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Abstract

A quasi Poisson-Rama distribution has been introduced which is the Pois-
son compound of quasi Rama distribution. The moments based descriptive
properties have been discussed. The proposed distribution is unimodal, has
increasing hazard rate and over-dispersed. The estimation of parameters has
been studied using the method of moments and the method of maximum
likelihood. A simulation study has been done to test the performance of
maximum likelihood estimators of parameters. Finally, the goodness of fit
of the proposed distribution has been discussed with two discrete datasets,
the first from biological sciences and the second from thunderstorms and
compared with the goodness of fit of Poisson-Lindley distribution, Poisson-
Akash distribution, Poisson-Sujatha distribution, Poisson-Rama distribution,
quasi Poisson-Lindley distribution, quasi Poisson-Akash distribution and
quasi Poisson-Sujatha distribution.
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Abbreviations

PD Poisson Distribution

NBD Negative Binomial Distribution

PLD Poisson-Lindley Distribution

PShD Poisson-Shanker Distribution

PAD Poisson-Akash Distribution

PSD Poisson-Sujatha Distribution

RD Rama Distribution

PDF Probability Density Function

QRD Quasi Rama Distribution

PRD Poisson Rama Distribution

PMF Probability Mass Function

QPRD Quasi Poisson-Rama Distribution

QPLD Quasi Poisson-Lindley Distribution

QPAD Quasi Poisson-Akash Distribution

QPSD Quasi Poisson-Sujatha Distribution

IHR Increasing Hazard Rate

CV Coefficient of Variation

CS Coefficient of Skewness

CK Coefficient of Kurtosis

ID Index of Dispersion

CDF Cumulative Distribution Function

MLE Maximum Likelihood Estimator

MSE Mean Square Error

1 Introduction

The PD is one of the primary discrete distributions for modeling equi-
dispersed count data, where the mean equals the variance. In general, count
data can be found in many areas of knowledge, such as biology, insurance,
health, agriculture, engineering, etc. In real-world scenarios, it has been noted
that the majority of stochastic datasets are either under-dispersed or over-
dispersed. Numerous statistical methods, including weighted distributions
and mixtures of distributions are suggested to address the over-dispersed
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count data. In recent decades, some researchers have attempted to cre-
ate a one-parameter over-dispersed discrete distribution by compounding
the PD with one parameter continuous lifetime distributions that are posi-
tively skewed. The chief characteristics of the Poisson mixture of positively
skewed lifetime distribution is that the resultant distribution follows some
characteristics of its mixing distribution.

During recent decades several over-dispersed count distributions have
been introduced in statistics literature including NBD which is the PD com-
pound of gamma distribution, PLD [1] which is the Poisson compound of
Lindley distribution [2], PShD [3] which is the PD compound of Shanker
distribution [4], PAD [5] which is the PD compound of Akash distribution [6]
and PSD [7] which is the PD compound of Sujatha distribution [8]. A discrete
quasi Akash distribution using discretization technique has been proposed
by [9].

RD [10] is defined by its PDF

f(x; θ) =
θ4

θ3 + 6
(1 + x3)e−θx; x > 0, θ > 0.

Various statistical and reliability properties along with applications of
RD have been discussed in [10]. A lot of works have been done in a short
period of time on RD and its modifications. Two-parameter RD has been
introduced where its properties and applications have also been discussed
in [11]. The power version of RD and the weighted version of RD have been
proposed by [12] and [13], respectively. Further extensions of RD include
exponentiated RD by [14], extended RD by [15], new generalization of
RD by [16], new variant of RD to model blood cancer data by [17], QRD
by [18], wrapped Rama distribution by [19], some among others. A simple
generalization of QRD has been proposed by [20].

Assuming the parameter λ of the PD following RD, the PD compound of
RD, named Poisson-Rama distribution (PRD) has been derived and studied
by [21]. The PRD is defined by its pmf.

P (X = x) =
θ4

θ3 + 6

x3 + 6x2 + 11x+ (θ3 + 3θ2 + 3θ + 7)

(θ + 1)x+4
;

x = 0, 1, 2, . . . , θ > 0

The descriptive properties based on moments, pmf and other statistical
and reliability properties along with applications of PRD have been discussed
in [21].
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The QRD by [18] is defined by its PDF

f(x; θ, α) =
θ3

αθ2 + 6
(α+ θx3)e−θx; x > 0, θ > 0, α > 0

At α = θ, it reduces to RD. Descriptive statistical properties and appli-
cations of QRD are available in [18]. The weighted quasi Rama distribution
(WQRD) and the power quasi Rama distribution (PQRD) have been proposed
by [22] and [23], respectively.

The main motivation to propose QPRD which is the Poisson mixture of
QRD is that it is highly flexible and applicable to over dispersed real-world
count data. The interesting feature of QPRD is that it has the potential to
handle a wide range of over-dispersed count data patterns and thus its versatil-
ity makes it useful for over-dispersed complex datasets commonly arising in
the field of biomedical sciences and environmental studies. Although several
Poisson mixture distributions are available in statistics literature but the main
advantage of proposing QPRD for overdispersed data is that it allows the
modeling of more extreme skewness than the standard one parameter PLD,
PAD, PSD and PRD and two-parameter QPLD, QPAD and QPSD. The key
difference between PRD and QPRD are that (i) PRD is of one parameter one
parameter and QPRD is of two parameter and hence QPRD provides better fit
in analysing real-world count datasets, where the over-dispersion is high often
outperforming PRD in biological, medical and social sciences modeling.
(ii) QPRD is a generalization of PRD and hence serves as a more flexible
model for situations where PRD cannot sufficiently explain the variance in
the dataset.

Various mathematical and statistical properties and estimation of parame-
ters of QPRD have been discussed. Simulation study has been presented. The
goodness of fit of QPRD has been compared with other one parameter and
two-parameter distributions including PLD, PAD, PSD, PRD, QPLD [24],
QPAD [25] and QPSD [26].

2 A Quasi Poisson-Rama Probability Model

Definition 1: The random variable X is said to have QPRD if it follows the
stochastic representation

X | λ ∼ PD(λ) and (λ | θ, α) ∼ QRD(θ, α) for λ > 0, θ > 0, α > 0.

The unconditional distribution of the stochastic representation is denoted as
QPRD(θ, α).
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Theorem 1: If X ∼ QPRD(θ, α), then the PMF of X is given by

P (x; θ, α) =
θ3

αθ2 + 6

θ(x3 + 6x2 + 11x+ 6) + α(θ + 1)3

(θ + 1)x+4
;

x = 0, 1, 2, . . . , (θ, α) > 0

Proof: If X | λ ∼ PD(λ) and λ | (θ, α) ∼ QRD(θ, α), then the PMF of X
can be derived as

P (x; θ, α) = P (X = x) =

∫ ∞

0
P (X = x | λ)f(λ | θ, α)dλ

where f(λ | θ, α) is the QRD with parameter θ and α.
We have

P (x; θ, α) =

∫ ∞

0

e−λλx

x!

θ3

αθ2 + 6
(α+ θλ3)e−θλdλ

=
θ3

(αθ2 + 6)x!

[
α

∫ ∞

0
e−(θ+1)λλxdλ+ θ

∫ ∞

0
e−(θ+1)λλx+3dλ

]
(1)

=
θ3

(αθ2 + 6)x!

[
αΓ(x+ 1)

(θ + 1)x+1
+

θΓ(x+ 4)

(θ + 1)x+4

]
=

θ3

αθ2 + 6

θ(x3 + 6x2 + 11x+ 6) + α(θ + 1)3

(θ + 1)x+4
;

x = 0, 1, 2, . . . , (θ, α) > 0 (2)

Since this is the PD compound with QRD, we would call this probability
model as QPRD. Also, at α = θ,QPRD reduces to PRD. The PMF plot of
QPRD for different values of parameters θ and α are presented in Figure 1.

Theorem 2: The QPRD has IHR and is unimodal.

Proof: Since

Q(x; θ, α) =
P (x+ 1; θ, α)

P (x; θ, α)

=
1

θ + 1

[
1 +

θ(3x2 + 15x+ 18)

θ(x3 + 6x2 + 11x+ 6) + α(θ + 1)3

]
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Figure 1 PMF of QPRD.

is decreasing function of x for a given θ and α, P (x; θ, α) is log-concave.
Using the result about log-concave that log-concave functions are unimodal
and has IHR from [27], we conclude that QPRD has an IHR and is unimodal.

Theorem 3: The P (x; θ, α) of QPRD is decreasing function of x for given θ
and α.

Proof: We have

P (x+ 1;α, θ)

P (x;α, θ)
=

1

θ + 1

[
1 +

θ(3x2 + 15x+ 18)

θ(x3 + 6x2 + 11x+ 6) + α(θ + 1)3

]
x = 0, 1, 2, 3, . . .

So for sufficiently large value of x, P (x+1;α,θ)
P (x;α,θ) < 1. In fact from and

after that stage for every x, we have P (x+ 1;α, θ) < P (x;α, θ). Therefore,
P (x;α, θ) is decreasing function of x from and after a certain stage.

Theorem 4: The pmfP (x; θ, α) of QPRD is log-concave and unimodel.

Proof: From [28, 29] and [30], a distribution having PMF P (x; θ) is log-
concave if

[P (x+ 1; θ)]2 > P (x; θ) · P (x+ 2; θ) for x ∈ N (3)
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Now for θ > 0, α > 0, it can be easily shown that the PMF given in (2)

[P (x+ 1; θ)]2 − P (x; θ) · P (x+ 2; θ) > 0 for all x ∈ N.

Therefore, Equation (3) is satisfied for the pmf of QPRD given in (2).
Again, using the results of [31] which states that log-concave pmf are strongly
unimodal, the QPRD is also unimodal.

Theorem 5: The QPRD is a two-component mixture of NBD and can be
expressed as

P (x; θ, α) = pP1(x; θ) + (1− p)P2(x; θ),

where Pi(x; θ) is the PMF of NBD with parameters the number of successes
i and p = αθ2

αθ2+6
with

P1(x; θ) =
θ

(θ + 1)x+1
as NBD(1,

θ

θ + 1
)

and

P2(x; θ) =
(x+ 1)(x+ 2)(x+ 3)θ4

6(θ + 1)x+4

as the NBD (4, θ
θ+1) respectively.

Proof: We have

P (x; θ, α) =

∫ ∞

0

e−λλx

x!

θ3

αθ2 + 6
(α+ θλ3)e−θλdλ

=

∫ ∞

0

e−λλx

x!

{
αθ2

αθ2 + 6
(θe−θλ)

+
6

αθ2 + 6

(
θ4

Γ(4)
e−θλλ3

)}
dλ

=
αθ2

αθ2 + 6

[
θ

x!

Γ(x+ 1)

(θ + 1)x+1

]
+

6

αθ2 + 6

[
θ4

x!Γ(4)

Γ(x+ 4)

(θ + 1)x+4

]
=

αθ2

αθ2 + 6

[
NBD

(
1,

θ

θ + 1

)]
+

6

αθ2 + 6

[
NBD

(
4,

θ

θ + 1

)]
= pP1(x; θ) + (1− p)P2(x; θ)
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3 Moments Based Descriptive Statistics

Theorem 6: The rth factorial moment about origin µ′
(r) of QPRD is given by

µ′
(r) =

r!{αθ2 + (r + 1)(r + 2)(r + 3)}
θr(αθ2 + 6)

; r = 1, 2, 3, . . .

Proof: Using (1), µ′
(r) can be obtained as

µ′
(r) = E[E(X(r) | λ)]

=

∫ ∞

0

[ ∞∑
x=0

x(r)
e−λλx

x!

]
θ3

αθ2 + 6
(α+ θλ3)e−θλdλ

=

∫ ∞

0

[
λr

∞∑
x=r

e−λλx−r

(x− r)!

]
θ3

αθ2 + 6
(α+ θλ3)e−θλdλ

=
r!{αθ2 + (r + 1)(r + 2)(r + 3)}

θr(αθ2 + 6)
; r = 1, 2, 3, . . .

The first four factorial moments of QPRD is thus given by

µ′
(1) =

αθ2 + 24

θ(αθ2 + 6)
, µ′

(2) =
2(αθ2 + 60)

θ2(αθ2 + 6)

µ′
(3) =

6(αθ2 + 120)

θ3(αθ2 + 6)
, µ′

(4) =
24(αθ2 + 210)

θ4(αθ2 + 6)

The first four moments about origin of the QPRD are given by

µ′
1 =

αθ2 + 24

θ(αθ2 + 6)

µ′
2 =

αθ3 + 2αθ2 + 24θ + 120

θ2(αθ2 + 6)

µ′
3 =

αθ4 + 6αθ3 + 6αθ2 + 24θ2 + 360θ + 720

θ3(αθ2 + 6)

µ′
4 =

αθ5 + 14αθ4 + 36αθ3 + 24αθ2 + 24θ3 + 840θ2 + 4320θ + 5040

θ4(αθ2 + 6)
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The moments about mean of QPRD can thus be obtained as

µ2 =
α2θ5 + α2θ4 + 30αθ3 + 84αθ2 + 144θ + 144

θ2(αθ2 + 6)2

µ3 =

{
α3θ8 + 3α3θ7 + 2α3θ6 + 36α2θ6 + 270α2θ5 + 396α2θ4

+324αθ4 + 1944αθ3 + 648αθ2 + 864θ2 + 2592θ + 1728

}
θ3(αθ2 + 6)3

µ4 =



α4θ11 + 10α4θ10 + 18α4θ9 + 15α4θ8 + 42α3θ9 + 852α3θ8

+3132α3θ7 + 3384α3θ6 + 540α2θ7 + 1180α2θ6

+34992α2θ5 + 41472α2θ4 + 2808αθ5 + 59184αθ4

+132192αθ3 + 425088αθ2 + 5184θ3 + 98496θ2 + 186624θ

+2083968


θ4(αθ2 + 6)4

The descriptive constants based on moments namely CV, CS, CK and the
ID of QPRD are given by

CV =

√
µ2

µ′
1

=

√
α2θ5 + α2θ4 + 30αθ3 + 84αθ2 + 144θ + 144

αθ2 + 24

CS =
µ3

µ
3/2
2

=


α3θ8 + 3α3θ7 + 2α3θ6 + 36α2θ6 + 270α2θ5

+396α2θ4 + 324αθ4 + 1944αθ3 + 648αθ2 + 864θ2

+2592θ + 1728


(α2θ5 + α2θ4 + 30αθ3 + 84αθ2 + 144θ + 144)3/2

CK =
µ4

µ2
2

=



α4θ11 + 10α4θ10 + 18α4θ9 + 15α4θ8 + 42α3θ9

+852α3θ8 + 3132α3θ7 + 3384α3θ6 + 540α2θ7

+1180α2θ6 + 34992α2θ5 + 41472α2θ4 + 2808αθ5

+59184αθ4 + 132192αθ3 + 425088αθ2 + 5184θ3

+98496θ2 + 186624θ + 2083968


(α2θ5 + α2θ4 + 30αθ3 + 84αθ2 + 144θ + 144)2

ID =
µ2

µ′
1

=
α2θ5 + α2θ4 + 30αθ3 + 84αθ2 + 144θ + 144

θ(αθ2 + 6)(αθ2 + 24)
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Figure 2 CV, CS, CK and ID of QPRD.

Behaviour of CV, CS, CK and ID of QPRD for various values of
parameters are shown in Figure 2.

CV increases for increasing values of α and fixed θ while decreases for
increasing values of θ and fixed α. CS increases for increasing values of α
and θ and the parameter α has more influence on CS than the parameter
θ. CK is highest when both the parameter α and θ is smaller which means
that the distribution has heavier tails and sharper peaks in that region. As
either parameter increases the kurtosis drops sharply that leads to a flatter
and more uniform distribution. For higher values of the parameters α and θ,
ID increases which means that α and θ increases, the variance increases more
than the mean, resulting into over-dispersion.

Theorem 7: The QPRD is over-dispersed, that is, µ2 > µ′
1.

Proof: We have

µ2 =
α2θ5 + α2θ4 + 30αθ3 + 84αθ2 + 144θ + 144

θ2(αθ2 + 6)2
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=
αθ2 + 24

θ(αθ2 + 6)

[
α2θ5 + α2θ4 + 30αθ3 + 84αθ2 + 144θ + 144

θ(αθ2 + 6)(αθ2 + 24)

]

= µ′
1

[
(α2θ5 + 30αθ3 + 144θ) + (α2θ4 + 84αθ2 + 144)

α2θ5 + 30αθ3 + 144θ

]

= µ′
1

[
1 +

α2θ4 + 84αθ2 + 144

θ(αθ2 + 6)(αθ2 + 24)

]
.

This gives µ2 > µ′
1.

4 Reliability Properties

In this section, reliability properties of QPRD including survival function,
hazard function, reverse hazard function and Mill’s ratio have been discussed.

The cdf of QPRD can be derived as

F (x) = F (x; θ, α) = P (X ≤ x) = 1− P (X ≥ x+ 1)

= 1−
∞∑

t=x+1

∫ ∞

0
P (X = t | λ)f(λ; θ, α)dλ

= 1−
∞∑

t=x+1

∫ ∞

0

e−λλt

t!

θ3

αθ2 + 6
(α+ θλ3)e−θλdλ

= 1−
∞∑

t=x+1

θ3

(αθ2 + 6)

[
α(θ + 1)3 + θ(t+ 1)(t+ 2)(t+ 3)

(θ + 1)t+4

]

= 1−

[
θ3x3 +

(
9θ3 + 3θ2

)
x2 +

(
26θ3 + 21θ2 + 6θ

)
x
]

+
{
24θ3 + 36θ2 + 14θ + αθ2(θ + 1)3

} ]
(αθ2 + 6)(θ + 1)x+4

.

The survival function of QPRD can thus be given by

S(x) = S(x; θ, α) =

[
θ3x3 + (9θ3 + 3θ2)x2 + (26θ3 + 21θ2 + 6θ)x

+{24θ3 + 36θ2 + 14θ + αθ2(θ + 1)3}

]
(αθ2 + 6)(θ + 1)x+4

.
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The hazard function of QPRD can be expressed as

h(x) = h(x; θ, α)

=
P (x; θ, α)

S(x; θ, α)

=
θ4(x3 + 6x2 + 11x+ 6) + αθ3(θ + 1)3θ
3x3 + (9θ3 + 3θ2)x2

+(26θ3 + 21θ2 + 6θ)x

+ {24θ3 + 36θ2 + 14θ + αθ2(θ + 1)3}


The cdf, survival function and hazard function of QPRD shown in Fig-

ure 3. From the Graph of cdf of QPRD, it is clear that QPRD has a valid cdf
because for x → ∞, F (x) → 1. Also, for fixed α, limx→∞ h(x) = θ and for
fixed θ, limx→∞ h(x) = α.

The CDF shows how the probability builds up as the count variable
increases. From the plots, it is clear that the cdf of QPRD increases smoothly
with increasing x and always remains between 0 and 1. This confirms that
the proposed model is mathematically valid and suitable for count data. The
parameter α affects how fast the cdf increases and θ affects the shape of the
distribution.

The survival function decreases smoothly with increasing x. The param-
eter θ controls how quickly survival declines, while α affects the early
behaviour of the curve. This shows that the distribution can model both rapid
and slow decay in survival probabilities.

Hazard function represents the happening of an event at a particular value
of x given that the event has not occurred before. In the first graph of hazard
function θ is fixed and α varies. In the 1st graph we have seen that as the
value of alpha increases, initially the risk decreases then it increases steadily
and after a certain point, it becomes almost constant. For smaller value of
alpha, the risk increases in a very slow manner.

The second graph allows θ to vary and α to be fixed. In the 2nd graph we
observed that the hazard function increases for all values of θ. Initially there
is a small decrease in risk for the highest value of α. For smaller values of
θ, the risk remains low and increases gradually. As the value of θ increases,
the hazard level becomes higher, but the overall pattern remains similar, this
means that the rate of increase in risk is stable.



A Quasi Poisson-Rama Distribution with Properties and Applications 297

Figure 3 cdf, survival function and hazard function of QPRD.
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Reverse hazard function and Mill’s ratio of QPRD are obtained as

Rh(x; θ, α) =
P (x; θ, α)

F (x; θ, α)

=
θ3{θ(x3 + 6x2 + 11x+ 6) + α(θ + 1)3}

(αθ2 + 6)(θ + 1)x+4

− [θ3x3 + (9θ3 + 3θ2)x2 + (26θ3 + 21θ2 + 6θ)x

+ {24θ3 + 36θ2 + 14θ + αθ2(θ + 1)3}]

and

M(x; θ, α) =
S(x; θ, α)

P (x; θ, α)

=

[θ3x3 + (9θ3 + 3θ2)x2 + (26θ3 + 21θ2 + 6θ)x

+ {24θ3 + 36θ2 + 14θ + αθ2(θ + 1)3}]
θ3{θ(x3 + 6x2 + 11x+ 6) + α(θ + 1)3}

5 Parameter Estimation

5.1 Method of Moment Estimation

Let (x1, x2, . . . , xn) be a random sample of size n from the QPRD. We have

µ′
2 − µ′

1

(µ′
1)

2
=

(2αθ2 + 120)(αθ2 + 6)

(αθ2 + 24)2
= k

Taking αθ2 = c, we have

2(c+ 60)(c+ 6)

(c+ 24)2
= k

(k − 2)c2 + (48k − 132)c+ 576k − 720 = 0

Replacing µ′
1 and µ′

2 with their corresponding sample moments, an
estimate of k can be obtained and substituting the value of k in the above
equation, estimate of c can be obtained.

Now, for real root of c, we have

(48k − 132)2 − 4(k − 2)(576k − 720) ≥ 0 ⇒ k ≤ 2.25
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Thus, the method of moments estimate is applicable if k =
m′

2−x̄
(x̄)2

≤ 2.25,

where m′
2 and x̄ are the corresponding second and first sample moments,

respectively.
Now taking αθ2 = c in the expression for mean and equating the

population mean to the sample mean, we get the moment estimate θ̃ of θ as

αθ2 + 24

θ(αθ2 + 6)
=

c+ 24

θ(c+ 6)
= x̄ ⇒ θ̃ =

c+ 24

x̄(c+ 6)

From αθ2 = c, we get the moment estimate α̃ of α as

α̃ =
c

(θ̃)2
=

c(c+ 6)2(x̄)2

(c+ 24)2

Thus, the method of moment estimates (θ̃, α̃) of (θ, α) of QPRD are
given by

(θ̃, α̃) =

(
c+ 24

x̄(c+ 6)
,
c(c+ 6)2(x̄)2

(c+ 24)2

)

5.2 Method of Maximum Likelihood Estimation

Suppose (x1, x2, . . . , xn) be a random sample from QPRD and let fx be
the observed frequency corresponding to X = x(x = 1, 2, 3, . . . k) such
that

∑k
x=1 fx = n, where k is the largest observed value having non-zero

frequency. The likelihood function, L of the QPRD is given by

L =

(
θ3

αθ2 + 6

)n

× 1

(θ + 1)
∑k

x=1(x+4)fx

k∏
x=1

[θ(x3 + 6x2 + 11x+ 6) + α(θ + 1)3]

The log-likelihood function is given by

logL = n[3 log θ − log(αθ2 + 6)]−
k∑

x=1

fx(x+ 4) log(θ + 1)

+

k∑
x=1

fx log[θ(x
3 + 6x2 + 11x+ 6) + α(θ + 1)3]
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The maximum likelihood estimates (θ̂, α̂) of (θ, α) are the solutions of
equations

∂ logL

∂θ
=

3n

θ
− 2nαθ

αθ2 + 6
− n(x̄+ 4)

θ + 1

+
k∑

x=1

(x3 + 6x2 + 11x+ 6) + 3α(θ + 1)2

θ(x3 + 6x2 + 11x+ 6) + α(θ + 1)3
= 0

∂ logL

∂α
= − nθ2

αθ2 + 6

+
k∑

x=1

(θ + 1)3fx
θ(x3 + 6x2 + 11x+ 6) + α(θ + 1)3

= 0

where x̄ is the sample mean. Since these two log-likelihood equations are not
in closed form, it cannot be solved directly. But these equations can be solved
using R-software.

6 A Simulation Study

In this simulation study, we evaluate the effectiveness of MLE for parameters
θ and α of QPRD. The study considers multiple sample sizes (n = 50,
100, 200, 300, 400, 500), with true values set at θ = 3, α = 1 and
θ = 3.5, α = 0.5. The values of θ and α has been chosen on the basis of the
estimates of the parameters for the proposed distribution. For simulating the
sample, we used inverse transformation sampling. MLE is implemented using
the stats4 package in R, applying the L-BFGS-B optimization method. For
each sample size, 5,000 replications are used to compute performance metrics
such as mean, variance, bias, and MSE. The results highlight improvements
in estimation accuracy for increasing sample size and affirm the robustness
of the MLE approach under this specific distributional setting.

bias(θ̂) = E(θ̂)− θ =
1

N

N∑
i=1

θ̂i − θ

MSE(θ̂) = E
[
(θ̂ − θ)2

]
=

1

N

N∑
i=1

(θ̂i − θ)2



A Quasi Poisson-Rama Distribution with Properties and Applications 301

bias(α̂) = E(α̂)− α =
1

N

N∑
i=1

α̂i − α

MSE(α̂) = E
[
(α̂− α)2

]
=

1

N

N∑
i=1

(α̂i − α)2

From the Table 1 we observed that for the parameter θ, the estimated
mean moves closer to the true value θ = 3 as the sample size increases. At
smaller sample sizes, the estimator shows more bias, but this bias steadily
decreases with increasing sample size. Both the variance and the mean
squared error (MSE) also decline sharply as the sample size increases, indi-
cating improved precision and stability of the estimator. A similar trend is
observed for the parameter α. Same pattern has been seen in Table 2. For
both table we can say that the estimators are consistent.

Table 1 MSE and Bias for θ = 3 and α = 1

θ = 3 α = 1

N Mean Variance MSE Bias Mean Variance MSE Bias

50 3.7184 1.5399 2.0559 0.7183 0.7835 0.3906 0.4374 −0.2165

100 3.4526 0.8414 1.0462 0.4526 0.8591 0.3401 0.3610 −0.1409

200 3.2886 0.4067 0.4838 0.3886 0.9104 0.2794 0.2874 −0.0896

300 3.1959 0.2626 0.3009 0.1959 0.9416 0.2480 0.2515 −0.0584

400 3.1454 0.1909 0.2182 0.1454 0.9621 0.2166 0.2025 −0.0378

500 3.1274 0.1659 0.1822 0.1273 0.9729 0.2018 0.2181 −0.0271

Table 2 MSE and Bias for θ = 3.5 and α = 0.5

θ = 3.5 α = 0.5

N Mean Variance MSE Bias Mean Variance MSE Bias

50 4.0436 1.7796 2.0751 0.5436 0.6308 0.3742 0.3912 0.1308

100 3.8162 1.0729 1.1729 0.3162 0.6502 0.3263 0.3489 0.1523

200 3.6804 0.5922 0.6247 0.1804 0.6269 0.2531 0.2692 0.1269

300 3.6116 0.4122 0.4246 0.1116 0.6194 0.2175 0.2318 0.1194

400 3.5700 0.3223 0.3222 0.0700 0.6108 0.1841 0.1963 0.1108

500 3.5574 0.2632 0.2632 0.0574 0.5997 0.1592 0.1692 0.0997
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7 Applications

In this section QPRD has been fitted on two real-life examples of observed
count datasets and its goodness of fit has been compared with PLD, PAD,
PSD, PRD, QPLD, QPAD and QPSD and presented in the Tables 3 and 4. The
first dataset in Table 3 is related to mammalian cytogenetic dosimetry lesions
in rabbit lymphoblast [32] and the second dataset is related to number of
days that experienced the number of thunderstorms events at Cape Kennedy,
Florida for the month of June, 11-year period of record January 1957 to
December 1967 [33]. Based on the values of χ2, it is quite obvious that
QPRD competes well with considered over-dispersed one parameter and
two-parameter distributions and thus provides best fit among all considered
distributions. In both datasets, QPRD yields smaller chi-square values and
higher p-values among the considered distributions. Here, we would like to
emphasize that algorithm for generating neutrosophic gamma distributed data
by [34] and length-biased weighted Ishita distribution by [35] are popular for
modeling continuous data but the Poisson mixture of these distributions is
useful for modeling discrete data.

8 Conclusion

In this study, the PD compound of QRD named the QPRD has been pro-
posed. It is specifically designed to model over-dispersed non-negative count
data, particularly when the right tail of the data approaches zero quickly.
Coefficients of variation, skewness, kurtosis, and index of dispersion are
the measures based on moments have been derived and their behaviour for
different parameter values has been studied. The QPRD is shown to be
overdispersed, unimodal, has an increasing hazard rate and right-skewed. It
is a two-component mixture of NBDs, yet it maintains its unimodality in its
PMF which suggest that modes of its constituent sub-populations are located
very close to each other. The estimation of parameters of QPRD has been
discussed with both the method of moments and the method of maximum
likelihood. The effectiveness of maximum probability estimates has been
tested using simulation. The goodness of fit of QPRD has been tested with
two datasets and compared with the goodness of fit of PLD, PAD, PSD, PRD,
QPLD, QPAD and QPSD. It is clear that QPRD is the best distribution among
all one parameter and two-parameter over-dispersed discrete distributions
and therefore, QPRD would be the best probability model for over-dispersed
count data in data science. It is quite clear that QPRD is particularly suited
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for biological sciences, insurance and other fields characterized by heavily
over-dispersed count data.

The QPRD has some limitations. Since the proposed distribution has only
two-parameter which may limits its flexibility compared to three-parameter
or more complex models when dealing with extremely diverse datasets. It is
designed for over-dispersed dataset and is not suitable for under-dispersed
dataset. Although the proposed distribution is flexible, its unimodal nature
means that it cannot be used to model multi-modal data structures.

As the distribution is new and thus have high potential for applications
in different fields of knowledge and we are sure that in future the proposed
distribution will draw attention of researchers in biomedical sciences and
engineering to model survival time data. The future research possibilities
are that size-biased and zero-truncated versions of QPRD can be derived
and their applications for the data excluding zero counts can be examined.
Some more areas of applications in other fields of knowledge can be explored
for big data in the data science. For example, zero-inflated Poisson quasi
Rama distribution can be developed to model data with excessive zeros.
The QPRD can be extended into a regression framework named Poisson
quasi Rama regression to examine the relationship between the dependent
variable and covariates. The proposed distribution can be modified to handle
under-dispersed data.
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