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Abstract

This paper extends the theoretical framework and testing methodology for
the Harmonic New Better (or Worse) than Renewal Used in Expectation
classes of life distributions. We revisit and refine empirical test statistics under
random censoring, incorporating progressive Type II censoring schemes to
enhance applicability. Modern lifetime distributions, including Lognormal,
Gumbel, and Weibull models, are incorporated into the power analysis, with
results strengthened through Monte Carlo simulations, bootstrap confidence
intervals, and variance estimates. The findings highlight the robustness and
practical value of the proposed methods, particularly in small-sample sce-
narios, and provide guidance for implementation through readily available
software tools.
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1 Introduction

In reliability theory, classes of life distributions that model aging properties
are essential for testing procedures and modeling system performance. The
field of life distributions is vital in reliability engineering, survival analysis,
and actuarial science, offering a framework for modeling the lifespan of
components, systems, or biological entities. Different aging properties have
been defined to describe how items deteriorate or improve over time. The
New Better Than Used in Expectation (NBUE) and Harmonic New Better
Than Used in Expectation (HNBUE) classes are key examples that provide
insight into the average remaining life of any device.

Since the original development of Harmonic New Better than Renewal
Used in Expectation (HNBRUE) testing procedures, especially under random
censoring by Elkahlout [1], significant progress has been achieved in non-
parametric inference, Bayesian reliability models, and progressive censoring
schemes. Meanwhile, the applications of lifetime models have expanded
beyond traditional engineering problems to fields such as biostatistics,
industrial systems, and machine learning, particularly in reliability.

The theory of lifetime distributions has been significantly enriched by
introducing aging classes that measure the comparative performance of com-
ponents or systems as they age. Among these, the HNBRUE class, along
with its dual HNWRUE, provides unique insights into expectation-based
degradation when components are subject to renewal. These classes describe
systems in which a used component is repeatedly renewed and compared to a
new one. The comparison uses harmonic expectations, capturing more subtle
lifetime behaviors than traditional hazard or mean residual life methods.

This research will extend the test statistic developed for distinguish-
ing exponential distributions from those belonging to the HNBRUE (or
HNWRUE) classes, incorporating a modern censoring scheme (progressive
Type-II censoring), introducing bootstrap-based inference, and evaluating
the power of the test across new distribution families, including Gamma,
Weibull, and Log-normal distributions. Section 2 presents a literature review,
followed in Section 3 by a review of the definition and theoretical properties
of HNBRUE and its dual class HNWRUE, as well as updates on their
relationship with modern aging classes. It also introduces modified test statis-
tics, including estimation procedures under progressive censoring. Section 4
presents simulation results with expanded distribution models. Section 5
discusses implications and future work.
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2 Literature Review

Our previous work introduced a specific and essential subclass, the
HNBRUE, and its dual class, HNWRUE. In Elkahlout [1], test statistics
were developed to assess exponentiality against the HNBRUE and HNWRUE
properties, particularly under randomly censored data, and critical values and
power estimates were obtained through simulation. Recent contributions have
further developed statistical tools and reliability models that align with or
complement the HNBRUE framework. Balakrishnan and Zhao [2] offered
a comprehensive treatment of renewal-based modeling and simulation-
driven inference under progressive censoring schemes, which supports the
integration of harmonic expectations into modern test designs.

Wang and Zhang [3] examined partially repaired reliability systems under
progressive censoring and proposed bootstrap testing procedures, which are
closely related to HNBRUE applications in which partial resets resemble
harmonic renewals. In a broader aging context, Belzunce et al. [4] investi-
gated generalized stochastic orderings, including mean remaining life. They
reversed hazard-rate orderings, which conceptually overlap with harmonic
aging measures used in HNBRUE testing.

Abouammoh and Elkahout [5] analyzed the New Better than Renewal
Used (NBRU) class and its dual, NWRU, examining their connections to
existing aging criteria and their closure properties under various reliabil-
ity operations. They also developed statistics based on random-censoring
data to test exponentiality against NBRUE. Power estimates and asymptotic
normality of these tests are considered.

Elsawah et al. [6] applied aging models to cyber-physical systems with
recurring resets, a real-world analog to renewal-based performance, reinforc-
ing the relevance of harmonic expectation comparisons in reliability design.
Furthermore, Kundu and Manglick [7] addressed testing exponentiality under
hybrid censoring, providing techniques adaptable to the HNBRUE setting
when combining classical and progressive censoring patterns.

Since our initial publication, research on renewal-based aging properties
has continued to evolve. Notably, Al-Zahrani and Stoyanov [8] explore
the HNBRUE class of life distributions, derive moment inequalities, and
apply Pitman’s asymptotic relative efficiency to assess how their proposed
test performs against existing tests. This ongoing scholarly work highlights
the theoretical depth and practical significance of the HNBRUE concept in
reliability theory and statistical inference.
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Beyond these direct investigations into HNBRUE, the broader field of
statistical testing for aging properties has seen substantial advancements. The
increasing complexity of real-world data collection has led to the widespread
adoption of more flexible censoring schemes. For example, Cramer [9]
explores the structural features of progressive hybrid censoring schemes by
examining their potential outcomes. He demonstrates that the distributions
of hybrid censored variables, along with likelihood and Bayesian infer-
ence results, can be directly obtained from Type I and Type II censored
data, highlighting their shared statistical properties. The approach is demon-
strated through the unified Type-II progressive hybrid censoring scheme and
applies to different forms of ordered data, extending beyond traditional order
statistics.

Furthermore, the study by Asadi et al. [10] applied an adaptive Type-
IT progressive hybrid censoring scheme to conduct accelerated life tests on
virus-laden microdroplets. They also estimated the unknown parameters of
the Gompertz distribution and the acceleration factor under constant-stress
conditions. The effectiveness of the estimators was evaluated through a
simulation study, and the approach was applied to real data involving the
persistence of virus-containing microdroplets.

Sudheesh and Dewan [11] proposed a powerful test for NBUE alterna-
tives using U-statistics and bootstrap inference, reinforcing the importance
of nonparametric techniques for testing aging classes. Their approach com-
plements our methodology in extending inference toward the HNBRUE class
under progressive censoring.

Despite the theoretical and methodological progress in related areas, the
specific application and adaptation of the f),(;‘ statistic for the HNBRUE class
under modern censoring schemes remains largely unexplored. While progres-
sive and hybrid censoring schemes have been studied extensively in other
reliability contexts, their integration with advanced inferential techniques,
such as bootstrap confidence intervals, has not been systematically addressed
for the HNBRUE class. This study seeks to address this gap by extending the
Dg statistic, initially proposed by Elkahlout [1], to include a progressive type
IT censoring scheme.

Lodhi et al. [12] employ maximum likelihood and Bayesian approaches
to analyze data under progressive type II censoring for estimating parame-
ters of a truncated normal distribution, enabling statistical inference about
population characteristics through these robust methods.

Abou Awad et al. [13] employ maximum likelihood and Bayesian
approaches to analyze progressively type-1I censoring data from the Weibull
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distribution, estimating shape and scale parameters, and predicting unob-
served data using sampling-based techniques for parameter inference and
confidence interval construction.

Maximum likelihood estimators and Bayesian methods using the Gibbs
process with the Metropolis—Hastening sampler for parameter estimation
under progressive type-II censoring by Khalifa et al. [14]. These methods
enhance the accuracy of inferences about population characteristics in the
inverse power exponentiated Pareto distribution.

A paper by Almetwally et al. [15] employs maximum likelihood, max-
imum product of spacing methods, and Bayesian estimation using indepen-
dent gamma priors. It also uses bootstrap methods for confidence intervals
and the Metropolis—Hastings algorithm to approximate Bayesian estimates
under progressive Type II censoring.

A comprehensive simulation study is conducted using Lognormal,
Weibull, and Gumbel distributions, exploring various sample sizes and cen-
soring levels to evaluate the robustness, accuracy, and power of the extended
statistic across different scenarios. Key performance metrics, including
empirical Type-I error rates, power, and coverage probabilities of boot-
strap confidence intervals, are reported to assess the method’s practical
effectiveness. By incorporating bootstrap-based inference, this approach
provides more reliable uncertainty quantification and helps evaluate the
statistic under realistic experimental and censoring conditions. The proposed
methodology combines advances in HNBRUE testing with the flexibility
of modern censoring techniques and current inferential methods, offering
a comprehensive framework for both theoretical and applied reliability
research.

3 Test Statistics for HNBRUE and HNWRUE Classes

The theory of lifetime distributions has been significantly enriched by
introducing aging classes that quantify the comparative performance of com-
ponents or systems as they age. Among these, the HNBRUE class, along
with its dual HNWRUE, provides unique insights into expectation-based
degradation when components undergo renewal.

These classes were introduced to describe systems in which a used
component is repeatedly renewed and compared to a fresh one from the
population. The comparison is made using harmonic expectations, which
reflect more subtle lifetime behavior than traditional hazard or mean resid-
ual life approaches. We test Hj of exponentiality against the HNBRUE
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alternative using a test statistic derived from differences in harmonic renewal
expectations.

For a random variable 7" associated with a cumulative distribution func-
tion I, F = 1 — F as the survival function, f as a density function. Assume
T is a lifetime with a finite mean u. Let W denote the associated renewal life
variable under the same parent distribution. The class HNBRUE is defined
through the inequality

t t
/ iFw(u)du §/ lF(u)alu forallt >0 (1)
0 MW o H

Or, equivalently, + 7 fo pw (u)du < p, where pyy (t) is the mean residual
life of the renewal dlstrlbutlon The inequality in (1) captures the notion
that a renewed item should not outperform a new item on average. If the
inequality is reversed, the distribution belongs to the HNWRUE class. The
test statistic D¢, is updated to accommodate progressive Type-1I censoring
and bootstrap resampling for critical value estimation. The test compares the
empirical harmonic mean of remaining life under the data to that under an
exponential distribution.

3.1 Hypothesis Formulation

We test Hy : F'(t) =1 — e Mfort>0and A > 0 (exponential), against the
alternative H; : F'(t) follows HNBRUE but not exponential.

The dual test for HNWRUE is symmetric, with the inequality direction
reversed.

3.2 Original Statistic Structure
In Elkahlout (2005), the statistics EC for t > 0 were based on the inequality

(/ / Flu dudm—exp(—)/ / dudm) )

By defining the difference between the above quantities in (2) as D, then
define the parameter D/, as a measure of F deviates from the exponentiality
towards HNBRUE, and is reduced to

DL — / / / W) dudzdF (1)
_ /0 exp< ) / / w)dudzdF (1) 3)



Statistical Inference for Harmonic New Better Than Renewal 393

With the help of the Kaplan—Meier estimator, the statistic Dg is con-
structed from (3) as a weighted U-statistic to be

i
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i=1

i 0
n—k (k)
” 4
szl{n—k—i-l} ’ ©®

The available observations are pairs { Z;, 0; }i—1,2, Z; = min(X;, Y;), and
0 = I{X; < Y;} for § = 0,1 where I(-) indicator function. Inferences
will be made about F' using {Z;,d;}i—12. . n. Note that Z; and X, are
stochastically independent.

3.3 Extension to Progressive Type-ll Censoring

Integrating progressive Type-II censoring into the HNBRUE testing frame-
work enables more accurate data modeling for truncated or incomplete
tests. This method is supported by theoretical work from Balakrishnan and
Zhao [2], particularly in adapting nonparametric inference procedures for
progressively censored data.

In modern reliability experiments, progressive Type-II censoring is often
employed to reduce test duration and costs. Under this scheme, an exper-
iment begins with n units and is terminated after exactly m failures. For
each observed failure time, a prespecified number of survivors are randomly
withdrawn (censored).

Let the censoring scheme be (r1, 79, ..., 7, ) where r; refer to censored
units immediately after the ith failure, with > ;" | r; = n — m. The observed
data then consist of ordered failure times t1., < to., < -+ < tp., together
with the censoring scheme.

Since censored observations provide incomplete lifetime information, the
ordinary empirical survival function is not applicable. Instead, we construct
a progressive product-limit estimator of the survival function. The number of
units at risk immediately prior to ith failure is denoted by R;. Then

Rlzn, RiJrl:Ri*l*’r"L' foralli:1,2,...,m71. (5)
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The corresponding survival function estimator is given by

. 1
Sc(t) = 1—— 6
o) = II ( Ri) (©)
ity <t
Equivalently, the survival function estimator can be expressed in terms of

the initial sample size and the cumulative number of units removed up to the
(j — 1)th failure:

- 1
Fplt) = (1 - = ) (7)
’ jzxgﬁ n— Y12 (Ri+1)

This representation highlights that the denominator corresponds to the
effective risk set prior to the jth failure, which is exactly R;. Hence, the
two forms are algebraically identical. The jump probability (mass) associated
with the ith observed failure is defined as p; = SC’(ti—lzn) - S'C(ti;n) =
Sc(ti,lzn)R% with the convention that SC(tO:n) = 1. Finally, the harmonic
mean residual life function under censoring is estimated by

157
() = | Ztet Tt )
Sc(t)
and the corresponding test statistic becomes
bgp(t) = ﬁ(t> - hexp(t)a (9)

where hexp (t) denotes the harmonic mean residual life under an exponential
distribution with a rate parameter estimated from the data. This formulation
ensures that the proposed test remains valid and unbiased under progressive
Type II censoring.

3.4 Bootstrap Procedure

To obtain the critical values for the proposed test statistic under censoring, a
bootstrap resampling procedure is employed. The bootstrap is particularly
useful in this context because the sampling distribution of Dg »(t) does
not admit a closed-form expression, especially under progressive censoring.
From the observed censored sample, the exponential parameter ) is the first
estimator under H. The maximum likelihood estimator is

m m
5\ = m/ [Z 751’:71 + Z ti:n + Titi:n (10)
i=1 =1
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Where the denominator accounts for both observed failures and censored
units. Using this estimate, a bootstrap sample was generated from an expo-
nential distribution with a rate A and size n. The same progressive Type-II
censoring scheme (71,72, ...,7y) applied to the generated sample, resulting
in a bootstrap analogue of the ordered failure times (¢7.,,,t5.,,, ..., t5,.,). For
the bootstrap sample, the censored survival function S¢(t), the harmonic
mean residual life estimator ﬁ*(t) are computed, and the bootstrap statistic
is defined as

D5 (t) = h* () — hxexp(t), (11)

where hqxp (t) is the exponential benchmark based on A Repeating this pro-
cedure many times 1,000 or 10,000 iterations, to approximate the bootstrap
distribution of f)g ().

Let CL and CY denote the lower and upper a quantiles of the bootstrap
distribution. The decision rule is to reject Hp in favor of HNBRUE if
ﬁ,(;:p(t) < OL, reject Hy in favor of HNWRUE if ﬁgp(t) > OY, otherwise,
do not reject Hy. This bootstrap procedure ensures that the test remains
valid under censoring and adapts naturally to the complexity of the sampling
distribution induced by the progressive censoring design.

3.5 Asymptotic Properties

To evaluate the theoretical properties of the proposed test statistic, we exam-
ine its asymptotic behavior under both complete data and progressive Type-II
censoring. Let Dg »(t) denote the test statistic defined in Section 3.3. Under
mild regularity conditions, this statistic is asymptotically normal under Hy.

In the case of complete data, suppose X1, Xs, ..., X, are i.i.d. Ezp()\)
random variables. The empirical survival function is

S(t) = %ZI(XZ' > t) (12)
=1

which converges uniformly to the actual survival function S(t) = e~** with
a harmonic mean residual life estimator as

) S, 1
ht) = [Z?:l I())((,» > t)]

Using the central limit theorem and the law of large numbers, we have

V(h(t) = heap () SN0, 5%(1)), (14)

-1

13)
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Where o2(t) is the asymptotic variance that can be expressed in terms of
A and ¢. Hence, under the null hypothesis,

Dy ,(t) 5 N(0,0%(1)). (15)

When the data are subject to a progressive Type-II censoring scheme, the
product-limit estimator S (t) remains strongly consistent for S(t), and the
estimated jump probabilities p; are consistent estimators for their population
counterparts. Therefore, the censored harmonic mean residual life estimator

satisfies ho(t) KN heap(t) under Hy. Using martingale central limit theory
for counting processes, it follows that

Vin(he(t) = heay () % N (0,02 (t)) (16)

Where 02(t) depends on the censoring scheme (71,72, ..., 75) as well as
the exponential parameter A\. Consequently,

VmDS,(t) % N(0,03(t)) (17

These asymptotic results show that the test statistics have a tractable
limiting distribution under both complete and censored settings. In practice,
the explicit variance terms 02(t) and o (t) are often challenging to estimate,
which motivates the use of bootstrap procedures for finite-sample inference
as described in Section 3.4. The asymptotic results primarily justify the
consistency and validity of the proposed test for large samples.

Finally, we note that the procedure remains robust for small to moderate
sample sizes and can be adapted to both right and progressive censoring.
Weighted integral approximation can improve efficiency, and approaches
such as adaptive kernel weights or smooth Kaplan—-Meier weights (as in Wang
and Zhang, 2019) preserve asymptotic consistency while enhancing power in
the tails of the distribution.

3.6 Interpretation and Decision Rule

Recall the censored test statistic ﬁg o) = h(t) — hexp(t), where h(t) is
the censoring-adjusted estimator of the harmonic mean residual life (HMRL)
at time ¢ and hexp(t) is the corresponding HMRL under the exponential
distribution. A negative value of f)g »(t) indicates that the observed HMRL
is shorter than that of the exponential distribution, supporting the HNBRUE
alternative, while the positive value suggests a longer HMRL, supporting the
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HNWRUE alternative. Values of the statistics that are close to zero indicate
no evidence against the null hypothesis of exponentiality.

Since the finite-sample distribution of [7,? »(t) is not analytically
tractable, the decision rule using bootstrap quantiles as given in Section 4.4.
Let C’é and C’g denote the lower and upper o< quantiles of the bootstrap
distribution under Hy. The formal test proceeds by comparing the observed
statistics to these critical values. Specifically, the Hj is rejected in favor of
the HNBRUE class if Dg ,(t) < C%, and in favor of the HNWRUE class if

13,?’ ,(t) > CY . 1f the observed statistic falls within the interval [C%; CT] the
null hypothesis cannot be rejected.

This interpretation underscores the directional nature of the test. The sign
of the observed statistic not only signals departure from exponentiality but
also indicates the direction of aging relative to the exponential model. When
coupled with the bootstrap-based decision rule, the test provides a practical
and theoretically sound procedure for distinguishing among the exponen-
tiality, HNBRUE, and HNWRUE classes in both complete and censored
samples.

3.7 Implementation Considerations

Several aspects need to be considered for the effective implementation of the
proposed test statistic, denoted by Dg p(t). One crucial issue is the choice
of point ¢, since the statistics depend on the point at which the HMRL is
estimated. In practice, common strategies are used. The first is to select fixed
quantiles of the sample distribution, such as the median or quartiles of the
observed failure times, which provide interpretable and stable benchmarks.
The second is to consider multiple evaluation points across the data’s support,
providing a more robust picture of departure from exponentiality.

When multiple evaluation points are selected, information can be aggre-
gated in various ways. One approach is to take the maximum absolute
deviation, .

Tnar = maxx | DY (1) (18)

Where T is the set of evaluation points. This captures the most substantial
departure from exponentiality. A second approach is to compute an integrated
deviation,

Tt = Y [Dyp(0)|w(t) (19)
teT

Where w(t) are user-specified weights, such as uniform weights across
the selected quantiles. This alternative provides a more balanced summary of
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deviations across the distribution. In practice, for moderate sample sizes (n <
50), a single evaluation point such as the sample median is generally suffi-
cient. For larger samples, however, aggregating across multiple quantiles (for
example, the 25%, 50%, and 75% quantiles) enhances robustness and reduces
dependence on any particular choice of t. Finally, the bootstrap procedure
described in Section 3.4 is essential for determining critical values. At least
1,000 bootstrap replications are recommended for stable inference, while
10,000 replications may be used in settings that require greater precision.

4 Simulation Study

The empirical test statistic ﬁg p» examined under a range of life distributions
generally used in reliability and survival analysis. The test assessed through
its Type I error rate under exponentiality and its power against selected
HNBRUE and HNWRUE alternatives. Both complete data and progressively
censored samples are considered, critical values and p-values are obtained
using bootstrap resampling, which provides flexibility under censoring and
avoids reliance on asymptotic normality.

A comprehensive Monte Carlo simulation study was conducted in R,
using Lognormal, Weibull, and Gumbel distributions across various sample
sizes and censoring levels to assess the robustness, accuracy, and power of the
extended statistic across different scenarios. Following the recommendations
of Moharib et al. [16], the censoring schemes were designed to reflect realistic
life-testing scenarios. The study also investigates the coverage probability and
average length of bootstrap confidence intervals, completing the assessment
of size and power. For benchmarking, the results are compared with related
tests, including those by Sudheesh et al. [11] and Kundu & Manglick [7].

4.1 Distributions Considered

We evaluate the test using Gamma, Weibull, and Lognormal distributions,
which represent different aging behaviors. Table 1 summarizes the selected
alternatives. The exponential distribution is used as the null hypothesis to
generate bootstrap critical values.

4.2 Simulation Setup

For simulation, we considered different sample sizes (n = 10, 20, 30, 40, 50)
and used a Progressive Type-II censoring with removal schemes by censoring
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Table 1 Simulation distributions for HNBRUE and HNWRUE

Distribution Parameters Notes
Gamma shape = a, scale =1  Increasing failure rate (HNBRUE)
Weibull 68=234 Common in reliability model

(HNBRUE for 8 > 1, HNWRUE for 8 < 1)
Log-Normal pn=0,0=051 Right-skewed heavier-tailed (HNWRUE)

Table 2 Power estimates for selected distributions

Distribution n=10 n=20 n=30 n=40 n=150
Gamma (o = 3) 0.32 0.58 0.74 0.88 0.94
Weibull (5 = 3) 0.25 0.49 0.65 0.79 0.91

Lognormal (o = 0.5) 0.21 0.44 0.61 0.78 0.86

1.0

0.8

Power
06
|

04

® Gamma
A Weibull

® | ognormal
T T T T T

10 20 30 40 50

02
L

Sample Size

Figure 1 Power curves for selected distributions.

R; units at the time of the i-th failure and schemes such as R = (1,1,...,1)
and R = (0,2,1,...). Bootstrap replications by considering B = 1000 with
a significance level a = 0.05, then for each distribution given in Table 1, we
generate 1000 datasets, compute the test statistic [),? p» and calculate power
estimate as the proportion of rejections when critical values are determined
via Normal approximation (for large n) and Bootstrap (for all n).

The power estimates for the selected distributions, as presented in Table 1,
are summarized in Table 2, and the corresponding power curves are illustrated

in Figure 1. Note that power increases steadily as n increases. Gamma and
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Weibull alternatives show the highest sensitivity, while type I error remains
close under exponentiality and well-calibrated under Hy (empirical type I
error &~ nominal).

The simulation study clearly shows the effectiveness of the proposed
ij » statistic for testing exponentiality under progressive Type-II censoring.
The consistently controlled Type I error rates across various sample sizes
and censoring schemes confirm the validity of the adapted statistic and the
empirical survival function estimator. This indicates that the test maintains
its theoretical significance level, minimizing false positives.

The observed differences in power across censoring schemes emphasize
the importance of the progressive removal strategy. Schemes that retain more
information until later stages (such as Type-II censoring) provide greater
statistical power, whereas aggressive early removal of units (such as the Early
Removal scheme) reduces power due to the loss of valuable follow-up data.
Researchers should consider this trade-off between experimental efficiency
and statistical power when designing progressive censoring plans.

4.3 Comment on Bootstrap Critical Values

The test statistic (Dg ») does not follow a standard distribution. Using
bootstrap critical values offers improved accuracy for small sample sizes,
flexibility under censoring, and avoidance of normality assumptions. The
critical values for a = 0.05 derived via bootstrap matched the empirical
quantiles closely in all cases. The test shows good calibration under the
null and strong power under alternatives. Bootstrap-based critical values are
effective in maintaining type I error control. Power improves with sample
size and is robust to moderate censoring (20-40%). However, for more than
50% censoring, the bootstrap variance increases, reducing power estimates,
as shown in Figure 2. The following shows the bootstrap distribution of the
test statistic under exponentiality, with the observed statistic marked in red.

Table 3 presents the estimated 2.5% and 97.5% quantiles of the bootstrap
distribution assuming exponentiality for various sample sizes. The results are
based on B = 2000 bootstrap replications with 2000 Monte Carlo repetitions.

These results indicate that the bootstrap critical values are slightly asym-
metric, reflecting sampling variability. As n increases, the upper bound
decreases toward 2.0, while the lower bound stabilizes near —1.8, suggesting
convergence of the distribution. Compared to the standard normal quantiles
(£1.96), the bootstrap values adapt to small-sample variability and yield
better control of the Type I error.
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Figure 2 Bootstrap distribution of test statistics DS ,(t).

Table 3 Bootstrap critical values (o = 0.05) for Df’p under exponentiality
Sample Sizen  Lower 2.5%  Upper 97.5%

10 —1.642 2.232
20 —1.737 2.157
30 —1.778 2.122
40 —1.803 2.102
50 —1.816 2.083

Figure 3 illustrates a histogram of the bootstrap distribution of f)g p for

n = 20, under exponentiality. The distribution is slightly asymmetric, with
wider tails than the normal approximation, which highlights the importance
of using bootstrap-based calibration. The 2.5% and 97.5% quantiles (blue
dashed lines) provide the critical values, while the observed statistic (red
line) would be compared against these cutoffs in practice. This figure clearly
illustrates how the bootstrap method accommodates small-sample variability
and ensures proper control of Type I errors.

5 Discussion and Conclusions

In this paper, a new testing procedure based on the statistics Eg p for dis-
tinguishing exponentiality from harmonic new better than renewal used in
expectation and its dual class of life distributions. The test builds upon earlier
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Figure 3 A histogram of the bootstrap distribution of Dﬁ p forn = 20.

work by incorporating progressive Type-II censoring and utilizing a bootstrap
resampling strategy to derive critical values. Simulation study confirms that
the proposed test is:

* Well-calibrated under Hy, maintaining the nominal significance level.

» Powerful, particularly for HNBRUE alternatives such as Gamma and
Weibull.

* Resistant to censoring if progressive removal isn’t too aggressive.

The design of the censoring scheme has a clear impact: balanced or late-
stage removals preserve information and yield higher power, while early
removals reduce sensitivity. Researchers should balance experimental effi-
ciency against statistical power when planning life-testing studies. Findings
of this research are:

1. The test provides a directional decision rule, allowing explicit dis-
crimination between HNBRUE and HNWRUE classes. The bootstrap
distribution ensures that the procedure is valid under censoring, where
asymptotic approximations may be unreliable.

2. A comprehensive Monte Carlo study demonstrated that the test is size-
correct and powerful, particularly against HNBRUE alternatives. The
test remains robust under moderate censoring and compares favourably
with existing exponentiality tests.

3. The procedure is flexible for application in reliability and survival
analysis, especially in life-testing experiments where censoring is
unavoidable. It provides a diagnostic tool for challenging exponential
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assumptions, which are often made for analytical convenience but may
not hold in practice.

4. Future work may explore Bayesian approaches, sequential monitoring,
and software implementation. This work represents a significant step
toward broadening the applicability of goodness-of-fit tests in survival
analysis, addressing contemporary challenges in data collection.
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