the unknown parameters. Performance of these estimators
is determined by a simulation-based methodology and large numbers of
bootstrap replications. The findings show that, especially in small-sample
circumstances, the Bayesian estimators based on SELF perform better than
those based on GELF. The performance difference closes as the sample sizes
grow. The exploration of this paper displays that the inverse family can
be altered for several common distributions, which have more significant
practical implications when analyzing reliability.
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1 Introduction

The study of system reliability and stress-strength reliability under various
types of stress is a major area of investigation in applied statistics and
reliability engineering. Reliability can be measured by a function called the
reliability function R(¢), where ¢ represents time. This means that if X is the
random variable representing the lifetime of some item, then R(¢t) = P(X >
t). A second reliability measurement that is commonly used to determine
reliability in a stress-strength model is P = P(Y < X). There have been
a number of Bayesian studies done concerning the estimation of reliability
since Bayesian analysis provides a method of incorporating past studies.
Zahra et al. [23] provided evidence of the utility of Bayesian estimation
using Pareto distributions. Studies using Bayesian estimation were carried
out by Mahto [13] on inverted exponentiated distributions and by Kundu
et al. [4] on Weibull distributions. Haijing et al. [25] also developed new
methodologies to enhance multistate models, including objective Bayesian
techniques. Shubham and Garg [19] and also Mahdi et al. [22] and by Abdul-
hakim et al. [20] used similar methodologies to evaluate non-Bayesian and
Bayesian estimates of stress—strength reliability for Topp-Leone distribution
and power-modified Lindley distributions sequentially. Traditional binary
stress—strength reliability models have evolved into more complex models
of dependence and conditions, as shown in the literature, described in the
Marshall-Olkin Weibull distribution by Liming et al. [18]. In addition to
general innovative applications of probability distributions to reliability stud-
ies, as seen in the inverse Chen distribution by Agiwal [15] and generalized
inverted exponential distributions by Kumari [12], we have shown how many
of the applications can be specific to particular applications. Further contribu-
tions to trade-offs in statistical contexts have been made through comparative
analyses and interactive research on the trade-offs between Bayesian and
frequentist approaches in various statistical problems by Sarah and Ali [17].
Therefore, all these applications contribute to our understanding of how the
field has developed and the availability of the knowledge and tools to study
and improve system reliability, and open the way for future discoveries about
hybrid techniques and new distributions that will be useful.

The progress achieved, especially after adopting non-Bayesian and
Bayesian approaches to estimation, is reflected in the models. However,
the increasing complexity and sophistication of the systems, and the desire
for accurate reliability estimates have motivated the development of special
statistical distributions and more complex estimations.
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The new contributions examined in this paper are Bayesian approaches,
advanced models, and distribution-specific methods. From an examination
of the developments reviewed above, we hope to present a global view of
the evolution of research on stress-strength reliability in terms of significant
practices and applications. Each of the papers reviewed is associated with
various statistical distributions inverse, Pareto, Weibull, and Topp-Leone,
etc.) and comments on the applicability of each distribution to real-world
studies. Thus, a comprehensive review of the developments mentioned above,
emphasizing both their theoretical and practical values are necessary.

2 Inverse Family of Distributions

Suppose that a random variable X has p.d.f.

prGr—t (:c_l; 0) G’ (x_l; 9) iy
2T exp ( uG (:c ,9)) ,

xz>0,u,v>0.

[z p,v,0) =

()

Here, G (z~';6) depends on the parameter 6 and is a function of x.
G’ ($_1; 0) is the derivative of G (x;0) with respect to z~!. Equation (1)
shows that the above distribution can be converted into the various distribu-
tions suggested by [16]. Chauhan and Sharma [24] used the suggested family
of distributions to estimate a sequential testing procedure for the parameters
of the inverse distribution family. As special examples, the distribution above
can be transformed into the following distributions: If G(z;6) = 2%,v =

k+ 1(k > 0), (k= 3') provide the inverse half-normal distribution and
(k = 0) the inverse Rayleigh distribution. If G(z;6) = log <1 + ?—:) b >
0,06 > 0,v = 1, provide the inverse log-logistic model. If G(x;60) =
log (1 + g—;) ,b> 0,0 = 1,v > 1, provide the inverse Burr distribution.

If G(z;6) = log (1 + ﬁ—:) ,b=1,0 > 1,v > 1, provide the inverse Lomax

2

distribution. If G(z;0) = %,v = %(h > 0), it becomes the inverse Chi-
square distribution. If G(z;6) = log (%) and v = 1, obtain the inverse
Pareto distribution. If G(z;0) = 2" exp(ax),r > 0,a > 0,v = 1, obtain the
modified inverse Weibull distribution. If G(x;6) = px + %, y=1,v=1,
obtain the inverse linear exponential distribution. If G(z;60) = log z, obtain
the inverse of the log-gamma distribution. If G(z;0) = zP,p > 0,v > 0, one
obtains the inverse generalized gamma distribution.
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For model (1), the reliability function at a specified time t
R(t)=P(X >t) =exp (—uG (z7;0)) .

And P = P(Y < X) represents the reliability of an item of random
strength X subject to random stress Y. We aim to estimate the reliability
function R(t) = P(X > t) and P = P(Y < X) under Squared Error Loss
Function (SELF) and General Entropy Loss Function (GELF).

3 Notations and Definitions

Suppose n items are put on a test and the test is terminated after the first r
ordered observations are recorded. Let 0 < X () < -+ < X(;),0 <7 <n
be the lifetimes of the first  ordered observations. Obviously, ( n — r
) items survived until X(,). Representing by z = (r1,22,...2:),S =

Y, G (x(_l)l, «9) +(n—r)G (x(_ﬁ, «9) And the likelihood function

L(p | z) o p”" exp [—u (Z G (a:l-_l;ﬁ) +(n—-r)G (1‘(_7379>>]

=1

We think through the natural conjugate prior model for «, designating a
gamma model

o,
(k) = @ud texp(—pb);b,d > 0

Combining the above two equations, the posterior distribution of o by
Bayes’ theorem,

b+ S)no+d nv+d—1

h(#|5)—mﬂ

exp[—p(b + 5)]
Let X and Y are two independent random variables with the PDF
fi(zypn,v1,01) and fo (y; p2, v2, 02) sequentially.

Assume in a test that n products are in X and m products are in Y to

estimate R(t). And S = >/ | G (:c&)l;&) + (n — )G (x(:,;;&) and

T=5%,,H (y(_z.)l; 92) + (m —u)G (y@%;@) . When g1 and pe are
unrecognized but vy, 10, 01,65 are recognized. We research the conjugate
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priors for pq and po are (b1, dp) and (b, dy) correspondingly. The PDF of
S using Lemma 1 from Chaturvedi and Chauhan [8].

h(s;p) = s s lexp(—ps);ip >0, >0,n>00<s<oo0 (2)

Signifying via SBL, Bayes estimator of 6 = (u) with loss L for
assessing § by L (33 = 5) correspondingly, the risk is explained through

Ry, (951) = Egs { L (951.8) }

The posterior risk assessment used to evaluate § by 25\3 Lis

Rpr, (SBL> = Eus) {L (ES\BL; 5)}

The Bayes risk assessment is used to evaluate é by gy, is

Rpy, (8p1) = Bs |Egs) {1 (352.5) }

We note that the posterior risk is self-establishing from g, the Bayes risk
only takes the prior parameter, and the sample has no bearing on the risk
of the Bayes estimator of §. Additionally, we note that the relationships that

result
Rpr, (ZS\BL> =E, {RL @BL)} .

R (o) = B {1 (50}

4 The Bayes Estimators of Reliability Using SELF

And

If p is a positive integer, the Bayes estimators of ;% and pP with SELF are
specified through 1% ¢ and fi % correspondingly,

N Fnv+d+p) ,, -
p p
Hps I (nu + d) (b'uBS S) 3)

—p  T(w+d-—p)

o P
igh = Fow +d) (b g + S) ,where,p < nv +d. 4
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The posterior mean for any function of © under SELF is the Bayes estimator,
according to (2).

Theorem 1: Bayes estimators of posterior risk and Bayes risk for powers of
o with SELF.

N I(nv+d+p) 2 -~
R P _ b2m/ 2p U 1—-2 b
S (HBS) ( F(nl/+ d) ) (nyv nv D, L )

p+nvbny—p F(?’Ll/ + d + p)

—2u I(nv +d) U(nwv,nv 41 = p, ub)
)
['(nv +d+ 2p) (v +d+p))\* —2p
Rps (i) [ I(nv +d) ( I'(nv+d) (b+5) ©
L(nv +d+ p)? _op I'(d + 2p)
_ 7
Rps MBS [ C(nv + d)T(nv +d + Qp)] I'(d) (7)

Ry (figls) = w2 + "2

C(nv+d—p)\>
_— 2 1, ub

o (T L) 1) 8

I'(nv + d)
A, L(nv+d— 2p) L(nv+d—p)\> 9
P\ _ _ p
Brs (’uBS) [ I'(nv +d) < I'(nv +d) (b+5)
(2p < nv +d) 9)
. L(nv +d —p)? 2p L(d — 2p)
P\ _ |1_ p
Ris (i) [1 T+ dTw+d—2p)|* 1) (10)
Proof: From (3), the risk for (i} ¢) is
N F(HV +d+ p) 2 ) 2
Rs (fips) = (P(nu+d)> Esjy (b +8)7% + 47
r d
— QMPME(SW)(I? + S)*p (11)

I'(nv+d)
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According to (2), if g is a positive number,

nv 00 nv—1
i s

From (11) and (12)

N Tinv+d+p)\? o L/W sl
Rs (i) = —us)d
s (Is) ( T(nw + d) > () Jy (L4 s/b)QPmp( us)ds

D(nv+d+p) ™

2p _ 9P
o . I'(nv+d) T (nv)
0 Snzzfl J
T _exp(— 13

And we can achieve the result (5).

bd
B(nv,d)

o\ _ | T(nv+d+2p) Dl +d+p))*
RBS(MBS)—‘[ I'(nv +d) _-( L(nv +d) )

[e%¢) Snufl
X /0 (8 + b)nu+d+2p ds

And we can achieve the result (7)

R (ﬁEfé) = E(sju) (%@)2 —2u7PEs)) (ﬁé’é) T 14

Using (2), q is a positive number.

nv

_ > K nv—1 o
E(siw (b +5) = /0 T exp(—ps)(b+s)lds.  (15)

From (14) and (15) can be attained

L F(m/ 4 d— p) 2 Mmj 5 /oo Sm/—le—,us 9
R Py _ b P d p
o (MBS) < I'(nv +d) ) '(nv) o (L+s/b)=2 st H

I(nv+d—p w—le—ps
—2u7P g S d
a ( I'(nv +d) >Fny / (1+s/b)P y

(16)

And we can achieve the result (8).
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The integrals (13) and (16) are evaluated using the identity,

1

U(a,b,z) = T'a)

o0
/ e PN 1+ )7 tdt, fora>0,z>0
0

where U (a, b, z) is the Tricomi confluent hypergeometric function [1].
Consequently, we can achieve (6), (9) and (10).

Lemma 1: The distribution (1) of the Bayes estimator with SELF for
fla; p,v,0) is

sy~ G0 G @) [ G e
BV Y) = DS 1 b Blnw + d, v) S+b
(17)
Proof: Compose (1) as
1 (a1:0) G v 110) & )
f(33§M7V;9>: IIZQF Z 12
(18)
From (16), and using Lemma 1 of Chaturvedi and Tomer [7] and (5),
. G (ah0) G (a7h0) &G (z7h0)
fBS(x;}u’ VaQ) = 1'21_‘(1/) ;(_1) Z.ilﬂBS
(19)
Gv—1 (a:fl; 0) G x 0 >
B 22T(v) 12
—1. i .
y [G (33 ,9)] Fnv+d+i+v) (5 + b)f(””)
i'T'(nv + d)
(20)
Gy—l ( —1. 0) G —1 9 o
 22(S+b)B( nl/—l—d V) ;
G —1. 2] ‘ . _
o (715 0) (nV—i-d—i-’H—u 1> 1)
S+b i

and the lemma holds.
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Theorem 2: The reliability function of the Bayes estimator through SELF
- o G (2740) G (271 0)
RBS (t) = 2
x2(S 4+ b)*B(nv + d,v)
—(nv+d+v)
dr. (22)

G (z'0)

1
s

X

Proof: We get

/ Fos (.0, v, 0) — / By (f (3 0, 1, v, 0))da
t t

= Eus)[R(t)] = R(t)ps (23)
The result is derived from Equation (18) and Lemma 1.

Corollary 1: While v =1,

Ty,
Rps(t) :/t 22( S+ b)B(n+d,1)

—(n+d+1)

-1,
7G (w 70) dzx.

S+b

For 'P ', we use SELF to obtain the Bayes estimator.
Theorem 3:

~ 1 1
P =
Bs (T+b2)1/23(m1/2+d2,1/2) (S +b1)v1B (nvy +dy, 1)

x /00 H ' (y~'i60) H (y'62)
0 y?
—(mvatda+rva)

H (y~1;6:)
T + by

y /oo G (274 61) G (2715 61)
Y

2

x |14+

x (14 dxdy. 24)

a (33_1;91) —(nv1+di+vr)
s+ by




250 Kuldeep Singh Chauhan and Sachin Tomer

Proof:

o0 o0
Pps = / / fips (z; p1,v1,01) faps (y; p2, v2, 02) dedy
y=0 Jzr=y

= / Fans (y; 2, va, 02) Rps (y; p, v1,61) dy (25)
y=0

Equation (25) and Lemma 1 are used to obtain the result.

Remark 1: To derive Bayes estimators of the stress-strength setup and relia-
bility function, the researcher primarily used the terms of parameters and their
Bayes estimators, i.e., posterior mean through SELF, in the collected works.
The offered method includes the stress-strength setup, Bayes estimators, and
the reliability function. The Bayes estimator is available, the other does not
require its terms.

5 The Bayes Estimators of Reliability Using GELF
Suppose (i be the estimator of i, formerly GELF

o= (3 o (2) -

Where k # 0 is a constant.
it with GELF, Using Calabria and Pulcini [2]

fine = [Es ()] " (26)

Theorem 4: Bayes estimators of pP and P, using GELF for a positive
number p by [i'}, and [i ¢, are provided in order,

I'(nv +d)

e = () 0457 @

and

fig P = (F(ny +d)
I'(nv +d+p)

Proof: Achieved from (26) and Theorem 1.

) (b+S)P. wherenv+d>p (28)
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Theorem 5: The terms posterior risks, Bayes risks with GELF, and the Bayes
estimators of powers of 1 should be developed using GELF.

e I'(nv +d) _ _
P _ nv—prnv—p
Rg (“BG) = ((ny )> o b U(nv,nv —p+ 1, ub)

D _
+ln(” L(nv+d p)) .

T(nv + d)
+ p[p(nv) —In g+ 6™ 1™ U (nw, nv + 1, ub) m(ubz]z .
R (i) = plotow + ] —in (22 0) 30)
Rpa (lpg) = ply(nv + d)] — In <m> (€3]
Rg (ﬁ*%) = <m> (ub)P*™ U (v, nv — p,pb) - (32)
Rpg (figh) = —In <m> — pl(nv + )] (33)
Rpa (ﬁ"é) =—In (M) — plY(nv + d)] (34)
where

¥(w) = logT(z)

Proof: From (27)

Re (i) = Esi) H (F (I;L(::Z i)p)> u +M§)_p H

o) e e

(36) achieved by (2) and (35).

Rg (ﬁ%e) = <m> <l1t>p

> —p M nr—1 _
X/O (b+ s) F(m/)s exp(—us)ds
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s erer)

pi
['(nv)

+ /OO s Dexp(—pus)in|(b+ s)ulds — 1 (36)
0

And (29) achieved.
Using (28), the posterior risk of /i, with GELF

o 0e) = s [ o) () oo ()

I'(nv +d)
(38) achieved by (2) and (37)

~—p \ _ F(?’Ll/—i—d) +nv /Oo nv—1 _
Rg (uBG) = <F(W+d+p) T ; (b+ s)Ps™ " exp(—ps) ds
(3%)

The integrals (36) and (38) are evaluated using the identity,

1 /oo —ztia—1 b—a—1
— et (14+¢)" % dt, fora>0,2>0
I'(a) Jo

where U (a, b, z) is the Tricomi confluent hypergeometric function [1].
And using the findings of Ryzhik and Gradshteyn [5] that

U(a,b,z) =

o
r
/ 2 e PP gdr = ﬁ(f:‘)[qf(a) —1n 4] (39)
0

Using (35) and (37), results (30) were obtained. Equation (30) therefore
shows that Rpg (ﬁ%G) is independent of S. Its posterior risk is similar to
the Bayes risk of i pg. Sequentially, the results (32), (33), and (34) are
comparable to those of (29), (30), and (31).
Remark 2: It is interesting to observe that the phrases for Rpg (ipg ?),
Rpg (ﬁBG p) , Rpg (ﬁBG’ 7p) , Rpg (,L/IBG 7p) are identical.
Theorem 6: Under GELF, Bayes estimator for R(t)

N [e'¢) (b—|- S)nu+d A1 —u(b+S)
Rpa(t) = N it "
BG() [/0 F(nu—i—d) H €

" . efzzzzfl -1

L @0
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Proof: The result obtained by using (2) and (26).
Theorem 7: The Bayes estimator of P under GELF

~ (by + S)nFdi(by + T)m+d2
Ppe =
B(n +dy, m+ dg)
@
1 Pn+d1—1(1 o P)m+d2—1
nrmrdirds
o [P(bi+S)+ (1 —P)(ba+T)] 1rae
Proof: If
P:/ / A6 (270) @ (y50) dedy
y=0 Jr=y 2 y
01=0,=0, h'{(T)=g1S), vi=wmn=1
-1
pP= / ’ / A2 @ (@0 & (v 0)
y=0 $ y
X exp [—mG (x_l; 9)] exp [—,ugG (y_l; 9)] dx dy
p_ / p2 G' (y~"50) exp [—p2G (y~';0)]
y?
X / G (y ' 0) exp(—2) dz dy
0
p— M1
M1+ 2
Using (2), the posterior likelihood pdf of 11 and us is
(bl + S)n+d1 (b2 +T)m+d2 +d1—1, m+da—1
h — n—+dy 2
i) = G i T d) M
exp (—p1 (b1 + S)) exp (—p2 (ba + 1)) (42)
Suppose the renovations of P = miluz and w = p1 + w2, so as to

w1 = wP also puy = w(1l — P). The alteration for Jacobean is w. As of (40),
together with w, the posterior likelihood pdf of P,

(by + )bt
I'(n+di)T (m+dy)

h(P, w) — Pn+d1—1(1 _ P)m+d2—1wn+m+d1+d2_1
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exp(—w (b +S)P+ (1 —P)(b2+1T1));
O<w<oo, 0<P<1 43)

Equation (43) is integrated for w, and the posterior density function of P
is obtained.

(bl + S)n+d1 (b2 + T)m-i-dz
B[n+d1,m+d2]

h(P) =

Pnerlfl (1 _ P)erdgfl
X
[P (b1 +S) + (1= P) (by + T)]"FmHtez

The outcome was achieved through (44).

(44)

6 Bayes Estimators for Unknown Parameters
The joint pdf

Lov | 2) o s TT{ e (50 6 ()

X exp [—,u G (xil;H)] . 45)

The priors of y and v
(1) _ legp(—ub) ;b,d >0
ﬂ-/j’ —F(d)ﬂ p /'L »

Using Bayes’ theorem, the posterior pdf of (u, V)
n
hp,v | z) = Kp™ T eap | —p | b+ Y G (2750) || =~ A
2 G0 )| Grgm

where
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Integrating (46) with respect to v and p, we get the posterior pdf of u
and v,

exp (—p (b+ X0 G (250))) Jy 1w ey

(u ’ Q) - cAv— nv d+nv
J T 0+ S G (et 0) T v
Av—1 d+nv
Ny 1.
oy T 66 0)

f A 1F(d+nu (bJrZZ . (mZ .9))d+mjdl/.

Using SELF, the Bayes estimators of 1 and v are as follows:

¢ I'(nv+d—1) -1
. fO b+zn G(w__1:0))d+nu+1 ((F( DB )dV (47)
HBG = —— = o
Jo ()\( = b+ 30, G (z; ))+
¢ v d+nv
- 7f0 (?(1,1 (b+>7", G (= ))+
T e e RN (48)
Jy R 0+ Xy G (a7t :0) " dv
Using the GELF Bayes estimator of i and v are:
n'/"rd) a1 —1
- fO b+z ( -1, 9>)d+nu+1 ((F(V))n> dv
Sl — (49)
Jo @ (b+ZZ LG (o) dvy
Al I'(d+nv) -1
v fo ( rep > (b+37, G(= f1~0))d+"” v
S T T (50)
Jo oy (0+ 30, G (272 0))" ™ dv

7 Result and Discussion

In order to evaluate the effectiveness of the estimators within the context
of SELF with respect to the accurate assessment of reliability, we have
illustrated the prior and posterior probability densities in Figure 1. And in
Figure 2, we have illustrated the graph fpg(z;u,v,0) for various values
of n = 10,30, 35,40, 45,60 within the SELF framework. From the visual
representations, it can be inferred that when the value of n increases, then



256  Kuldeep Singh Chauhan and Sachin Tomer

E - Pk — Prior Density
P N — = Posterior Density
o _|
w |
o
o |
e T T T T T
05 1.0 15 20 25
Figure 1 Prior and posterior density.
o
“ — 0
P - - n=10
- // \"\'\._ ---- n=30
Y 7 S "*-\ n=35
2 4 -7 ~ N —= n=40
s ~ : _
. -~ ™ n=45
-y S~ 2NN\ | — n=60
o TN
"7 N
o | # TR
= | | | | | | |

06 0.8 1.0 12 14 16 18
Figure 2 The curve of f(x; u, v, 0) (Bold) and st(w; u, v, ) (Dotted).

fBs(x; 1, v, 0) approaches that of f(x;u,v,0). This observation corrobo-
rates the consistency property associated with the estimators. For the inverse
family of distributions, we employed a Bayesian framework to derive the
reliability function. Under the guidance of the general entropy loss function
(GELF) and the squared error loss function (SELF), Bayesian estimators for
the reliability function and the stress-strength configuration were developed,
incorporating the power of the parameter into the evaluation. Bootstrap sam-
pling techniques were used to evaluate the estimator’s effectiveness for R(t).
The Bayesian estimator of R(t) was estimated by generating randomized
samples of different magnitudes and doing 1000 bootstrap replications for
each sample. As can be seen from Table 1, for the reliability function R(?),
the Bayesian estimator using the SELF criterion performs superior than its
counterpart under the GELF criterion. As the sample size escalates, the esti-
mator under GELF converges toward the performance levels of the estimator
using SELF. Furthermore, for different ¢ values, the SELF-based estimator
consistently demonstrates a performance advantage over the GELF-based
estimator. In contrast, Table 2 illustrates that when n < m, the estimator
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derived under the SELF criterion yields more favorable results than that
derived under the GELF criterion. As both n and m increase, the performance
metrics of the two estimators become nearly indistinguishable.
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