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Abstract

In the field of sampling theory, simple random sampling (SRS) has been
widely used and proven to be effective for drawing samples to estimate
population parameters. However, in certain situations, obtaining observations
on the study variable is more challenging than ranking the units. In such
cases, ranked set sampling (RSS) becomes very useful in the estimation of
population parameters. We offer two new estimators under RSS to estimate
the finite population mean out of which one estimator is equivalent to the
many estimators existing in the literature, Therefore it can be used as the
alternatives to the existing ones while the other one performs better than the
recent estimator Khalid et al. (2024) in terms of mean squared error (MSE)
and percentage relative efficiency (PRE), under RSS framework. Among
the two proposed estimators, One of these estimators combines log and
exponential, while the other combines regression and exponential. We found
that second estimator turns out to be most efficient among the estimators
studied in this study under RSS. The MSE and PRE are employed to evaluate
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the performance of the proposed estimators in comparison with traditional
estimators discussed in this study. Analytical expressions for the MSE and
bias are derived, along with the conditions under the proposed estimators
demonstrate improved efficiency. To substantiate the theoretical findings,
both empirical and simulation studies are conducted. The results indicate that
the proposed estimators provide better performance compared to traditional
estimators.

Keywords: Ratio-type exponential estimator, Ranked set sampling (RSS),
Log-type exponential estimator, Bias, Mean-squared error (MSE), Percentage
relative efficiency (PRE), Simulations.

1 Introduction

The systematic use of auxiliary information in mean estimation was first
formalized by Cochran (1940), who demonstrated that incorporating an
auxiliary variable X correlated with the study variable Y can substantially
improve estimation efficiency. Since then, auxiliary variables have been rec-
ognized not merely as convenient supplements, but as carriers of structural
population information that can be strategically exploited at both the design
and estimation stages. In many practical surveys, while direct observation
of Y is costly or restrictive, auxiliary characteristics are readily available
and reveal ordering, proportionality, or variability patterns within the popula-
tion. When effectively utilized, such information enhances precision without
increasing sample size, thereby strengthening inference through informed
use of population-level relationships. A substantial body of literature has
emerged on estimation techniques based on auxiliary information; interested
readers may consult these recent contributions for further developments such
as Singh et al. (2024), Kumari et al. (2025), Sharma et al. (2025) and Singh
and Singh (2026).

In survey sampling practice, situations often arise where obtaining obser-
vations on the study variable, or the variable of interest, is either highly
difficult or in some cases not feasible at all. However, ranking the units is
usually much more convenient and can be accomplished through judgmental
ordering or other ranking methods, which typically involve minimal or no
additional cost. It is very established fact that estimate of population mean
under RSS is more efficient than under simple random sampling (Halls and
Dell (1966), Muttlak and McDonald (1992)). McIntyre (1952), pioneered
the concept of RSS without building its mathematical concepts. He used
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RSS to estimate the pasture yield through more represented observations.
Takahasi and Wakimoto (1968) attempted to provide its mathematical theory.
They concluded that sample mean under RSS is more efficient than the
same under SRS of the same sample size. Dell and Clutter (1972), analyzed
the RSS method under the assumption that ranking is not perfect. Their
study demonstrated that RSS is more efficient than SRS of the same size
regardless of whether the ranking is perfect or imperfect. For a clearer and
more comprehensive understanding of RSS, researchers may also refer to the
works of Jafari Jozani and Johnson (2011) and Wolfe (2012).

Lynne Stokes (1977) was the first to address situations where it is difficult
to order the observations based on the study characteristic. She suggested that
such ordering can be achieved by ranking the observations with respect to
an auxiliary characteristic. Recognizing the potential of RSS in providing a
more representative sample compared to SRS, it is now increasingly applied
in diverse areas such as statistical process control for developing efficient
control charts (Woodall et al. (2024)), demographic studies (Kumari et al.
(2024)), field of energy(Vishwakarma and Singh (2022)) and many more.
With the growing applicability of RSS, driven by the pursuit of more repre-
sentative samples, several new modifications of RSS have been proposed,
such as median ranked set sampling (Zarinkolah et al. (2024)), Double
extreme-cum-median ranked set sampling (Zubair et al. (2024)), etc.

In the row of development of new and efficient estimators to estimate
the mean of a finite population, Samawi and Muttlak (1996) were the first to
incorporate auxiliary variable for proposing a ratio estimator under ranked set
sampling. Philip and Lam (1997) proposed regression estimator under RSS.
Then authors such as Kadilar et al. (2009) proposed a general form of the
estimator proposed by Samawi and Muttlak (1996) to estimate the mean of a
finite population under RSS. To provide more efficient estimator under RSS,
Vishwakarma et al. (2017) proposed an exponential type estimator under
RSS. Mehta et al. (2020) proposed a general class of estimators employing
the linear combination of two estimators. To further study the development
of such efficient estimators under RSS, we can consider the original arti-
cles including Khalid et al. (2022), Bhushan and Kumar (2022),Bhushan
et al. (2022), Khalid et al. (2024). Kumari et al. (2024), Vishwakarma and
Singh (2022) and Bhushan et al. (2023) documented some updated class
of estimators to estimate mean of the finite population under RSS. Many
authors have proved that logarithmic estimators show better efficiency while
dealing with non-linear population. Over times several estimators have been
proposed in this direction for the estimation of finite population population
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parameters. Zaman and Iftikhar(2023) proposed a logarithmic ratio-type esti-
mator under simple random sampling scheme. Zaman et al.(2024) proposed
a new logarithmic type estimator to analyse the number of aftershocks. More
recently, Singh et al.(2025), proposed a log-transformed approach to estimate
the population variance. For more information in this direction, researchers
may refer to Audu et al.(2025), Shukla et al.(2026) and Djebar et al.(2026).

The pursuit of more efficient estimators in survey sampling continues to
be a fundamental objective in statistical research. Motivated by this ongo-
ing need, the present study proposes two novel estimators under RSS for
estimating the finite population mean. The first proposed estimator performs
comparably to the generalized estimator introduced by Khalid et al. (2024),
while the second demonstrates improved efficiency relative to this recent
contribution within the RSS framework. The first estimator is formulated
as a nonlinear combination of two fundamental components. In contrast,
the second estimator is constructed as a linear combination of the same
components, thereby yielding a more general and flexible class of estimators.

The remainder of the manuscript is organized as follows. Section 2
reviews existing methodologies for estimating the finite population mean.
Section 3 presents the theoretical development of the proposed estimators
and derives expressions for their bias and MSE up to the first order of
approximation. Section 4 provides a comprehensive comparison study, estab-
lishing the conditions under which the proposed estimators outperform the
traditional ones. To validate the theoretical findings, Section 5 presents a
numerical investigation, including both empirical and simulation studies.
Finally, Section 6 offers a detailed discussion and conclusion summarizing
our findings.

1.1 Notations

Let us suppose that we have a finite population of size N. To estimate the
population mean of a study characteristic (Y) with help of a auxiliary variable
(X) the following procedure under RSS have been followed to take a sample
of size n.

Procedure for taking a sample using RSS:

1. Take m random sample of size m from a population.

2. Rank the random sample of size m using any cost-effective method, such
as visual (eye) observation or other available auxiliary information.

3. Take smallest ranked unit from the first random sample, second smallest
ranked unit from the second random sample and similar procedure is



Improving Finite Population Mean through Ranked Sets 315

followed till we get the largest ranked unit. Eventually, we get m ordered
units.

4. To take a sample of size n (= mr) under RSS, we repeat the above steps
r times.

5. At the final stage, we collect information on those units of the study
variable which have been selected under this procedure.

m : Total number of ordered observations selected under
particular replication,
r : Total numbers of replications for taking a ranked set sample of size n,
n = mr : Sample size,
N : Population size,
N

- 1
Y =— Z Y; : Population mean of the study variable,
N 1
1
X = N X, : Population mean of the auxiliary variable
1

_ 1 ~v .

T = — Z Z yj; - Sample mean of the study variable based on
=1 j=1

the ranked set sample of size mr

m T

Ty = — Z Z z(;); - Sample mean of the auxiliary variable based on
i=1 j=1

the ranked set sample of size mr,

T

1
) (3) = = Z Y[i); : Sample mean of the it" ranked units selected in the
r
j=1
sample of size mr under study variable,

1 T
Ho(z) (1) = - Z z(;); : Sample mean of the i*" ranked units selected in the
j=1

sample of size mr under auxiliary variable,

TR S
Cy = -

: Population coefficient of variation of the
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study variable,

- x

auxiliary variable,

: Population coefficient of variation of the

1 _ _
VS - 00 - %)
CYX = }_/X )
92 Z 'U’[y y[n]
Ty[n] i=1
A 2
2()) — mzmc%n ; ’
1 S N L
Ayai > (i (8) = Fap) () (6) = Z ),

MY T ()

éy: (mr—1y2 ZZ y[z n)27

e $ (mr — 1 )T Z (n ; ;(yw — Yn) (@) = Tm)),
1
N

e
U] =Y (14 €), Ty = X(1+€)
E(Eo) = E(fl) = O,E(ﬁo)2 =C§ — A2y =V,

E<50€1> =7vCyx — A Vot.-

yali] =

where, (.) and [.] indicate the ordering of the observations with no error
and with some error (ordering may be based on judgment of individual)
respectively.
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2 Review of Finite Population Mean Estimators in the
Literature

Several estimators have been developed over time to efficiently estimate the
finite population mean, including ratio, product, and regression estimators.
These estimators perform better than the usual estimator by utilizing auxiliary
information.

The usual estimator under RSS is given as

1 m T
L= D il M
=1 j=1
MSE for the usual estimator is given as

MSE(Ty) = Y?(nCf — AZy) = YV ()

Samawi and Muttlak(1996) proposed a traditional ratio estimator under
RSS as

7, =l ¢ 3)
L (n)

MSE(Tz) = Y?|(vC% — AZ) + (0CF — AZy) — 21Oy x — Aya i)
4)

MSE(Ty) 2 Y? [Vl + Vo — zvm] (5)

Philip and Lam(1997) provided a regression estimator under RSS frame-
work

T3 = Ypn) + BX = T(n)) (6)
. (RyCya — Ayapi) ~ Y]
where, 3 = and R = —
(vC% — Ai(i)) L(n)

(VCyx — Ayap)?
(vC% =A%)
(Vor)?

2
Y [Vb - V1] ®)

MSE(T3)in = V2| (1} ~ Ay - ™

MSE(T3)min

12
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Kadilar et al.(2009) suggested an updated and more general ratio estima-
tor of the estimator proposed by Samawi and Muttlak(1996) that is given as
follows

T, = k2 ¢ ©)
Z(n)
(1+7Cyx — Aygpp)
1+~C% — A%y[i]

where, kot =

MSE(Ty) =Y [(k —1)?+ (vC% — AZ) + K (1CF — A%)
—QMw%x—Awmﬂ (10)
MSE(Ty) = Y? [(k — 1)+ Vi + K2V — 2/%1] (11)

Vishwakarma et al.(2017) proposed an exponential ratio estimator under
RSS as follows

T =7 [X — j(”)} (12)
=Ym)€TP | ==
5= Yin TP X + T(n)
MSE(T5) ~y?2 |:(fyC32/ — A;M) — 2(’YCYX — Ay:}c[z})
+ ez - ) (13)
4 TCx (i)
— 1
MSE(T5) = Y? [Vo —2Vo1 + 4‘/1} (14)
Mehta et al.(2020) proposed a general class of estimator under ranked set
sampling
_ aX +b\? _ (aZp) +b
Ts =6 —_— 1—-9 —_— 15
6 y[n}<a@(n)+b> + ( )y[n]( X<b ) (15)

where p € (—1,1) and 0 is a real constant that is used to optimize the MSE
of the estimator.

MSE(T6)min
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. (/VCYX A x[z])Q
~y? — A? y 1
> Vo1)?
~ 2|y, - 17
[Vo " a7
Khalid et al.(2024) proposed a generalized exponential ratio type
estimator
X X — IE( )
T =17 — 1-— e 18
T [a<@(n)> +1-ajep (X+96(n)>] (1%
2 €
where, aopt g (6061 — 21)
_ Cyx — A ['})2
T = V2 (yc2 — a2y - O veli 1
MSEE(T?) [(VCY oil) (1C% — 42,) (1
2
~ p2 [vo _ o) } (20)
Vi

3 Proposed Estimator

In this section we have proposed two novel estimators for the estimation of
the finite population mean under RSS.

Jin] X — ) X
rol = Wi —+X + Way e;vp() <1 + l09<_>> (21)
T Z(n) I\ X 2 Z(n)

Un) [ X
pro2 W3[ 9 <Hf(n)+X>+ﬁ( ):|

 Waeap[ X2E0 ) g (T =X @)
X + i(n) ﬂ_j(n) + X

Here, in Equation (21), W7 and W5 are such constant so that our esti-
mator 7}, represents a convex combination of the two quantities. And in
Equation (22), W3 and Wy are the real constants. Constants W7, Wa, W3, and
W, are used to optimize the MSE of their corresponding estimators. Constant
5 in the Equation (22) represents the usual regression coefficient of a linear
regression line Y on X.
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Bias and Mean square expression for the estimator proposed in
the Equation (21)

To workout on the bias and mean square error expression of the pro-
posed estimator, we express Equation (21) in terms of errors (See, Notation
section (1.1)).

Y (1 + o)
X(l + 61)

Tprol = Wl

X + WY (1 + €g)exp {? _T_ (X(1+ 61))]

(X(1+e))

. [1 + l0g<X(1X+€1)>] 23)

=W Y (14 e)(1 — e +€5) + WaY (1 + €)

-1 2
xexp{—?(l—i—;l) :||:1—61+621:| 24)

After further algebraic simplification we get

3
=Y |:(W1 + Wz) + 60(W1 + Wg) — €1 (Wl — 2W2)

3 11
— €0€1 <W1 - 2W2> +é (W1 + 8W2) } (25)

_ Taking expectation on the both sides of the Equation (25) and subtracting
Y we get (See section 1.1 for expected values of the error terms.)

Bias(Tyro1) 2 Y [(Wl + Wy — 1)}

Ly [<W1 + Mm@ - om - §W2>E<eoe1>] 6)

since we have considered Equation (21) as the convex combination of the two
quantity. Hence W7 4+ Wy = 1.
Equation (25) and Equation (26) can be re-written as

Tprot 2Y [1 +e0— € <W1 - 2W2> — €p€1 <W1 - 2W2>

e <W1 ; 1;%) ] @7)
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| _ 3
Bias(Tyro1) = Y[ <1 — 8W2> (vCx — Ai,(i))

5
— (1 - 2W2> (’YCYX - Ayx,[z]):| (28)

g?[é_?%>m—0—gmﬂwﬁ (29)

Further subtracting Y in the both sides of the Equation (27), we get
oS 3 3
Tprot =Y =Y |eg—er | W1 — §W2 —eger | Wh — §W2

+§Qm+§wg] (30)

Squaring Equation (30) and taking expectation of the both sides, we get

2
MSE(Tyro1) = Y? [E(e%) + <1 — 2W2> E(e)?
5
-2 (1 — 2W2> E(eoel)} 31
2
MSE(Tprol) = Y2 |:(7012/ - Ai[z]) + <1 - ;W2> (70§( - A?ﬁ(z))
5

2
MSE(Tpro1) = Y? [vb + <1 - ZWQ> Vi— 2(1 — ZW2> V(n]
(33)

Now, for obtaining optimal value of MSE, we take first of derivative of the
Equation (32) with respect to Ws. After putting it equal to zero, we get
d(MSE(Tpro1))
dWQ ‘W2opt

>~ y? |: — 5(1 — ZWQ) E(€1)2 + 5E(6061) =0 (34)



322 Poonam Singh et al.

After simplifying the expression, we get

2 Vi
W%m=5<1—;?> (35)
2 %,
W%m=1—5o—‘?> (36)

Hence the expression for mean square error is given as
2
~ 2 2 2 5
MSE(Tprol)opt =Y |:('YCY - Ay[z]) + <1 - 2W20pt>

5
(vCX — A3;)) — 2 <1 - 2W2opt> (vCyx — Ay:c[i]):|
(37)

_ 5 2 5
= Y2 |:% “I— <1 - 2W20pt> ‘/1 - 2 <]- - 2W20pt> ‘/bl:|
(38)

Bias and Mean square expression for the estimator proposed in
the Equation (22)

As we have derived the expressions for the estimator defined in the Equa-
tion (21), in the similar way these expression can be obtained for the estimator
proposed in the Equation (22).

After expressing Equation (22) in terms of errors and algebraic sim-
plification, we get (assuming the first order of approximation of the error
terms)

2

o I %
Toror = W3 |V + Ve — BXer + % Wy (39)

_ _ _ WsY
%W%+mwmwm—mwa+§e%<m

After subtracting Y into both sides of the Equation (39), we get

W3Y
36%

(41

Tproo =Y 2 (Y (W3 — 1) + Wy) + (W3Yey) — W3BXer +
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Taking expectation on the both sides of the Equation (41), we get

Bias(Tyron) = (V (W3 — 1) + Wy) + (W;Y)E(e%) “2)
= (V (W — 1) + W) + <W3Y> (% — A2)  @3)

After squaring Equation (39) and taking expectation on the both sides,
we get

MSE(Tyron) ~ [(Y(Ws = 1) + Wa)? + W3V E(el)
+ {B2XEWE + WY (Y (Ws — 1) + W) }E(eD)
— 2W2BY X E(egey) (45)
Substituting E(e3) = Vy, E(e?) = V4 and E(eger) = Vo1, we obtain

MSE(Tproz) ~ [(Y(W3 — 1)+ Wa)? + W2V,
n {525(21/[/32 S WY (Y (W5 — 1) + W4)}V1
—2W3BY X Vm] (46)

Now, to obtain the optimal value of the MSE, we take the first order
derivative of the Equation (45) with respect to W3 and Wj. As a result we
get following equations

O(MSE(Tpro2)) |
an W3opt7W4opt

~ [zymwg — 1)+ W) + 2W V7 E(S)

- {zwgﬁz)‘(? + 2{12/(17(% — 1)+ Wy + W;”Y}}

E(e) - zY{WgﬂX + 6XW3}E(60€1):| (47)
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d(MSE(Tpr02))
dW4 W3opt7W4opt
~ {zmwg )+ W)+ WgYE(e%)] (48)

After solving Equations (47) and (48) for W3 and Wy, we get

3VE(e2) — <g>

W3opt =
3opt Fl — %
i (1)
= 49)
-2
W4opt = 3YE(€%) — W3F1
=3YV, — W3 F, (50)

where,

Fy = 977 1 272 B(3) + {(2B2X2 LoV B(E) — 4517@(6061)}

=9V £ 2V2V, + {(252)(2 +2YH V) — 4BYXV01},

F3 =2Y + 38YXE(e}) = 2Y + 3Y XV,
Fy=2.

Hence the optimum value of the MSE of the estimator defined in the
Equation (22) is given as

MSE(Tyes,,) = [(Y(Wgopt 1) W) + W2, V2E()
+ {62X2W320pt + W30pt}7(?(W30pt - 1)

+ W4opt)}E(e%) — 2Wi,,,BY X E(eger) (51)
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MSE(Tpm%pt) = [(Y(WSOPt - 1) + VV40pt)2 + W320ptY2V0
+ {Bzxzwszopt + W30pt}7(Y(W30pt - 1)

- Wzlopt)}v1 — 2Wi BY X Vi (52)

4 Comparison Study Among Proposed and Reviewed
Estimators

4.1 Comparison Study Between Proposed Estimator in the
Equation (21) and Others

Comparison with usual estimator:

Var(Ty) > MSE(Tyro1)opt
) _ 5 ?
y? |:’YC}2/ — Az[z]:| >Y? |:(VC)2/ - AZM) + (1 - 2W20Pt>

5
(53)

which implies,

2
<1 — 2W20pt> (vC% — Ai(i)) - 2<1 - 2W2opt) (VCyx — Ayap) <0
(54)
Comparison with standard ratio estimator (73) under RSS:
MSE(Ty) > MSE(Tprot)opt

72 {wo& S A2) (1O — A2y) — 2(Crx — Ammﬂ
_ 5 2
> Y2 [(Vcﬁ — A2 )+ <1 - QWQOpt> (vC% = A2

5
-2 <1 — 2W20pt> (’YCYX - Aym[i]):| (55
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This implies,

4 (7Cyx — Ayz[i]))
Wy < = (1 — (56)
P (1C% - Ai(z’))

Comparison with regression estimator under RSS (73):
MSE(Tg) > MSE(TpT’Ol)Opt

(vCyx — Ayap))?
(vC% — A?E(i))

p? [wc% A2 -

] > 72 [wc% - A2)

5 2 5
+ (1 — 2W20pt> (’YC% — Ai(i)) - 2<1 - 2W20pt> (Cyx — Ayx[i])}
(57)

%(1 +A3) < W < %(1 — A3) (58)

Cyx — Ayzii
Where,Ag:\/5(7 rX yH)_l

(1C% — Ai’(i)) 4
Comparison with Kadilar et al. (2009) (T}) estimator:
MSE(Ty) > MSE(Tpro1)opt

v [(k S+ (O - A2) 4 RR(CE — A2) — 2k(1Ce — Agary)
_ 5 2
>Y? [(VC% — Al + (1 - 2W2opt> (VC% — AZ0)

5
- 2(1 - 2W20pt> (7Cyx — Ayr[i])} (59

Comparison with exponential ratio estimator (75):

MSE(T5) > MSE(Tpro1)opt

_ 1

_ 5 2
> Y2 [(70% — A%+ (1 - 2W20pt> (VC% — A2
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)
— 2(1 — 2W2opt) (vCyx — Aym[i]):| (60)

This implies,
5 2
(k—1)%+ {1—1— <1 — 2W2) }Vl + (K* — 1)Vo

—2<k—1+;WQ>%1>0 (61)
Comparison with Mehta et al. (2020) (7g) estimator:
MSE(Tg) > MSE(Tpro1)opt

(vCyx — Aya:[i])2:|
(1C% — 4%

2 2 2
v [(»ycy A2 -

_ 5 ?
> Y2 |:(’YC§2/ - Az[l]) + <1 - 2W20pt> (70§( - Ai(z))

)
-2 <1 — 2W20pt> (vCyx — Aym[z’])] (62)

which implies,

2 2
5(1 + A3z) < Wa < 5(1 — A3) (63)
(VOyx — Ayap) 1
Where, A3 =, |5 - =
\/ ('ch( - Ai(i)) 4
Comparison with Khalid et al. (2024) estimator (77):
MSE(T7) > MSE(Tprot)opt

(vCyx — Ayac[i])2:|
(vC% - Az«(iﬂ

v 2 2 2
Y |:(70Y - Ay[z}) -

_ 5 2
> 7200 A+ (1= W ) (0% — 42

5
-2 <1 — 2W20pt> (’YCYX - Aym[z]):| (64)
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which implies,

2 2

5(1 + Ag) < Ws < 5(1 — Aj3) (65)

where,

Ay = 5(70YX —Aye i) 1
(VC% - Ai,(i)) 4

4.2 Comparison Study Between Proposed Estimator in the

Equation (22) and Others

Comparison with the usual estimator (77 ):

VaT(Tl) > MSE(TpT02)Opt

v? [7032/ - Aim} > [(Y(We;opt = 1) + Wiopt)*
+ W320pt}72‘/0 =+ {B2X2W320pt + W30PtY(}7

(Wacge = 1)+ W) [Vi = 213,87 X Vi

(66)
This implies,
~ ~ 2
(1 - W320pt)Y2 |:7012/ - A;[z]:| B (Y(W?)opt - 1) + W4opt>
> { B> X Wi + WaopV (Y/(Wgopt —1)+ W4opt> }
(703( - A?:(z)) - QWISZOptBXY(VCYX - Aya:[l]) (67)

Comparison with standard ratio estimator (7>) under RSS:

MSE(Ty) > MSE(Tpro2)opt

72| (1% - A2) + (10} ~ Al) ~ 20Cyx — Ay
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> |:(Y(W3Opt - 1) + W40Pt)2 + W??optY2VO + {B2X2W320pt

+ W3optY(Y(W30pt - 1) + W4opt)}‘/1 - 2W320pt5YX‘/01:| (68)
This implies,

{1 — B*X°W3p — WaoptY (Y/(ngpt —1)+ 4W4opt> }
(’ch( - Ai(z)) + {1 - Wgopty}(’yc}% - Az[z])
—2{1 = Wi, BY X}(7COy x — Ayapi) > 0 (69)
Comparison with regression estimator under RSS (T3):
MSE(Tg) > MSE(Tpro2)opt

(’YCYX - Aym[z})2
(703( - Ai(i))

v [wc% Az -

> [(Y(Wiiom - 1)+ W40pt>2 + W320ptY2V0
+ {52X2W320pt + W30ptY(Y(W3opt - 1) + W4opt)}‘/1

— 2W§0ptﬁYX%1] (70)
This implies,
Y21 - W2Y?)V, — {62X2W320pt + WaoptY (Y (W3 — 1) + mm)}v1

B Y2(7Cyx — Ayap)?

(vC% — Ai(i))

2W320pt6}7XV01 > (Y(W3Opt - 1) + W4opt)2
(71)
Comparison with Kadilar et al. (2009) (T}):

MSE(T4) > MSE(T[)’I‘O2)Opt
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72|~ 1P + (6% = A2) + ROCE = Ag) = 2h0Cye — Ay
> {(Y(W%pt -1+ W40pt)2 + W??optygvb + {62X2W320pt

+WwﬁWYM@W—1H4%W0%G—ﬂ%%ﬁYX%J(n)
This implies,
{W(k —1)% = (Y (Wappe — 1) + W4opt)2}

+ {Y2 — B2X2W320pt - W3optY(Y(W30pt - ]') + W4Opt)}‘/1

+ V2(k* — Wa,p)Vo + 2Wa, BXY Vo1 > 0 (73)
Comparison with exponential ratio estimator (75):

MSE(Ts) > MSE(Tyro)opt
72 (00 — 48~ 20Cvx — Ayag) + 10.Ck — %)
> [(Y(W30pt - 1)+ W40pt)2 +§opt V2V
+ { B2 X°Wi + WaoptV (Y (Wsgpt — 1) + mopt)}v1

—ﬂ%@ﬂYX%J (74)

This implies,

Y2(1 - W??opt)‘/o

Y? _ _
+ {4 _ 52X2W320pt — YW3opt((W30pt — 1) + W4opt))}V1

2
— 2(1 — WgoptﬂXY)V()l > <(W30pt — 1) + W4opt) (75)
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Comparison with Mehta et al. (2020) (T§):
MSE(Ts) > MSE(Tpro2) opt

(’YCYX - Ay:p[z})2:|
(’VC§( - Ai(i))

72 [wc% —AZ) -
> [(Y (Waopt = 1) + Wagp)? + Wiy V2V
W+ WV (F W= 1)+ W) b

— 2W320pt6)7)_(%1] (76)
This implies,
V21 - WYV
— { B2 X Wi + Waop Y (Y (W3 — 1) + W40pt)}v1

B YV2(yCyx — Ayap)?
('chc - Ai(i))

> (Y (Waopt — 1) + Waopt)? (77)

2W3,,8Y X Vin

Comparison with Khalid et al. (2024) (T%):
MSE(T;) > MSE(Tpro2)opt

(VCyx — Ayap)?
(V€% - Ai(i))

2 2 2
72|08 - 2y -
o | (Wi = 1)+ Wi 4 WV

+ {ﬂ2X2W320pt + W3optY(Y(W3Opt - 1) + W40pt)}‘/1

_ 2W;Optﬁyxv01] (78)



332 Poonam Singh et al.
This implies,
YV2(1 - WYV — {52X2W§Opt + Waopt Y (Y (W3 — 1) + mopt)}v1

B Y2(yCyx — Ayap)?
(vC% - Ai(iﬂ

QW??optB?X‘/Ol > (?(Wfiopt - 1) + W4opt)2

(79)

5 Numerical Study
5.1 Empirical Study

To practically analyze the performance of the proposed estimators, a real
dataset has been used. The details of the population considered in the study
are given below.

Population:

The population consists of information on two variables, namely real estate
farm loans and non-real estate farm loans. In this study, real estate farm loans
are considered as the study variable (Y'), while non-real estate farm loans are
taken as the auxiliary variable (X). The dataset has been taken from Singh
(2003). The population contains N = 50 units with population means Y =
555.43 and X = 878.16.

For the empirical comparison, samples are drawn from the population
following the ranked set sampling procedure. Specifically, sets of size m = 3
are selected and ranked using the auxiliary variable. From each set, the unit
corresponding to the required rank is measured for the study variable. This
process is repeated for r cycles to obtain the final sample.

The performance of the estimators is then evaluated by computing the
Mean Squared Error (MSE) for different values of the number of cycles, r =
3,4, 5, and 6, while keeping the set size fixed at m = 3. The computed MSE
values are used to compare the relative efficiency of the proposed estimators
with the existing estimators.

5.2 Simulation Study

To analyze the performance of the proposed estimators under a more flexible
environment, a simulation study has been conducted. An artificial pop-
ulation is generated using the following variable transformation. Similar
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Table 1 MSE of proposed and existing estimators under empirical study

m=3,r=3 m=3r=4 m=3,r=5 m=3r=6

Estimator MSE
I 13073.5944 8648.8212 5244.0579 3864.6343
(Usual RSS)
T 11793.2894 8256.5409 6329.5837 4536.3240
(Muttlak and McDonald (1992))
Ts . 11793.2170 8050.7212 5178.7384 3798.0314
(Philip and Lam (1997))
L . 10541.5357 7815.7213 6104.0210 4421.6855
(Kadilar et al. (2009))
T5, 10818.5155 7127.3154 5006.1956 3600.0296
(Vishwakarma et al. (2017))
T 11793.2170 8050.7212 5178.7384 3798.0314
Mehta et al. (2020)
T7

11793.2170 8050.7212 5178.7384 3798.0314
(Khalid et al. (2024))
Tprot,opt 11793.2170 8050.7212 5178.7384 3798.0314
Tproz,opt 4031.5790 3430.9560 2977.4855 2840.4978

14,000 -

12,000 -

10,000 -

MSE

8,000 -

6,000 -

W00, --=""

1 1 1

T T T

Estimators

Figure 1 MSE of proposed and existing estimators for different values of m and r under

empirical study.
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Table 2 MSE and PRE of the existing and proposed estimators for p = 0.8 under simulation

study

m=3r=3 m=3r=4 m=3,r=>5 m=3,r==6
Estimator MSE PRE MSE PRE MSE PRE MSE PRE
T 89.3441 100 70.8380 100 63.8804 100 54.4197 100
(Usual RSS)
T 66.5486 134.2540 52.9277 133.8392 51.1348 124.9256 43.4527 125.2390
(Muttlak and McDonald (1992))
Ts . 55.2797 161.6218 46.2386 153.2011 46.0097 138.8413 39.8008 136.7303
(Philip and Lam (1997))
Ta . 55.1479 162.0081 46.0948 153.6791 45.6477 139.9422 39.6910 137.1083
(Kadilar et al. (2009))
T‘? 51.2205 174.4302 41.4400 170.9410 41.7385 153.0492 35.5892 152.9109
(Vishwakarma et al. (2017))
Ts 55.2797 161.6218 46.2386 153.2011 46.0097 138.8413 39.8008 136.7303
(Mehta et al. (2020))
Tx . 55.2797 161.6218 46.2386 153.2011 46.0097 138.8413 39.8008 136.7303
(Khalid et al. (2024))
Torot,opt 55.2797 161.6218 46.2386 153.2011 46.0097 138.8413 39.8008 136.7303
Toroz,opt 49.6095 180.0947 36.2619 195.3510 29.3704 217.4991 24.4384 222.6810

transformations have been used by Bhushan et al. (2022). The transforma-
tions are given as follows:

S
Y =78+ 1-p2Y* + pS—YX*, (80)
X
X =72+X" (1)

Here, the variables X™* and Y™ are linearly independent and follow
normal distributions with parameters (pux+ = 24, 0%. = 37) and (uy~ =
18, 02, = 22), respectively.

The simulation study is performed for different values of the correlation
coefficient p = (0.4, 0.5,0.7,0.8) with 10,000 iterations. For each estimator,
the MSE and PRE are computed to evaluate their performance.

The Percentage Relative Efficiency of an estimator A with respect to
estimator B is defined as

x 100. (82)

Here, B represents the estimator 77, while A represents the estimators
T17 T27 T3a T47 T5a Tﬁa T7, Tprol,opts and TproQ,opt-
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Figure 2 PRE of proposed and existing estimators for p = 0.8 under simulation study for
different values of m and r

Table 3 MSE and PRE of the existing and proposed estimators for p = 0.7 under simulation

study

m=3,r=3 m=3,r=4 m=3,r=35 m=3,r=6
Estimator MSE PRE MSE PRE MSE PRE MSE PRE
T 94.6245 100 75.5089 100 62.5240 100 53.2062 100
(Usual mean)
Iz 80.6787 117.2857 64.3309 117.3757 53.1254 117.6914 45.1190 117.9242
(Muttlak and McDonald (1992))
TSH 67.2426 140.7212 56.3901 133.9046 48.0770 130.0496 41.6408 127.7742
(Philip and Lam (1997))
T4 . 66.6196 142.0370 55.7648 135.4061 47.6707 131.1582 41.3439 128.6918
(Kadilar et al. (2009))
TS_ 63.7683 148.3881 51.8256 145.6981 43.1931 144.7545 36.8981 144.1975
(Vishwakarma et al. (2017))
Ts 67.2426 140.7212 56.3901 133.9046 48.0770 130.0496 41.6408 127.7742
(Mehta et al. (2020))
T7

. 67.2426 140.7212 56.3901 133.9046 48.0770 130.0496 41.6408 127.7742
(Khalid et al.(2024))

T,
prol,opt 67.2426 140.7212 56.3901 133.9046 48.0770 130.0496 41.6408 127.7742

T,
pro2,opt 53.8578 175.6933 39.2805 192.2299 31.0183 201.5712 25.5727 208.0586
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PRE

140

Estimators

Figure 3 PRE of proposed and existing estimators for p = 0.7 under simulation study for
different values of m and r

Table4 MSE and PRE of the existing and proposed estimators for p = 0.5 under simulation
study

m=3r=3 m=3,r=4 m=3r=>5 m=3r==6
Estimator MSE PRE MSE PRE MSE PRE MSE PRE
T 101.2518 100 81.0265 100 67.1538 100 57.3233 100
(Usual RSS)
T2 102.9256 98.3738 81.3525 99.5993 67.0076 100.2182 56.8822 100.7755
(Muttlak and McDonald (1992))
Ts . 81.4335 124.3368 68.1680 118.8628 58.0229 115.7367 50.3180 113.9219
(Philip and Lam (1997))
T . 84.8590 119.3177 70.1981 115.4255 59.8195 112.2606 51.8752 110.5023
(Kadilar et al. (2009))
T‘r’_ 82.4069 122.8681 66.4900 121.8626 55.3405 121.3466 47.2942 121.2059
(Vishwakarma et al. (2017))
T 81.4335 124.3368 68.1680 118.8628 58.0229 115.7367 50.3180 113.9219
(Mehta et al. (2020))
Tz X 81.4335 124.3368 68.1680 118.8628 58.0229 115.7367 50.3180 113.9219
(Khalid et al.(2024))
Torot,opt 81.4335 124.3368 68.1680 118.8628 58.0229 115.7367 50.3180 113.9219
Tpro2,opt

64.3715 157.2928 46.3713 174.7341 36.3096 184.9476 29.7829 192.4703
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Figure 4 PRE of proposed and existing estimators for p = 0.5 under simulation study for
different values of m and 7.

Table 5 MSE and PRE of the existing and proposed estimators for p = 0.4 under simulation
study

m=3,r=3 m=3,r=4 m=3,r=5 m=3,r==6
Estimator MSE PRE MSE PRE MSE PRE MSE PRE
T 103.0636 100 82.7107 100 68.6548 100 58.6429 100
(Usual mean)
T2 112.0692 91.9642 88.3273 93.6411 72.6570 94.4916 61.6551 95.1144
(Muttlak and McDonald (1992))
T3,, 85.4026 120.6797 71.7155 115.3317 61.0000 112.5488 52.8971 110.8621
(Philip and Lam (1997))
T . 92.6269 111.2674 76.2349 108.4945 64.7902 105.9647 56.1568 104.4270
(Kadilar et al. (2009))
T5' 89.7932 114.7788 72.3225 114.3637 60.0786 114.2749 51.3559 114.1891
(Vishwakarma et al. (2017))
Ts 85.4026 120.6797 71.7155 115.3317 61.0000 112.5488 52.8971 110.8621
(Mehta et al. (2020))
Tz . 85.4026 120.6797 71.7155 115.3317 61.0000 112.5488 52.8971 110.8621
(Khalid et al.(2024))
Torot,opt 85.4026 120.6797 71.7155 1153317 61.0000 112.5483 52.8971 110.8621

Tpro2,0
pro2,opt 69.4723 148.3520 49.8040 166.0725 39.0837 175.6608 31.9675 183.4450
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Figure 5 PRE of proposed and existing estimators for p = 0.4 under simulation study for
different values of m and r.

6 Results & Discussion

The major findings of the study can be summarized as follows:

1. In the Table 1, under the empirical study, the suggested estimator (7},;.1)

achieves an MSE of 11793.2170 ((m = 3, = 3)), which is precisely
the same as that of the regression estimator (7). This shows that,
given the examined circumstances, the estimate 73,.,1 is theoretically
as efficient as the current regression estimator. However, of all the
conventional estimators taken into consideration in this study, the second
suggested estimator Tj,.,2 produces a far lower MSE of 4031.5790,
making it the most effective estimator. Other parameter combinations
(m = 3,r = 4,5,6) show similar performance patterns. The stability of
these results across various simulation settings is further confirmed by
the results presented in Tables 2 to 5.

. Tables 2 to 5 also show that the MSE of the suggested estimators

steadily decreases as we move horizontally across the tables (i.e., with an
increasing sample size). The PRE exhibits a growing trend in line with
this. This tendency suggests that as sample sizes increase, the suggested
estimators become more effective. The reader can consult Figures (2—
5), which show the behavior of the estimators for various values of
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the correlation coefficient p=(0.8,0.7,0.5, and 0.4), to better see these
tendencies.

3. Simulation results shown in Tables 2 to 5 suggest that the effectiveness
of the suggested estimators increases with an increase in the correlation
coefficient. In particular, the MSE values of the suggested estimators
significantly reduce when the correlation between the study variable and
the auxiliary variable rises from p = 0.4 to p = 0.8, but their PRE values
rise proportionally. This finding implies that the suggested estimators
improve the overall efficiency of estimation within the RSS framework,
especially when the auxiliary variable has a strong correlation with the
study variable.

4. Khalid et al. (2024) employed convex combination of ratio and exponen-
tial ratio estimator whereas our proposed second estimator (7}-02,0pt)
employs linear combination which involves ratio-cum-product, regres-
sion type and exponential ratio and product estimators. Incorporation
of regression form of estimator and exponential ratio-cum-product type
estimator suggest that it will perform better than Khalid et al. (2024)
which involve less efficient estimators Ratio and exponential ratio esti-
mators. Hence, the fact that our proposed estimator involves more
efficient estimators than those incorporated by Khalid et al. (2024)
supports its better performance that we have already shown through
empirical and simulation studies.

7 Conclusion

In order to create effective estimators for the finite population mean, we
conducted a thorough theoretical and numerical examination within the
framework of Ranked Set Sampling (RSS). Building a mathematical func-
tional form that may generate an estimator with a significantly lower mean
squared error (MSE) than the current estimators is a difficult challenge,
according to a thorough analysis of the literature. The varied nature of
populations and the disparate correlations between the research variable and
the auxiliary data are the primary causes of this challenge. Thus, the creation
of novel estimators that can attain higher efficiency in various sampling
scenarios continues to be a crucial field of study.

Inspired by this goal, this study offered two novel estimators. Through
a thorough simulation analysis and comparison with a number of conven-
tional estimators found in the literature, their theoretical characteristics were
investigated and their performance assessed. Overall, it is evident from both
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theoretical derivations and simulation experiments that the estimator 7,2
consistently outperforms all of the conventional estimators taken into consid-
eration in this study, but the estimator 7},.,1 performs similarly to some of the
current estimators. Therefore, when auxiliary data is provided, the suggested
estimator 7},.,2 can be suggested as a more effective substitute for estimating
the finite population mean under Ranked Set Sampling. This research could
be expanded to include more auxiliary variables and alternative sample
strategies.
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