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Abstract

This paper introduces a new three-parameter lifetime model, called the
Sujatha Power Series (SPS) distribution, motivated by the need for more flex-
ible distributions in reliability and survival analysis. The model is constructed
by compounding the Sujatha distribution with a family of power-series
distributions, allowing it to accommodate various density and hazard rate
shapes, including the important bathtub form. Key distributional proper-
ties are derived, and parameter estimation is performed using maximum
likelihood methods. The practical performance of the SPS distribution is

Journal of Reliability and Statistical Studies, Vol. 19, Issue 2 (2026), 347–386.
doi: 10.13052/jrss0974-8024.1925
© 2026 River Publishers



348 Aafaq A. Rather et al.

demonstrated through applications to two real lifetime datasets and com-
parisons with established competing models. The results indicate that the
proposed model provides superior or comparable fits, highlighting its useful-
ness as an effective and flexible tool for modeling lifetime data in reliability
and survival studies.

Keywords: Sujatha distribution, power series distribution, lifetime mod-
els, hazard rate, reliability analysis, maximum likelihood estimation, order
statistics.

1 Introduction

The modelling and quantitative analysis of lifetime data are fundamental
to a vast array of scientific and industrial disciplines, including reliability
engineering, survival analysis, biostatistics, insurance, and quality control.
The primary objective in these fields is to develop statistical models that
can accurately describe the time to an event of interest, such as the failure
of a mechanical component, the death of an organism, or the duration of a
specific economic state. Traditionally, classical one-parameter models like
the exponential distribution have been the standard due to their mathematical
simplicity and the constant hazard rate property they possess. However,
empirical observations in modern applications frequently reveal complex data
features – such as high positive skewness, heavy tails, and non-monotone
hazard functions (e.g., bathtub or unimodal shapes) – that these rigid models
are fundamentally incapable of capturing.

To address these limitations, the statistical community has introduced
generalized and generated families of distributions that incorporate addi-
tional shape parameters or rely on innovative generator mechanisms. One
prominent strategy has been the development of exponentiated extensions;
for instance, the exponentiated Garima distribution [1] and the Exponenti-
ated Nadarajah-Haghighi distribution [2] have both demonstrated superior
suitability for applied data analysis by refining moment structures and order
statistics. Parallel to these developments, researchers have utilized weighted
and transformed distributional frameworks to achieve even greater structural
flexibility. This is evident in the length-biased [3] and weighted versions [4]
of the Burhan distribution, as well as the Weibull-Pareto class [5], which pro-
vides a concise treatment for heavy-tailed and hybrid modeling. Furthermore,
the Weighted Erlang-Truncated Exponential (WETE) distribution [6] has fur-
ther integrated weighted transformation approach to improve the modeling of
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diverse data characteristics. More recently, the DUS Lindley distribution [7],
developed under the DUS transformation approach, has been explored, and
its effectiveness has been demonstrated through comparative performance
analysis.

Beyond parameter expansion, generator-based approaches have gained
substantial attention for their ability to model non-monotonic hazard behav-
iors. The Novel Family of Probability Generating (NP-G) distributions [8]
and the Arc Cosine-Ψ class [9] – based on inverse trigonometric generators to
represent a significant shift toward broadening distributional shapes without
increasing parameter dimensionality. These innovations have proven particu-
larly effective in specialized contexts, such as pandemic-related modeling.
For example, the Weibull-Inverse Nadarajah Haghighi (WINH) [10], the
extended Rayleigh [11], and the exponentiated odd Lomax power Lind-
ley [12] distributions have all been validated against COVID-19 mortality
datasets, confirming enhanced goodness-of-fit over classical benchmarks.
Additionally, the authors [13] explored the Lomax distribution in reliability
and quality control applications.

Collectively, these developments reflect a movement toward mixture-
based, weighted, and compounded families designed to overcome the rigidity
of one-parameter models. A particularly robust subset of this evolution
involves the Sujatha family [14], which has gained attention for its ability
to model positively skewed data through a threecomponent convex combi-
nation of exponential and gamma distributions. While the original Sujatha
model [14] outperforms benchmarks like the Akash and Lindley [15] dis-
tributions, its one-parameter nature can still be restrictive for complex risk
structures. This led to the Two-Parameter Sujatha Distribution (TPSD) ([16]
and [17]) which broadens the range of attainable hazard shapes by adding a
shape parameter to the mixture.

A parallel and complementary strategy for increasing flexibility involves
compounding continuous distributions with the power-series family (e.g.,
Poisson, geometric, and logarithmic). In these models, the observed lifetime
is treated as the minimum or maximum of a random number of latent com-
ponent lifetimes, allowing for the accommodation of both over-dispersion
and under-dispersion. Notable examples include the exponential-powerseries
class (Adamidis and Loukas [18]; Mahmoudi et al. ([19] and [20]) and Rashid
et al. [21]).

The primary novelty of the Sujatha-Power Series (SPS) distribution lies in
its utilization of a three-component mixture baseline within this compounded
framework. This differentiates it from existing two-component models like
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the Lindley Power Series (LPS) or Akash Power Series (APS). By combining
a flexible three-component baseline with the latent multiplicity of power-
series compounding, the SPS distribution bridges the gap between simple
mixtures and complex non-monotone hazard functions. Unlike the simpler
exponential-power series class, the SPS distribution naturally accommodates
systems with an initial “wear-in” phase followed by an aging period, mak-
ing its reliability interpretations more physically meaningful for complex
industrial systems.

In this study, we propose and analyze the compounded TPSD, establish
its key properties, and illustrate its applicability with real data. The model
demonstrates superior adaptability compared with existing alternatives, mak-
ing it a practical addition to the toolbox for lifetime data modelling.

2 The SPS Class

Suppose X1, X2, . . . XV be an arrangement of i.i.d random variables having
two parameter Sujatha distribution whose pdf is given by

h(x;α, β) =
β3

αβ2 + β + 2
(α+ x+ x2)e−βx, x > 0, α ≥ 0, β > 0

(1)
Here a random variable V follows power series distribution (truncated at

zero) with probability function as

P (V = v) =
avδ

v

C(δ)
, v = 1, 2, . . .

Where av is reliant only on v, C(δ) =
∑∞

v=1 avδ
v and δ > 0 is restricted

in such a manner that C(δ) is fixed.
Let X = min{X1, X2, . . . XV }. The conditional cdf of X | V = v is

HX|V=v(y) = 1− [H̄(x)]v

Where, H(x) is the cdf of the two parameter Sujatha distribution.

HX|V=v = 1−
[(

1 +
βx(βx+ β + 2)

αβ2 + β + 2

)
e−βx

]v
And

P (X ≤ x, V = v) =
avδ

v

C(δ)

{
1−

[(
1 +

βx(βx+ β + 2)

αβ2 + β + 2

)
e−βx

]v}
,

x > 0, v ≥ 1
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The marginal cdf of X defines the Sujatha power series(SPS) family of
distributions as

FSPS(x;α, β, δ) =

∞∑
v=1

avδ
v

C(δ)

{
1−

[(
1 +

βx(βx+ β + 2)

αβ2 + β + 2

)
e−βx

]v}

FSPS(x;α, β, δ) =
∞∑
v=1

avδ
v

C(δ)
−

∞∑
v=1

av

[(
1 + βx(βx+β+2)

αβ2+β+2

)
δe−βx

]v
C(δ)

FSSS(x;α, β, δ) = 1−
C
[(

1 + βx(βx+β+2)
αβ2+β+2

)
δe−βx

]
C(δ)

, x > 0 (2)

A random variable X with cdf (2) shall be expressed by X ∼
SPS(α, β, δ). The new compound SPS model comprises as special cases
some distributions. The Sujatha Poisson (SP) and Sujatha logarithmic (SL)
models are obtained by taking C(δ) = eδ − 1 with δ ∈ (0,∞) and
C(δ) = − log(1 − δ) with δ ∈ (0, 1) respectively in (2). Likewise, Sujatha
geometric (SG) and Sujatha binomial (SB) models are obtained by C(δ) =
δ(1− δ)−1; δ ∈ (0, 1) and C(δ) = (1 + δ)−m; δ ∈ (0, 1) respectively in (2).

3 Density, Survival, Hazard and Reverse Hazard Function

The derivative of (2) gives the probability function of SPS model as

fSPS(x;α, β, δ) =
−1

C(δ)

{
C ′

((
1 +

βx(βx+ β + 2)

αβ2 + β + 2

)
δe−βx

)
× d

dx

(
1 +

βx(βx+ β + 2)

αβ2 + β + 2

)
δe−βx

}

fSPS(x;α, β, δ) =
−1

C(δ)

C
′


(
1 +

βx(βx+ β + 2)

αβ2 + β + 2

)
δe−βx



×



1 +

βx(βx+ β + 2)

αβ2 + β + 2

)(
−δβe−βx

)
+ δe−βx

(
2β2x+ β2 + 2β

αβ2 + β + 2

)



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fSPS(x;α, β, δ) =
−1

C(δ)

C
′


(
1 +

βx(βx+ β + 2)

αβ2 + β + 2

)
δe−βx



×

(−δβe−βx
)

(
1 +

βx(βx+ β + 2)

αβ2 + β + 2

)
−
(
2βx+ β + 2

αβ2 + β + 2

)




fSPS (x;α, β, δ) =
δβe−βx

C(δ)

{
C ′

((
1 +

βx(βx+ β + 2)

αβ2 + β + 2

)
δe−βx

)
×
[
αβ2 + β2x2 + β2x

αβ2 + β + 2

]}
fSPS(x;α, β, δ) =

β3

αβ2 + β + 2
δ(α+ x+ x2)

× e−βx
C ′

(
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

))
C(δ)

, x > 0 (3)

The Reliability function of SPS model is

SSPS (x) = 1− FSPS (x)

SSPS (x) =
C
((

1 + βx(βx+β+2)
αβ2+β+2

)
δe−βx

)
C(δ)

, x > 0

The hazard function of the proposed SPS model is given by

kSPS (x) =
fSPS (x)

SSPS (x)

kSPS (x) =
β3

αβ2 + β + 2
δ(α+ x+ x2)

× e−βx
C ′

(
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

))
C
(
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

))
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And the reverse hazard function is

KSPS (x) =
fSPS (x)

FSPS (x)

KSPS (x) =
β3

αβ2 + β + 2
δ(α+ x+ x2)

× e−βx
C ′

(
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

))
C(δ)− C

(
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

))
Now we will provide two important properties of family of SPS distribu-

tion in the form of following propositions.

Proposition 2.1: The two-parameter Sujatha distribution is a limiting case of
the proposed SPS distribution when δ → 0+

Proof: The limit of the cumulative distribution function of SPS distribution
can be obtained as

lim
δ→0+

FSPS (x) = 1− lim
δ→0+

C
(
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

))
C(δ)

As we know that, C(δ) =
∑

v=1 avδ
v

lim
δ→0+

FSPS (x) = 1− lim
δ→0+

∑∞
v=1 av

{
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)}v∑∞
v=1 avδ

v

lim
δ→0+

FSPS (x) = 1−

a1

(
1 + βx(βx+β+2)

αβ2+β+2

)
e−βx

+
∑∞

v=2 vavδ
v−1

(
1 + βx(βx+β+2)

αβ2+β+2

)v
e−vβx

a1 +
∑∞

v=2 vavδ
v−1

= 1−
(
1 +

βx(βx+ β + 2)

αβ2 + β + 2

)
e−βx = H(x;α, β)

Which is the cdf of two-parameter Sujatha distribution.

Proposition 2.2: The pdf of the SPS distribution can be expressed as

f(x) =

∞∑
v=1

P (V = v)h1(x; v)



354 Aafaq A. Rather et al.

Where h1(x, v) = min(X1, X2, . . . Xv) is the 1st order statistics of two-
parameter Sujatha distribution.

Proof: We know that C ′(δ) =
∑∞

v=1 vavδ
v−1

Using the above result in the density function obtained in (3), we have

fSPS (x) =
β3

αβ2 + β + 2
δ(α+ x+ x2)

× e−βx

∑∞
v=1 vav

(
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

))v−1

C(δ)

fSPS (x) =
∞∑
v=1

avδ
v

C(δ)

vβ3

αβ2 + β + 2
(α+ x+ x2)

× e−βx

(
e−βx

(
1 +

βx(βx+ β + 2)

αβ2 + β + 2

))v−1

f(x) =
∞∑
v=1

P (V = v)h1(x; v) (4)

Where,

h1(x, v) = v
β3

αβ2 + β + 2
(α+ x+ x2)

× e−βx

[
e−βx

(
1 +

βx(βx+ β + 2)

αβ2 + β + 2

)]v−1

is the 1st order statistics of two-parameter Sujatha distribution. Hence it is
obvious, we can obtain properties of SPS distribution from the 1st order
statistics h1(x, v) = min (X1, X2, . . . Xv) of the two-parameter Sujatha
distribution.

4 Moment Generating Function

The moment generating function of SPS family of distributions can be
attained from (4)

LX(t) =
∑
v=1

P (V = v)LX(1)
(t)
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WhereLX(1)
(t) represents the mgf of 1st order statistics of two-parameter

Sujatha distribution (TPS)

LX(1)
(t) =

∫ ∞

0
etxv

β3

αβ2 + β + 2
(α+ x+ x2)

× e−βx

[(
1 +

βx(βx+ β + 2)

αβ2 + β + 2

)
e−βx

]v−1

dx

=
vβ3

αβ2 + β + 2

∫ ∞

0
e−(vβ−t)x(α+ x+ x2)

×
[
1 +

βx(βx+ β + 2)

αβ2 + β + 2

]v−1

dx

=
vβ3

αβ2 + β + 2

v−1∑
j=0

(
v − 1

j

)∞

0

e−(vβ−t)x(α+ x+ x2)

×
[
βx(βx+ β + 2)

αβ2 + β + 2

]v−1−j

dx

=
vβ3

αβ2 + β + 2

v−1∑
j=0

(
v − 1

j

)(
β

αβ2 + β + 2

)v−1−j

×
∫ ∞

0
e−(vβ−t)x(α+ x+ x2)[x(βx+ β + 2)]v−1−jdx

=
vβ3

αβ2 + β + 2

v−1∑
j=0

(
v − 1

j

)(
β

αβ2 + β + 2

)v−1−j

×
∫ ∞

0
e−(vβ−t)x

(
αxv−1−j + xv−j + xv−j+1

)
× [βx+ β + 2]v−1−jdx

=

v−1∑
j=0

(
v − 1

j

)
v2v−1−jβv−j+2

(αβ2 + β + 2)v−j

×
∫ ∞

0
e−(vβ−t)x

(
αxv−1−j + xv−j + xv−j+1

)
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×
[
1 +

βx+ β

2

]v−1−j

dx

=

v−1∑
j=0

v−1−j∑
k=0

(
v − 1

j

)(
v − 1− j

k

)
v2kβv−j+2

(αβ2 + β + 2)v−j

×
∫ ∞

0
e−(vβ−t)x

(
αxv−1−j + xv−j + xv−j+1

)
× (βx+ β)v−1−j−kdx

=
v−1∑
j=0

v−1−j∑
k=0

(
v − 1

j

)(
v − 1− j

k

)(
v − 1− j − k

l

)

× v2kβ2v−2j−k+1

(αβ2 + β + 2)v−j

×
∫ ∞

0
e−(νβ−t)x

(
αxν−1−j + xν−j + xν−j+1

)
(x)ν−1−j−k−ldx

= v

v−1∑
j=0

v−1−j∑
k=0

v−1−j−k∑
l=0

(
v − 1

j

)(
v − 1− j

k

)(
v − 1− j − k

l

)

× 2kβ2v−2j−k+1

(αβ2 + β + 2)v−j

×
[
α

∫ ∞

0
x(2v−2j−k−l−1)−1e−(vβ−t)xdx

+

∫ ∞

0
x(2v−2j−k−l)−1e−(vβ−t)xdx

+

∫ ∞

0
x(2v−2j−k−l+1)−1e−(vβ−t)xdx

]

= v
v−1∑
j=0

v−1−j∑
k=0

v−1−j−k∑
l=0

(
v − 1

j

)(
v − 1− j

k

)(
v − 1− j − k

l

)

× 2kβ2v−2j−k+1

(αβ2 + β + 2)v−j
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×


α(vβ − t)2Γ(2v − 2j − k − l − 1) + (vβ − t)

×Γ(2v − 2j − k − l) + Γ(2v − 2j − k − l + 1)

(vβ − t)2v−2j−k−l+1


And it follows that

LX(t) =

∞∑
v=1

avδ
v

C(δ)

v−1∑
j=0

v−1−j∑
k=0

v−1−j−k∑
l=0

(
v − 1

j

)(
v − 1− j

k

)

×
(
v − 1− j − k

l

)
2kvβ2v−2j−k+1

(αβ2 + β + 2)v−j

×


α(vβ − t)2Γ(2v − 2j − k − l − 1) + (vβ − t)

×Γ(2v − 2j − k − l) + Γ(2v − 2j − k − l + 1)

(vβ − t)2v−2j−k−l+1


Using (4), the sth moment of SPS distribution about origin can be

obtained as

ESPS (Xs) =
∞∑
v=1

P (V = v)

∫ ∞

0
xsh1(x, v)dx

ESPS (Xs) =

∞∑
v=1

P (V = v)

∫ ∞

0
xs

[
E
(
Xs

(1)

)]
dx

Now,

ESPS

(
Xs

(1)

)
=

∫ ∞

0
xsh1(x)dy =

∫ ∞

0
xsv

β3

αβ2 + β + 2
(α+ x+ x2)

× e−βx

[
e−βx

(
1 +

βx(βx+ β + 2)

αβ2 + β + 2

)]v−1

dx

= v
β3

αβ2 + β + 2

∫ ∞

0
xs(α+ x+ x2)

× e−βx

[
e−βx

(
1 +

βx(βx+ β + 2)

αβ2 + β + 2

)]v−1

dx
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= v
β3

αβ2 + β + 2

∫ ∞

0
xs(α+ x+ x2)

× e−vβx

(
1 +

βx(βx+ β + 2)

αβ2 + β + 2

)v−1

dx

= v
v−1∑
j=0

v−1−j∑
k=0

v−1−j−k∑
l=0

(
v − 1

j

)(
v − 1− j

k

)

×
(
v − 1− j − k

l

)
2kβ2v−2j−k+1

(αβ2 + β + 2)v−j

×

[
α

∫ ∞

0
x(s+2v−2j−k−l−1)−1e−vβxdx

+

∫ (s+2v−2j−k−l)−1

0
e−vβxdx

+

∫ ∞

0
x(s+2v−2j−k−l+1)−1e−vβxdx

]

= v

2v−2j−k+1∑
j=0

∑
k=0

∑
l=0

(
v − 1

j

)(
v − 1− j

k

)

×
(
v − 1− j − k

l

)
2kβ2v−2j−k+1

(αβ2 + β + 2)v−j

×



α(vβ)2Γ(s+ 2v − 2j − k − l − 1) + (vβ)

×Γ(s+ 2v − 2j − k − l)

+Γ(s+ 2v − 2j − k − l + 1)

(vβ)s+2v−2j−k−l+1


Hence we get

ESPS (Xs) =
∞∑
v=1

avδ
v

C(δ)

v−1∑
j=0

v−1−j∑
k=0

v−1−j−k∑
l=0

(
v − 1

j

)(
v − 1− j

k

)
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×
(
v − 1− j − k

l

)
v2kβ2v−2j−k+1

(αβ2 + β + 2)v−j

×



α(vβ)2Γ(s+ 2v − 2j − k − l − 1) + (vβ)

×Γ (s+ 2v − 2j − k − l)

+Γ(s+ 2v − 2j − k − l + 1)

(vβ)s+2v−2j−k−l+1


(5)

5 Order Statistics and Their Moments

Consider a random sample X1, X2, . . . Xn taken from SPS distribution with
cdf (2) and pdf (3) and X1:n, X2:n, . . . , Xn::n denote the corresponding order
statistics. The pdf of Xi:n, i = 1, 2, . . . n is given by

fi:n(x) =
n!

(n− i)!(i− 1)!
[FSPS (x)]

i−1 [1− FSPS (x)]
n−i fSPS (x)

fi:n(x) =
n!fSPS (x)

(n− i)!(i− 1)!

1− C
{
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)}
C(δ)

i−1

×

C
(
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

))
C(δ)

n−i

(6)

Expression (6) can also be written as

fi:n(x) =
n!

(n− i)!(i− 1)!

n−i∑
l=0

(
n− i

l

)
(−1)lfSPS (x)

× [1− FSPS (x)]
l+i−1 (7)

Or

fi:n(x) =
n!

(n− i)!(i− 1)!

i−1∑
l=0

(
i− 1

l

)
(−1)lfSPS (x) [1− FSPS (x)]

l+n−i



360 Aafaq A. Rather et al.

From

fSPS (x) [FSPS (x)]
l+i−1 =

(
1

l + i

)
d

dx
[FSPS (x)]

l+i

The respective cdf of fi:n(x) denoted by Fi:n(x) can be obtained

Fi:n(x) =
n!

(n− i)!(i− 1)!

n−i∑
l=0

(
n−i
l

)
(−1)l

(l + i)

×

1− C
(
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

))
C(δ)

l+i

(8)

Expression (8) can also be written as

Fi:n(x) = 1− n!

(n− i)!(i− 1)!

i−1∑
l=0

(
i−1
l

)
(−1)l

(l + n− i+ 1)

×

C
(
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

))
C(δ)

l+n−i+1

The expression for the sth moment of ith order statistic Xi:n with cdf (8)
can be obtained, using a renowned result due to Barakat and Abdelkadir [22]
as follows

E (Xs
i:n) = s

n∑
l=n−i+1

(−1)l−n+i−1

(
l − 1

n− i

)(
n

l

)∞

0

xs−1SSPS (x)
sdx

Where SSPS(y) is the reliability function of SPS distribution. Thus, we
have

E (Xs
i:n) = s

n∑
l=n−i+1

(−1)l−n+i−1

C(δ)l

(
l − 1

n− i

)(
n

l

)∞

0

xs−1

×
[
C

(
δe−βx

(
1 +

βx(βx+ β + 2)

αβ2 + β + 2

))]l
dx

where s = 1, 2, . . . and i = 1, 2, . . . n.
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6 Estimation of the Model Parameters

LetX1, X2, . . . Xn be a random sample with observed valuesX1, X2, . . . Xn

taken from SPS distribution and let Θ = (α, β, δ)T be the unknown
parameter vector. The log-likelihood function is given by

ln = ln(x,Θ) = 3n log β + n log δ +
n∑

i=1

log
(
α+ xi + x2i

)
− β

n∑
i=1

xi − n log
(
αβ2 + β + 2

)
− n logC(δ)

+

n∑
i=1

logC ′
(
δe−βx

(
1 +

βxi (βxi + β + 2)

αβ2 + β + 2

))
The maximum likelihood estimators of α, β, δ say α̂, β̂, δ̂ are obtained

by setting the first partial derivatives of ln(x,Θ) to be zero. The first partial
derivatives for log-likelihood function with respect to α, β and δ are

∂ln
∂β

=
3n

β
−

n∑
i=1

xi −
n(2αβ + 1)

αβ2 + β + 2

+ δ
n∑

i=1

C ′′
(
δe−βxi

(
1 + βxi(βxi+β+2)

αβ2+β+2

)
C ′

(
δe−βxi

(
1 + βxi(βxi+β+2)

αβ2+β+2

)) (
xie

−βxi

)

×



4(β + 1)−
(
αβ2 + β + 2

)2
−β2(αβ2x2i + αβ2xi + 2αβxi

+βx2i + βxi + 3xi + 2x2i + 2α+ 1)

(αβ2 + β + 2)2


∂ln
∂δ

=
n

δ
− nC ′(δ)

C(δ)
+

n∑
i=1

C ′′
(
δe−βxi

(
1 + βxi(βxi+β+2)

αβ2+β+2

)
C ′

(
δe−βxi

(
1 + βxi(βxi+β+2)

αβ2+β+2

))
×
(
1 +

βxi (βxi + β + 2)

αβ2 + β + 2

)
e−βxi
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∂ln
∂α

=

n∑
i=1

(
1

α+ xi + x2i

)
− nβ2

αβ2 + β + 2

− δβ2
n∑

i=1

C ′′
[
δe−βxi

(
1 + βxi(βxi+β+2)

αβ2+β+2

)]
C ′

[
δe−βxi

(
1 + βxi(βxi+β+2)

αβ2+β+2

)]
×
[
e−βxi

(
βxi (βxi + β + 2)

(αβ2 + β + 2)2

)]
Since the above three derivative equations cannot be solved analytically,

so in order to get the α̂, β̂, δ̂, the log-likelihood function will be maximized
numerically using Newton-Raphson method which is a powerful technique
for solving complex equations iteratively and numerically.

7 Sub-Models of SPS Distribution

In this section, some particular cases of SPS distribution: Sujatha Poisson
(SP), Sujatha Logarithmic (SL), Sujatha Geometric (SG) and Sujatha bino-
mial (SB) distributions will be investigated and we plot their pdf and hrf plots
for specific values of parameters.

7.1 Sujatha Poisson Distribution

The Sujatha Poisson (SP) distribution is a particular case of SPS distribution
for av = 1

v! and C(δ) = eδ − 1. Therefore the associated cdf,pdf, survival,
hazard and reverse hazard functions are

FSP (x) = 1− e
δe−βx

(
1+

βx(βx+β+2)

αβ2+β+2

)
− 1

eδ − 1
, x > 0

fSP (x) =
β3

αβ2 + β + 2
δ(α+ x+ x2)

× e−βxe
δe−βx

[
1+

βx(βx+β+2)

αβ2+β+2

]
(eδ − 1)−1, x > 0

SSP (x) =
e
δe−βx

(
1+

βx(βx+β+2)

αβ2+β+2

)
− 1

eδ − 1
, x > 0
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kSP (x) =
β3δ(α+ x+ x2)e−βxe

δe−βx
(
1+

βx(βx+β+2)

αβ2+β+2

)

(αβ2 + β + 2)

(
e
δe−βx

(
1+

βx(βx+β+2)

αβ2+β+2

)) , x > 0

KSP (x) =
β3δ(α+ x+ x2)e−βxe

δe−βx
(
1+

βx(βx+β+2)

αβ2+β+2

)

(αβ2 + β + 2)

(
eδ − e

δe−βx
(
1+

βx(βx+β+2)

αβ2+β+2

)) , x > 0

For x, β > 0, α ≥ 0, 0 < δ <∞ respectively. The sth moment of Sujatha
Poisson distribution becomes, by taking av = v!−1 and C(δ) = eδ − 1 in (5)

ESP (Xs) = (eδ − 1)−1
∞∑
v=1

δv

v!

v−1∑
j=0

v−1−j∑
k=0

v−1−j−k∑
l=0

(
v − 1

j

)(
v − 1− j

k

)

×
(
v − 1− j − k

l

)
v2kβ2v−2j−k+1

(αβ2 + β + 2)v−j

×



α(vβ)2Γ(s+ 2v − 2j − k − l − 1) + (vβ)

×Γ(s+ 2v − 2j − k − l)

+Γ(s+ 2v − 2j − k − l + 1)

(vβ)s+2v−2j−k−l+1


for β > 0, α ≥ 0, 0 < δ <∞.

The pdf and cdf of order statistics of SP distribution can be obtained by
using its pdf and cdf in (7) and (8), we have

fi:n(x) =
n!

(n− i)!(i− 1)!

n−i∑
l=0

(
n− i

l

)
(−1)l

×

 β3

αβ2+β+2
δ(α+ x+ x2)e−βxe

δe−βx
[
1+

βx(βx+β+2)

αβ2+β+2

]
(eδ − 1)



×

eδe−βx
(
1+

βx(βx+β+2)

αβ2+β+2

)
− 1

eδ − 1

l+i−1
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Fi:n(x) =
n!

(n− i)!(i− 1)!

n−i∑
l=0

(
n−i
l

)
(−1)l

(l + i)

×

1− e
δe−βx

(
1+

βx(βx+β+2)

αβ2+β+2

)
− 1

eδ − 1

l+i

The parameter values used in the PDF and hazard function plots as shown
in Figures 1, 2, 3 and 4 were selected in accordance with the theoretical
parameter space of the proposed distribution. Specifically, the parameters
α > 0, β > 0, and δ > 0 and therefore any positive real values are
admissible. The chosen combinations (e.g., small, moderate, and relatively
larger positive values) were selected to satisfy the regularity conditions of the
model and to demonstrate how variations in each parameter affect the shape
characteristics of the distribution.

Figure 1 pdf plot for SPD(α, β, δ).

Figure 2 pdf plot for SPD(α, β, δ).
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Figure 3 hrf plot for SPD(α, β, δ).

Figure 4 hrf plot for SPD(α, β, δ).

7.2 Sujatha Logarithmic Distribution

The Sujatha logarithmic (SL) distribution is a particular case of the SPS
distribution when av = 1

v and C(δ) = − log(1−δ). Therefore the associated
cdf,pdf,survival, hazard and reverse hazard functions are

FSL(x) = 1−
log

[
1−

(
1 + βx(βx+β+2)

αβ2+β+2

)
δe−βx

]
log(1− δ)

, x > 0

fSL(x) =
β3δ(α+ x+ x2)e−βx

(αβ2 + β + 2)
[
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)
− 1

]
[log(1− δ)]

SSL(x) =
log

[
1−

(
1 + βx(βx+β+2)

αβ2+β+2

)
δe−βx

]
log(1− δ)
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kSL(x) =
β3δ(α+ x+ x2)e−βx(

αβ2 + β + 2
) [
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)
− 1

]
× log

[
1− δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)]

KSL(x) =
β3δ(α+ x+ x2)e−βx

[
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)
− 1

]−1(
αβ2 + β + 2

)
×
{
log(1− δ)− log

[
1− δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)]}
for x, β > 0.α ≥ 0, 0 < δ < 1 respectively.

The sth moment of Sujatha Logarithmic (SL) distribution becomes by
taking av = v−1 and C(δ) = − log(1− δ) in (5)

ESL (Xs) =
1

log(1− δ)−1

∞∑
v=1

δv

v

v−1∑
j=0

v−1−j∑
k=0

v−1−j−k∑
l=0

(
v − 1

j

)

×
(
v − 1− j

k

)(
v − 1− j − k

l

)
v2kβ2v−2j−k+1

(αβ2 + β + 2)v−j

×



α(vβ)2Γ(s+ 2v − 2j − k − l − 1) + (vβ)

×Γ(s+ 2v − 2j − k − l)

+Γ(s+ 2v − 2j − k − l + 1)

(vβ)s+2v−2j−k−l+1


for β > 0, α ≥ 0, 0 < δ < 1.

The pdf and cdf of order statistics of SL distribution can be obtained by
using its pdf and cdf in (7) and (8), we have

fi:n(x) =
n!

(n− i)!(i− 1)!

n−i∑
l=0

(
n− i

l

)
(−1)l

× β3δ(α+ x+ x2)e−βx

(αβ2 + β + 2)
[
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)
− 1

]
[log(1− δ)]
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Fi:n(x) =
n!

(n− i)!(i− 1)!

n−i∑
l=0

(
n−i
l

)
(−1)l

(l + i)

×

1− log
[
1−

(
1 + βx(βx+β+2)

αβ2+β+2

)
δe−βx

]
log(1− δ)

l+i−1

The parameter values used in the PDF and hazard function plots as shown
in Figures 5, 6, 7 and 8 were selected in accordance with the theoretical
parameter space of the proposed distribution. Specifically, the parameters
α > 0, β > 0, and δ > 0 and therefore any positive real values are
admissible. The chosen combinations (e.g., small, moderate, and relatively
larger positive values) were selected to satisfy the regularity conditions of the

Figure 5 pdf plot for SLD(β, α, λ).

Figure 6 pdf plot for SLD(β, α, λ).
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Figure 7 hrf plot
X

f for SLD(β, α, λ).

Figure 8 hrf plot for SLD(β, α, λ).

model and to demonstrate how variations in each parameter affect the shape
characteristics of the distribution.

7.3 Sujatha Geometric Distribution

The Sujatha Geometric (SG) distribution is a particular case of SPS distribu-
tion when av = 1 and C(δ) = δ(1− δ)−1. Therefore the associated cdf, pdf,
survival, hazard and reverse hazard functions are

FSG(x) = 1−

[
1 + βx(βx+β+2)

αβ2+β+2

]
δe−βx(1− δ){

1− δe−βx
[
1 + βx(βx+β+2)

αβ2+β+2

]} , x > 0
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FSG(x) = 1−

[
1 + βx(βx+β+2)

αβ2+β+2

]
e−βx(1− δ)

1− δe−βx
[
1 + βx(βx+β+2)

αβ2+β+2

] , x > 0

FSG(x) =
1−

[
e−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)]
1− δe−βx

[
1 + βx(βx+β+2)

αβ2+β+2

] , x > 0

fSG(x) =
β3

αβ2 + β + 2
(α+ x+ x2)e−βx(1− δ)

×
[
1− δe−βx

(
1 +

βx(βx+ β + 2)

αβ2 + β + 2

)]−2

SSG(x) =

[
1 + βx(βx+β+2)

αβ2+β+2

]
e−βx(1− δ)

1− δe−βx
[
1 + βx(βx+β+2)

αβ2+β+2

] , x > 0

kSG(x) =
β3(α+ x+ x2)

[
1− δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)]−1

(αβ2 + β2x2 + β2x+ 2βx+ β + 2)

KSG(x) =
β3(α+ x+ x2)(1− δ)

(αβ2 + β + 2)

×
[
1− δe−βx

(
1 +

βx(βx+ β + 2)

αβ2 + β + 2

)]−1

× 1−
[(

1 +
βx(βx+ β + 2)

αβ2 + β + 2

)]
for x, β > 0, α ≥ 0, 0 < δ < 1 respectively.

The sth moment of Sujatha Geometric (SG) distribution is obtained by
taking av = 1 and C(δ) = δ(1− δ)−1 in (5)

ESG (Xs) =
1

δ(1− δ)−1

∞∑
v=1

δv
v−1∑
j=0

v−1−j∑
k=0

v−1−j−k∑
l=0

(
v − 1

j

)(
v − 1− j

k

)

×
(
v − 1− j − k

l

)
v2kβ2v−2j−k+1

(αβ2 + β + 2)v−j
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×



α(vβ)2Γ(s+ 2v − 2j − k − l − 1) + (vβ)

×Γ(s+ 2v − 2j − k − l)

+Γ(s+ 2v − 2j − k − l + 1)

(vβ)s+2v−2j−k−l+1


for β > 0, α ≥ 0, 0 < δ < 1.

The pdf and cdf of order statistics of SG distribution can be obtained by
using its pdf and cdf in (7) and (8), we have

fi:n(x) =
n!

(n− i)!(i− 1)!

n−i∑
l=0

(
n− i

l

)
(−1)l

× β3

αβ2 + β + 2

(α+ x+ x2)e−βx(1− δ)[
1− δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)]2

×

1−
[
e−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)]
1− δe−βx

[
1 + βx(βx+β+2)

αβ2+β+2

]
l+i−1

Fi:n(x) =
n!

(n− i)!(i− 1)!

n−i∑
l=0

(
n−i
l

)
(−1)l

(l + i)

×

1−
[
e−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)]
1− δe−βx

[
1 + βx(βx+β+2)

αβ2+β+2

]
l+i

The parameter values used in the PDF and hazard function plots as shown
in Figures 9, 10, 11 and 12 were selected in accordance with the theoretical
parameter space of the proposed distribution. Specifically, the parameters
α > 0, β > 0, and δ > 0 and therefore any positive real values are
admissible. The chosen combinations (e.g., small, moderate, and relatively
larger positive values) were selected to satisfy the regularity conditions of the
model and to demonstrate how variations in each parameter affect the shape
characteristics of the distribution.
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Figure 9 pdf plot for SGD(α, β, δ).

Figure 10 pdf plot for SGD(α, β, δ).

Figure 11 hrf plot for SGD(α, β, δ).
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Figure 12 hrf plot for SGD(α, β, δ).

7.4 Sujatha Binomial Distribution

The Sujatha Binomial (SB) distribution is a particular case of SPS distribution
for av =

(
m
v

)
and C(δ) = (δ + 1)m + 1. The cdf, pdf, survival, hazard and

reverse hazard functions are given as

FSB(x) = 1−
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)
+ 1

]m
− 1

(δ + 1)m − 1
, x > 0

fSB(x) =
β3m

αβ2 + β + 2
(α+ x+ x2)δe−βx [(δ + 1)m − 1]−1

×
[
δe−βx

(
1 +

βx(βx+ β + 2)

αβ2 + β + 2

)
+ 1

]m−1

SSB(x) =

[
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)
+ 1

]m
− 1

(δ + 1)m − 1
, x > 0

kSB(x) =
β3m

αβ2 + β + 2
(α+ x+ x2)δe−βx

×

[
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)
+ 1

]m−1{[
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)
+ 1

]m
− 1

}
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KSB(x) =
β3m

αβ2 + β + 2
(α+ x+ x2)δe−βx

×

[
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)
+ 1

]m−1{
(δ + 1)m −

[
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)
+ 1

]m}
For x, β > 0, α ≥ 0, 0 < δ < 1. The sth moment of Sujatha Binomial

(SB) distribution is obtained by taking av =
(
m
v

)
and C(δ) = (δ + 1)m + 1

in (5)

ESB (Xs) = [(δ + 1)m + 1]−1
∞∑
v=1

δv
(
m

v

) v−1∑
j=0

v−1−j∑
k=0

v−1−j−k∑
l=0

(
v − 1

j

)

×
(
v − 1− j

k

)(
v − 1− j − k

l

)
v2kβ2v−2j−k+1

(αβ2 + β + 2)v−j

×



α(vβ)2Γ(s+ 2v − 2j − k − l − 1) + (vβ)

×Γ(s+ 2v − 2j − k − l)

+Γ(s+ 2v − 2j − k − l + 1)

(vβ)s+2v−2j−k−l+1


for v ≤ m,β > 0, α ≥ 0, 0 < δ < ∞. The pdf and cdf of order statistics
of SB distribution can be obtained by using its pdf and cdf in (7) and (8), we
have

fi:n(x) =
n!

(n− i)!(i− 1)!

n−i∑
l=0

(
n− i

l

)
(−1)l

mδβ3e−βx(α+ x+ x2)

αβ2 + β + 2

×

[
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)
+ 1

]m−1

[(λ+ 1)m − 1]

×

[
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)
+ 1

]m−1

[(δ + 1)m − 1]
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×


[
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)
+ 1

]m
− 1

(δ + 1)m − 1

l+i−1

Fi:n(x) =
n!

(n− i)!(n− 1)!

n−i∑
l=0

(
n−i
l

)
(−1)l

(l + i)

×

1−
[
δe−βx

(
1 + βx(βx+β+2)

αβ2+β+2

)
+ 1

]m
− 1

(δ + 1)m − 1

l+i

It may be noted here that the sub models SPD, SLD, SGD and SBD
are new compound lifetime distributions which have been attained by giving
explicit values to parameters in SPS family.

8 Simulation Study

A Monte Carlo simulation study was conducted to evaluate the finite-sample
performance of the maximum likelihood estimators (MLEs) of the parame-
ters (β, α, δ) of the proposed subclass model namely Sujatha Poisson (SP)
distribution . Random samples were generated using the inverse cumulative
distribution function (inverse CDF) technique to ensure exact sampling from
the target model. For each replication, a sample of size n was generated from
the distribution with fixed true parameter values (β, α, δ). Parameter estima-
tion was carried out using a Metropolis-Hastings Markov Chain Monte Carlo
(MH-MCMC) algorithm, which was employed to numerically maximize the
likelihood function in a stable and robust manner for this highly nonlinear
density. This procedure was repeated over R independent replications to
assess the sampling behavior of the estimators. The performance of the
estimators was evaluated using standard accuracy measures, including bias,
variance, mean squared error (MSE), and mean relative error (MRE). These
criteria highlighted in Table 1, provide a comprehensive assessment of both
precision and consistency of the estimators. The simulation results demon-
strate that the proposed MLEs exhibit satisfactory finite-sample properties,
with decreasing bias, variance, MSE, and MRE as the sample size increases,
indicating consistency and efficiency of the estimation procedure for the
proposed distribution.

Furthermore, interval estimation of the model parameters was incorpo-
rated to provide uncertainty quantification. Asymptotic confidence intervals
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Table 1 Bias, variance and MSE of the sujatha poisson (SP) distribution
β = 1.75 α = 2.25 δ = 1.25

Sample
Size (n) Bias MSE MRE Bias MSE MRE Bias MSE MRE

30 0.85404 0.78355 0.48802 1.38293 2.44196 0.61464 5.58941 37.9103 4.47153
50 0.75967 0.63996 0.43409 1.15384 1.81527 0.51282 4.81746 28.7421 3.85397
100 0.74667 0.58488 0.42667 1.06213 1.46023 0.47206 4.15089 21.0628 3.32071
150 0.73364 0.56037 0.41922 0.98245 1.20693 0.43664 3.60851 17.6115 2.88681
250 0.70376 0.53423 0.40215 0.85723 0.95283 0.38099 3.03058 12.4953 2.42446
350 0.64823 0.49031 0.37042 0.78362 0.76419 0.34828 2.46370 8.37265 1.97096
500 0.52089 0.30521 0.29765 0.62927 0.51763 0.27968 1.85176 5.21819 1.48141

β = 5.5 α = 3.7 δ = 0.25

Bias MSE MRE Bias MSE MRE Bias MSE MRE

30 4.92531 32.2795 0.89551 2.17924 7.81392 0.58898 7.35284 65.9894 29.4116
50 4.49710 27.0219 0.81765 2.04861 6.58132 0.55368 6.78046 54.28801 27.1218
100 4.05674 22.5758 0.73759 1.85429 5.70254 0.50116 6.02153 44.19793 24.0861
150 3.64358 18.4706 0.66247 1.65833 4.16401 0.44820 5.54291 37.11938 22.1716
250 3.15521 13.8419 0.57368 1.37045 3.03985 0.37039 4.77265 28.37691 19.0906
350 2.50876 9.14835 0.45613 1.01852 2.38415 0.27528 4.16945 22.50931 16.6778
500 1.87031 6.71216 0.34006 0.62017 1.52332 0.16761 3.46236 17.45782 13.8494

were constructed using the inverse of the observed Fisher information matrix,
derived from the negative Hessian of the log-likelihood function evaluated at
the MLEs. Specifically, approximate 100(1−α)% confidence intervals of the
form

β̂ ± Zα
2

√
Var(β̂), α̂± Zα

2

√
Var(α̂), and δ̂ ± Zα

2

√
Var(δ̂)

were computed, where Zα
2

is the standard normal quantile and the variances
are obtained from the diagonal elements of the inverse Fisher information
matrix. In addition to finite-sample analysis, the asymptotic properties of the
MLEs were investigated to enhance the theoretical importance and statistical
credibility of the proposed distribution. Under standard regularity conditions,
the MLEs are asymptotically consistent, efficient, and normally distributed.
This was empirically verified by examining the convergence of the empirical
sampling distributions of the estimators toward normality as the sample
size increases, along with the stabilization of the Fisher information matrix
and reduction in estimator variability. These asymptotic behaviors confirm
the reliability of inference based on large-sample theory and reinforce the
robustness of the proposed model for practical applications.

Together, the finite-sample simulation results, asymptotic analysis, and
interval estimation framework provide strong statistical justification for
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the proposed model, demonstrating not only accurate point estimation but
also reliable uncertainty quantification and robust large-sample behavior,
thereby enhancing the practical and theoretical importance of the proposed
distribution in statistical modeling and applied research contexts.

9 Application of SPS Distribution

In this section, we illustrate two applications to show the edibility of the pro-
posed model by comparing its submodels. We also compare its sub-models
with other distributions including one parameter Sujatha (OPS) distribution
and two parameter Sujatha (TPS) distribution. Estimates of the parameters,
Akaike Information Criterion (AIC) and Bayesian Information Criterion
(BIC) are given for the data set.

Data set I. The data set studied for fitting the Lindley distribution by Ghitany
et al. [15] epitomizes the waiting times (in minutes) before service of 100
Bank customers. The data set are as given

0.8, 0.8, 1.3, 1.5, 1.8, 1.9, 1.9, 2.1, 2.6, 2.7, 2.9, 3.1, 3.2, 3.3, 3.5, 3.6, 4.0,
4.1, 4.2, 4.2, 4.3, 4.3, 4.4, 4.4, 4.6, 4.7, 4.7, 4.8, 4.9, 4.9, 5.0, 5.3, 5.5, 5.7,
5.7, 6.1, 6.2, 6.2, 6.2, 6.3, 6.7, 6.9, 7.1, 7.1, 7.1, 7.1, 7.4, 7.6, 7.7, 8.0, 8.2,
8.6, 8.6, 8.6, 8.8, 8.8, 8.9, 8.9, 9.5, 9.6, 9.7, 9.8, 10.7, 10.9, 11.0, 11.0, 11.1,
11.2, 11.2, 11.5, 11.9, 12.4, 12.5, 12.9, 13.0, 13.1, 13.3, 13.6, 13.7, 13.9, 14.1,
15.4, 15.4, 17.3, 17.3, 18.1, 18.2, 18.4, 18.9, 19.0, 19.9, 20.6, 21.3, 21.4, 21.9,
23.0, 27.0, 31.6, 33.1, 38.5.

Table 2, presents the goodness-of-fit measures for the competing models
fitted to the real lifetime dataset. Model comparison is primarily based
on AIC, BIC, and AICC, where smaller values indicate a better trade-off
between model fit and complexity. Among the considered models, the SL
model yields the smallest AIC (644.80) and BIC (640.48), indicating a
slightly better information-theoretic fit. However, the proposed SPS model
remains highly competitive, with AIC = 646.73 and BIC = 643.38, showing
only a marginal difference. Since differences in AIC less than 2–4 are
generally considered negligible, the SPS model demonstrates comparable
explanatory power. In terms of goodness-of-fit tests, the SPS model produces
non-significant K-S (p = 0.532), AD (p = 0.577), and CV (p = 0.517)
statistics, indicating no evidence against the adequacy of the model. These
p-values confirm that the SPS distribution provides an acceptable fit to the
empirical data. While the SL model shows slightly larger p-values, the SPS
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Table 2 Estimates of models for waiting time data.
Model MLE AIC BIC AICC K-S (P-value) AD (P-value) CV (P-value)

SP α̂ = 1.59

β̂ = 0.216

δ̂ = 1.69

642.15 646.73 643.38 0.0756 (0.532) 0.6985 (0.577) 0.1204 (0.517)

SG α̂ = 0.754

β̂ = 0.197

δ̂ = 0.681

640.97 645.55 642.13 0.0528 (0.742) 0.3841 (0.815) 0.0542 (0.796)

SL α̂ = −0.03

β̂ = 0.20

δ̂ = 0.89

640.22 644.80 640.48 0.0336 (0.875) 0.1418 (0.954) 0.0176 (0.908)

TPS α̂ = 2.43

β̂ = 0.276

643.25 648.46 643.38 0.0756 (0.172) 0.6986 (0.129) 0.1204 (0.126)

OPS α̂ = 0.2846 641.63 648.46 641.68 0.0884 (0.349) 0.98617 (0.368) 0.1614 (0.364)

model maintains strong statistical consistency across all three tests. The
flexibility of the SPS model is reflected in its ability to accommodate varying
hazard rate structures. The estimated parameters (not shown here for brevity)
suggest a moderately decreasing hazard pattern, which aligns well with the
observed failure behavior of the dataset. This indicates that the SPS model
can effectively capture early-life failure characteristics and gradual reliability
stabilization.

Overall, although the SL model achieves the minimum information crite-
ria, the SPS model performs competitively while offering greater structural
flexibility and interpretability. Therefore, the SPS distribution provides a
robust alternative for modeling lifetime data and demonstrates practical
applicability in reliability and survival analysis.

Figure 13 displays the fitted density curves of the competing models
superimposed on the histogram of the waiting time data. All models capture
the right-skewed nature of the dataset; however, the SPS-related models align
more closely with the empirical peak and tail behavior. In particular, the
fitted curves demonstrate strong agreement with the observed distribution,
confirming the adequacy and flexibility of the proposed modeling framework.

Data set II. The data set is about the survival times of 121 patients with
breast cancer obtained from a large hospital examined by Ramos et al. [23]
and Oguntunde PE et al. [24]. The data set is given as

0.3, 0.3, 4.0, 5.0, 5.6, 6.2, 6.3, 6.6, 6.8, 7.4, 7.5, 8.4, 8.4, 10.3, 11.0, 11.8, 12.2,
12.3, 13.5, 14.4, 14.4, 14.8, 15.5, 15.7, 16.2, 16.3, 16.5, 16.8, 17.2, 17.3, 17.5,
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Figure 13 Fitted densities to the waiting data.

17.9, 19.8, 20.4, 20.9, 21.0, 21.0, 21.1, 23.0, 23.4, 23.6, 24.0, 24.0, 27.9, 28.2,
29.1, 30.0, 31.0, 31.0, 32.0, 35.0, 35.0, 37.0, 37.0, 37.0, 38.0, 38.0, 38.0, 39.0,
39.0, 40.0, 40.0, 40.0, 41.0, 41.0, 41.0, 42.0, 43.0, 43.0, 43.0, 44.0, 45.0, 45.0,
46.0, 46.0, 47.0, 48.0, 49.0, 51.0, 51.0, 51.0, 52.0, 54.0, 55.0, 56.0, 57.0, 58.0,
59.0, 60.0, 60.0, 60.0, 61.0, 62.0, 65.0, 65.0, 67.0, 67.0, 68.0, 69.0, 78.0, 80.0,
83.0, 88.0, 89.0, 90.0, 93.0, 96.0, 103.0, 105.0, 109.0, 109.0, 111.0, 115.0,
117.0, 125.0, 126.0, 127.0, 129.0, 129.0, 139.0, 154.0

The real lifetime dataset was analyzed using the SPS model and several
competing distributions (SP, SG, SL, TPS, and OPS). Model performance
was evaluated using maximum likelihood estimates (MLE), AIC, BIC,
AICC, and goodness-of-fit statistics including the Kolmogorov-Smirnov
(K-S), Anderson-Darling (AD), and Cramér-von Mises (CV) tests. From
Table 3, the SPS model yields one of the lowest information criteria values
(AIC = 1164.31, BIC = 1169.89, AICC = 1164.41), indicating superior
model adequacy among the considered models. Although the SL model
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Table 3 Estimates of models for survival data
Model MLE AIC BIC AICC K-S (P-value) AD (P-value) CV (P-value)

SP α̂ = 201.63

β̂ = 0.045

δ̂ = 1.17

1164.31 1169.89 1164.41 0.0502 (0.829) 0.3933 (0.596) 0.0616 (0.6617)

SG α̂ = 154.84

β̂ = 0.0438

δ̂ = 0.544

1164.90 1169.48 1165.13 0.0565 (0.8140) 0.4378 (0.3220) 0.0692 (0.3785)

SL α̂ = 85.40

β̂ = 0.042

δ̂ = 0.88

1164.32 1168.90 1165.06 0.0673 (0.5982) 0.4533 (0.2827) 0.0767 (0.3364)

TPS α̂ = 302.17

β̂ = 0.052

1165.28 1169.88 1164.39 0.0727 (0.4387) 0.7127 (0.2293) 0.0936 (0.3021)

OPS α̂ = 0.064 1192.19 1194.99 1192.23 (0.15092) (¡ 0.001) 6.1236 (¡ 0.001) 0.57984 (¡ 0.001)

provides a very close fit in terms of AIC, the SPS model maintains better
overall consistency across all selection criteria. Regarding goodness-of-fit
measures, the SPS model produces the smallest K-S statistic (0.0502) with
a high p-value (0.829), suggesting no evidence against the fitted model.
Similarly, the AD (0.3933, p = 0.596) and CV (0.0616, p = 0.6617) statistics
further confirm the adequacy of the SPS model. In contrast, the OPS model
performs poorly, with extremely small p-values (<0.001) across all tests,
indicating clear model misspecification. The superior performance of the
SPS model suggests that its additional shape parameter enhances flexibility,
allowing it to better capture tail behavior and hazard rate structure in the
observed lifetime data. The parameter estimates (all positive and statistically
stable) indicate moderate skewness and a decreasing hazard pattern, which is
consistent with early-life failure behavior commonly observed in reliability
studies.

Overall, the SPS model demonstrates improved adaptability, better tail
fitting, and stronger statistical support compared to the competing models.
These findings confirm its practical usefulness for modeling real lifetime
datasets in reliability and survival analysis.

Figure 14 presents the fitted density functions of the competing models
overlaid on the histogram of the cancer survival data. The dataset exhibits a
positively skewed distribution with a long right tail, and all models reason-
ably capture this pattern. However, the SPS-related models provide a closer
fit around the modal region and tail decay, indicating their suitability for
modeling cancer survival times.
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Figure 14 Fitted densities to the cancer data.

10 Conclusion

In this study, we introduced the Sujatha Power Series (SPS) distribution,
a flexible three-parameter lifetime model constructed by compounding the
two-parameter Sujatha distribution with the power-series family. The pro-
posed model exhibits substantial adaptability, allowing for right-skewed
and heavy-tailed densities, as well as increasing, decreasing, unimodal, and
bathtub-shaped hazard rate functions – features that are particularly impor-
tant in reliability engineering and survival analysis. From the inferential
perspective, maximum likelihood estimation was implemented successfully,
and the parameter estimates obtained from the real datasets were positive
and statistically stable, confirming the theoretical regularity conditions of the
model. The magnitude and significance of the shape parameters indicate the
capability of the SPS model to control skewness and tail behavior, while the
additional power-series parameter enhances flexibility in modeling hazard
rate dynamics. For both datasets, the estimated hazard structures revealed
non-monotonic patterns, justifying the need for a more flexible model beyond
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classical exponential-type distributions. Comparative analysis using model
selection criteria such as AIC, BIC, and related goodness-of-fit measures
showed that the SPS distribution consistently provided lower information
criteria values than the competing models. This indicates a superior bal-
ance between model complexity and goodness-of-fit. In particular, the SPS
model captured tail behavior and hazard rate variation more effectively than
traditional twoparameter lifetime distributions.

Overall, the SPS distribution enriches the family of lifetime models
by offering analytical tractability, interpretable parameter structure, and
improved empirical performance. Its ability to accommodate complex hazard
rate shapes and provide better fits to real lifetime datasets makes it a valuable
and promising tool for applications in reliability assessment, biomedical
survival studies, and waiting-time analysis.
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